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A study of the nuclear shell model based on the hypothesis of strong spin-orbit coupling yields a number 
of interesting results for even—even and odd-odd nuclei. To secure simple relations all calculations are based 
on the extreme limiting situation of complete j-j coupling. Maximum symmetry in the space wave function 
and j-7 coupling are generally in sharp conflict. On occasion there is no conflict and then the consequences 
of the j-j coupling model are found to agree with experiment (notably the spin and magnetic moment of BY 
and the sign of the magnetic moment of K”). The j-j coupling model yields good results for the magnetic 
moments of N“ and Ne”, but in both cases the agreement may be illusory because the computed moments 
are nearly independent of the amount of singlet wave function in the representation of the ground state. 
Also the model favors J=5 for the ground state of Na”. 





INTRODUCTION 


HREE aspects of nuclear structure are particularly 
relevant for the present discussion: 

(a) Spin-orbit coupling. Experimental results on 
nuclear spins and magnetic moments of light nuclei 
suggest that parallel orientation of the orbital and spin 
angular momentum vectors of the individual particles 
is favored energetically over the antiparallel orienta- 
tion.! The rule may be stated in the form that nuclear 
multiplets are inverted or regular according as the last 
orbital shell is less or more than half-filled.? Actually the 
theoretical basis for the rule is somewhat confused and 
equivocal because of uncertainty in the form, exchange 
properties and spin dependence of nuclear forces and 
the associated relativistic corrections*-* as well as in 
the best choice of nuclear model and the magnitude of 
configuration interaction.® 7 

(b) Odd-even structure of the energy surface. In the 
successive addition of neutrons (or protons), the odd 
neutron (or proton) is less tightly bound than the 


4 « Assisted by the Joint Program of the ONR and the AEC. 
** Temporary, summer, 1949. 

1D. R. Inglis, Phys. Rev. 50, 783 (1936); also G. Breit, lectures 
at Ann Arbor, summer, 1936. 

2L. Rosenfeld, Nuclear Forces (Interscience Publishers, Inc., 
New York, 1948), p. 317. Denoted by NF in later references. 

3. Dancoff and D. R. Inglis, Phys. Rev. 50, 784 (1936). 

‘W. Furry, Phys. Rev. 50, 784 (1936). 

5G. Breit, Phys. Rev. 51, 248, 778 (1937). 

°M. Phillips, Phys. Rev. ’57, 160 a NF, p. 410. 

TR. Sacks, Phys. Rev. 55, 825 (1939); NF, p. fi. 


preceding and following even neutron (or proton).*-! 
The simplest interpretation is that two nucleons interact 
most strongly when both are in essentially equivalent 
space orbits. With two particles in an orbit, energy is 
gained from the direct interaction of the particles and 
from a second-order polarization effect which simulates 
a direct interaction."! In the space orbital approxima- 
tion, two like particles outside of a closed shell or missing 
from a closed shell are described by singlet wave func- 
tions completely symmetrical in the space coordinates 
of the two particles. 

From a more general standpoint, the odd-even 
structure of the energy surface can be correlated with 
a pronounced tendency for the ground state space wave 
function to possess the maximum possible symmetry 
consistent with the exclusion principle. The actual 
maximum is associated with Wigner’s first approxima- 
tion” in which the space wave functions belong to 
irreducible representations of the symmetric group. The 
ground states have then the following spin properties: 


Spin character 
singlet (S=0) 
singlet (S=0) or triplet (S=1) 
doublet (S= 4). 


Type of nucleus 
even-even 


odd—odd 
even-odd 


8 N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939); par- 
ticularly Eq. (6). 

9 See reference 2, Fig. 3.221-1. 

10K. Way, Phys. Rev. 75, 1448 (1949). 

1 C, F. V. Weizacker, Zeits. f. Physik 96, 432 (1935). 

3 E. P. Wigner, Phys. Rev. 51, 106, 947 ’(1937). 
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TABLE I. Single particle Landé g factors. 








g factor 
Proton g: 


5.58 
2.53 
—0.53 
1.92 
0.08 
1.65 
0.35 
1.51 
0.49 
1.42 
0.58 


Neutron g1 


— 3.82 
—1.27 
1.27 
—0.76 
0.76 
—0.55 
0.55 
—0.42 
0.42 
—0.35 
0.35 


State 


*Siy2 
*Psye 
*P ie 
2Dsye 
2D3/2 
2F rye 
*F sre 
*Go/2 
°Gr/2 
2H 11/2 
*Hosa 











There is good evidence from the analysis of binding 
energies supporting the approximate validity of Wigner’s 
first approximation up to A~50.*"8 The absence of a 
noticeable trend with Z or A in the values of allowed 
(favored) and allowed (unfavored)'*!* beta-decay 
matrix elements suggests a much wider range of validity. 

(c) J=0 for even-even nuclei. As yet no exception is 
known to the rule that even-even nuclei have J=0 in 
the ground state. However, the existence of two even- 
even nuclei with isomeric states (sgPb?™ and 32.Ge”) and 
the probable existence of others suggests the advisa- 
bility of caution in stating and applying the rule. In 
terms of the explanation offered for 5, the rule implies 
that the state of lowest energy has neither orbital nor 
spin angular momentum. Studies of exchange force 
models by variational and perturbation methods yield 
results conforming to the rule.!7—!9 

Among recently discussed nuclear shell miele, one 
is based on the hypothesis that (i) strong spin-orbit 
coupling exists in accordance with the Breit-Inglis rule! 
and (ii) the effective magnitude of the coupling grows 
with increasing angular momentum in an unspecified, 
but decisive manner.”**! 

The present note develops certain consequences of 
the strong spin-orbit coupling model for two particles 
with respect to the symmetry properties of the space 
wave function. To secure simple relations, all calcula- 
tions are based on the extreme limiting situation of 
complete j-j coupling. It will be shown that j-7 
coupling on the one hand and maximum symmetry in 
the space wave function on the other are generally in 
sharp conflict. On occasion there is no conflict and then 
the consequences of the j—7 coupling model are found to 
agree with experiment (notably the spin and magnetic 
moment of B" and the sign of the magnetic moment of 


13 W. Barkas, Phys. Rev. 55, 691 (1939). 

- 4E, P. Wigner, Phys. Rev. 56, 519 (1939); A. M. Feingold and 

E. P. Wigner, unpublished notes (1949). 

(1948. Feather and H. O. W. Richardson, Proc. Phys. Soc. 61, 452 
16 FE. Feenberg and K. C. Hammack, Phys. Rev. 75, 1877 (1949). 
17 W. Heisenberg, Zeits. f. Physik 96, 473 (1935). 

18 FE. Feenberg and M. Phillips, Phys. Rev. 51, 597 (1937). 

19 Tyrrell, Carroll, and Margenau, Phys. Rev. 55, 790 (1939). 

20M. G. Mayer, Phys. Rev. 75, 1969 (1949). 

1 Haxel, Jensen, and Suess, Phys. Rev. 75, 1766 (1949). 


i9K*). The j~7 coupling model yields good results for 
the magnetic moments of ;N“ and 1:Ne”, but in both 
cases the agreement may be illusory because the com- 
puted moments are nearly independent of the amount 
of singlet wave function in the representation of the 
ground state. Also, the model favors J=5 for the ground 
state of 1:Na” rather than the actual J=3. 


NOTATION 
©im(8, ¢)—normalized single particle angular wave 
function. 
(21+1) Wiss, n44= U-+1+ p)?O,, 25(mms, 2) 
+ (/— p)*01, 9+15(m., —3) 
(21+ 1) Wis, p44 = — p)#O1, p5(ms,2) 
— (1+1+p)#0;z p+15(m,, —3), 
°S1(1, 2) =5(me1, 3)5(meo, 3), 
*So(1, 2)=2-4[6(mer, 3)6(ms2, — 2) 
+6(ms2, 3)5(m,—3)], 
$S_i(1, 2) =6(me1, —3)5(ms2, — 3); 
1So(1, 2) =2-46(ame1, 3)5(me2, — 3) 
— 6(me2, 3)5(ma1, —3), 


(p+3, q+ 4)s'= 2° LW, no a(1) Hi, 043(2) 
+yj, p+3(2)¥i, a+4(1) J, 


(p, 7)4= 2-4 Or p(1) Or, (2) Or »(2) Or o(1)]. 


The last two definitions fail for p=g. Obvious modi- 
fications are then required to maintain the normaliza- 
tion of the symmetrical combination. 


TWO LIKE PARTICLES IN EQUIVALENT ORBITS 


The wave function 
(/+1)*Wo(1, 2)= z(- 1)9(p+3, 


describes two like wiceainieg in j=/+}3 orbits chien 
to produce an antisymmetrical state with zero angular 
momentum. The problem set here is the determination 
of the statistical weight of the singlet component in Vo. 
A straightforward calculation yields 


(214-1) (4-1) Wo(1, 2) 
=15, z(- 1)>{(-+14+p)0—p) }4(0, 


—p—3)4 (1) 


Sina 
+55, E(w +1+2)0-P HOH, ih 


l 
+9502! 2X (— ple, —>)- 


+41) s] ©, 0)4-+2! ¥ (96, -)+| (2) 








; for 
both 
om- 
unt 

the 
und 
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The singlet term is found to occur with the statistical 
weight 


(-+1)/(2/+1). 
Similarly, one finds 


1 
Bebo(1, 2)=L(—1)(o+s, -~-9,.  @ 


the antisymmetric wave function with zero angular 
momentum constructed from pairs of orbits with 
j=l—}4. Proceeding as before, the singlet term is found 
to occur with the statistical weight //(2/+-1). The 
single formula (2j+1)/2(2/+-1) includes both cases. 
As illustrations, consider the application to 3sSr®* and 
Zr’ assuming J=0 for the ground states of both 
nuclei as required by c. In Wigner’s first approximation, 
the space part of the wave functions belong to irre- 
ducible representations of the symmetric group denoted 
by the partition symbol 4: ---42--2. In the language of 
the shell model, assuming Z-—S coupling, two holes in 
the proton 3 shell or two particles in the neutron 4d 
shell generate 4S9 ground states, completely sym- 
metrical in the space coordinates of the two particles. 
With complete j-7 coupling on the other hand, the 
statistical weight of the 1S» component is 0.33 (/=1, 
j=}) and 0.60 (/=2, 7=5/2). 
The only certain conclusion warranted by the pre- 
ceding argument is that the hypothesis of strong spin- 
orbit coupling as postulated by Mayer requires an 
extreme degree of departure from the maximum pos- 
sible symmetry, consistent with the exclusion principle, 
in the space wave function. However, continuing on less 
certain ground, several plausible lines of argument may 
be cited against the possibility of such large admixture 
of triplet components as occur in the preceding examples. 
The simple and qualitatively satisfying explanation dis- 
cussed under 6 of the greater binding energy of the even 
particle now fails. The ground states of even-even 
nuclei are now linear combinations of 'So and *P» com- 
ponents with approximately equal statistical weights. 
Also the theoretical basis for the separation of allowed 
beta-transitions into distinct favored and unfavored 
groups is lost. 
One can, however, find in property c an argument for 
a tendency toward j—7 coupling. The two particle wave 
functions with maximum spin are 


Vo= (+3, b—$)_!*), 

(4) 
Wo,-2= (1-3, —3)_*, 1>0. 
The statistical weight of the singlet component is 
(27+1)- for the first and (4/—1)(2/+1)~ for the 
second. In view of these results it is a reasonable sup- 
position that the statistical weight of the singlet com- 
ponent for states in the antisymmetric 7” function space 
attains a maximum at /=0. If now strong forces tending 
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TABLE II. Spins and magnetic moments of odd-odd nuclei. 








Computed magnetic Statistical 





Experimental* moment an tae Pi 

Mag- a Singlet component spin in 
netic yet] component in j-j I-73 

Nucleus Spin moment coupling removed coupling coupling 
sLi® 1 0.82 0.63 0.785 0.444 3 
5B!0 3 1.80 1.88 1.88 1,000 3 
N¥ 1 0.40 0.37 0.34 0.778 1 
uNa® 3 1.75 1.73 1.86 0.640 5 
wK”® 4 —1.29 —1.70 1.16 0.74 — 








*S. Millman and B. Kusch, Phys. Rev. 60, 91 (1941); J. Zacharias, 
Phys. Rev. 61, 270 (1942); Gordy, Ring, and Burg, Phys. Rev. 74, 1191 
(1948); and L. David, Phys. Rev. 74, 1193 (1948). 


to favor energetically states of maximum symmetry in 
the space wave function (i.e., Majorana forces) coexist 
with strong spin-orbit forces, the opposing tendencies 
should favor zero spin for the ground state. 

These remarks leave the issue unsettled, but may 
help to direct attention to an important problem. 


TWO UNLIKE PARTICLES 


The spins and magnetic moments of odd-odd nuclei 
offer further opportunities for testing the hypothesis of 
strong spin-orbit coupling. A table of Landé g factors 
facilitates the calculations (see Table I). 

The formula 





1 lo i+ lo+1) 
(Gji—je)(Gits | (5) 


=4] — ge) 
u/Mo=2 [evtest (gi— gz) 141) 
valid for pure j—-7 coupling, yields the magnetic moments 
listed in column 4 of Table II. 

The excellent agreement of j-7 coupling moments 
with the experimental values may be illusory. First of 
all, the values listed in the last column of Table II 
represent the ground state spins expected if strong forces 
tending to produce j-j coupling are associated with 
strong forces tending to favor energetically states of 
maximum symmetry in the space wave function. The 
discrepancies at Li® and Na” suggest that spin-orbit 
coupling plays a secondary role in determining the 
ground state angular momenta of these nuclei. Secondly, 
the complete omission of the singlet components in the 
j-j coupling wave functions (excluding K**) does not 
change the moments appreciably (except in Li® where 
the omission of the singlet component results in a 
notable improvement). 

In the shell model description of K*, the (3d)—(4f)' 
configuration generates four L-S coupling type states 
with J=4; *H4, *Gs, °F 4, and 4G, all with positive mag- 
netic moments.” The alternative simple possibility of 
j-j coupling yields one state with J=4 from each of the 
configurations *D3y2 2F 5/25 *Dsj2 °F 5/25 *Dsj2 2F 7/2) and 
2D5/2?F 72. Only the last named possesses a negative 


21D. R. Inglis, Phys. Rev. 60, 837 (1941); NF, p. 416. 
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magnetic moment. Thus the negative magnetic moment 
of K*° may be cited as supporting the j-7 coupling shell 
model. Considering, however, the absence of symmetry 
effects (because of the non-equivalence of the 3d and 4f 
orbits), it is not unlikely that the appearance of extreme 
j-j coupling may be produced by a relatively weak 
coupling of the spin and orbital motion. Within the 
limits of the ground state configuration, the most 
general wave function is a linear combination of the 
four above-mentioned Z-S coupling states. The ex- 
pectation value of the magnetic moment operator then 
contains cross terms connecting the several pure L-S 
type components. These cross terms create the pos- 
sibility of a negative magnetic moment. 

Recent studies of energy distribution in the gsSr® 
and 39Y*% beta-transitions®* provide unambiguous 
evidence for the assignment J=2 to the ground state 
of 3Y%°. A direct measurement of the spin and magnetic 
moment of this nucleus would yield information on the 
coupling scheme in a (3f)-*(4d)' configuration. The 
various simple ways of constructing states with J=2 
and the associated magnetic moments are tabulated 
below: 








State 1D. °P2 %D2 °F, Ps2D5i2 Psr2Dsie PiseDsj2 P1s2D5/2 
— 1.60 





u/po 0.33 0.38 0.57 0.30 —-0.97 3.29 0.88 








The wave functions listed in the Appendix may be 
used to compute quadrupole moments. It is uncertain 
whether such calculations can yield significant results 
because of the sensitivity of quadrupole matrix elements 
to the admixture of small components in the wave 
function from excited configurations. Whereas mag- 
netic moments depend quadratically on the amplitudes 
of the admixture, quadrupole moments are linear func- 
tions when these amplitudes are small. Consequently, 
a simple wave function may produce a significant result 
for the magnetic moment while failing completely on 
the quadrupole moment (i.e., the *P3;2 wave function 
derived from (2/)* for Li’).* 


%3 Braden, Slack, and Shull, Phys. Rev. 75, 1964 (1949). 
*% FE. N. Jensen and L. J. Laslett, Phys. Rev. 75, 1949 (1949). 
% P. Kusch, Phys. Rev. 76, 138 (1949). 


APPENDIX 
Li®: ?P3/2(neutron)?P3/2(proton), j1=j2=3/2, J=1. 
(45)*/*y1, 1= 3[3"/2(3/2, —1/2)4%/?—2"2(1/2, 1/2),9/?] 
= *5,{3(1, —1)4—2(0, 0)4}+%50(0, 1) 
—2"2 85_4(14, 1)4+5 1So(1, 0)_. 


Br: *Puo( “hole ") *Pao( hole) 
ji=jr=3/2, 1=3. 
Ws, 3(3/2, 3/2)4.=4S1(1, 1)4. 
ws sa Se) Pal) 
jr=je=1/2, I=1. 
3y1,1=3(1/2, 1/2)4 


=*51(0, 0).—2"? °50(0, 1)4+2 *S_a(1, 1)4 
— 21/2 15,(0, o. 


Na”: ?Ds/2(neutron) 2Ds5/2(proton), 
jr=jo=5/2, [=3. 
15s, 3=5[5"2(5/2, 1/2)+—2(3/2, 3/2)4] 


= *Si[(75)"/2(2, 0)4—8(1, 1)4]+*S0(2, 1)+ 
—2 8S_1(2, 2)4+9 *So(2, 1)_. 


K*®; Dy? hole) 2F'7/2(neutron), 
ji=3/2, je=7/2, [=4. 


(350), a= (35) "(34/3/20 3/2(1) 72 5/2(2) 
—TYbsi9 12(1) x2 7/2(2) | 


= 8§,[ (18) /?@o1(1) O32(2) 
— (98)/?@20(1) Os3(2) ] 
+ Sof (96)#@21(1) Os3(2) 
—6@22(1)O32(2) ] 
— (12)/? §§_,@22(1)O33(2) 
—4SoL(54)/?O21(1) Os3(2) 
—6@22(1)O32(2) ] 
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A Photographic Study of Neutrons from Al+H** 


R. A. Peck, Jr. 
Brown University, Providence, Rhode Island 


(Received May 19, 1949) 


The (dm) reaction on aluminum has been studied using Eastman NTB emulsions. Twenty-two hundred 
head-on recoil tracks are plotted, and ten groups identified (with widths and intensities), extending up to 9 
Mev excitation of the product Si** nucleus. The first two excited levels, at 1.8 and 4.5 Mev, agree with 
gamma-ray energies and inelastic scattering. The reaction Q value (9.08+0.20 Mev) determines the mass 
difference Si?®— Al??= +-0.996 05 + 0.20 10-* mass unit. 





EXPERIMENTAL 
, | ‘HE reaction studied is 
Al” -+ H?=Si*+n+(Q1. (1) 


Deuterons were accelerated in the Yale cyclotron, to 
energy 3.68+-0.05 Mev (mean).! The target was an 
aluminum foil of thickness 1.5 mg cm placed per- 
pendicular to the direction of the incident beam. After 
passing through the target, the deuterons were stopped 
in a thick backing of pure tin. (Tin was used to minimize 
neutrons from the backing. No exposures were made 
with backing only, but the Coulomb barrier height is 
about 2.8 Mev for aluminum, 6.8 Mev for tin.) Bom- 
bardment took place in a thick-walled brass chamber,! 
and the photographic plates were exposed immediately 
outside. 

The plates were held (up to six at a time) in brass 
containers with 7g-in. walls. The emulsions lay ap- 
proximately in the target plane, so that neutrons 
emitted at 90° to the incident beam were recorded. The 
nearest end of each plate was about 6 cm from the target 
area (intersection of beam with target foil, about 1 cm? 
in extent), so that the detector half-angle ranged 
between 0.08 radian and 0.19 radian over the whole 
area of each plate. An exposure of about 20 micro- 
ampere minutes was found to give a suitable balance of 
neutron recoil yield and gamma-ray fog. This figure 
refers to the beam current as read via the tin backing 
on which the thin aluminum target was mounted. 

Two Eastman NTB emulsions were used, Nos. 361281 
and 361399, of thickness 21 and 113 microns respec- 
tively. Development was for 10 minutes in D-19 after 
soaking for 10 minutes in water at 30°C, and followed 
by fixation in F-5. Even with agitation and replenishing 
of the F-5, fixation times of several hours were re- 
quired. After washing for 30 minutes or more the plates 
were dried by evaporation, lying emulsion up on ab- 
sorbent paper, under an inverted dish. When com- 
pletely dry the emulsions were covered with No. 0 cover 
glasses, using as adhesive a resin suspension (damar) in 
xylene. 

A two-point calibration of emulsion 361281 was 

*The major part of this work was done at Sloane Physics 
Laboratory, Yale University, New Haven, Connecticut, and 


assisted by the ONR under Contract No. N6ori-44. 
1A. B. Martin, Phys. Rev. 72, 378 (1947). 


carried out by plotting tracks of long-range protons 
from B!°(dp)B" with two different values of basic 
absorption in the protons’ path.? These emulsion ranges 
were compared with the air range of the same protons 
as determined with proportional counters.’ In this way, 
two values of emulsion stopping power (range in air/ 
range in emulsion) were determined: 1975+70 at 6.0 
Mev and 1960-+180 at 3.6 Mev. Most of the assigned 
uncertainty is associated with the air range, and in view 
of the close agreement of the two stopping powers an 
assessment of about 1 percent error (1975+20 above 
3.6 Mev) seems more realistic. It is interesting that this 
agrees precisely with the corresponding value of Lattes, 
Fowler, and Cuer‘ for the Ilford C2 plates. 

Emulsion 361399 was calibrated by comparison with 
361281. Six corresponding ranges in the Al(dm) spectrum 
were identified from each emulsion, giving a stopping 
power for 361399 lower by 4 percent +1 percent than 
for 361281. 

Tracks of recoil protons were observed with a bi- 
nocular microscope (Bausch and Lomb, Model CT). To 
locate measurable tracks, the plates were scanned with 
10X eyepieces and a 10X objective, using an oblique 
system of illumination. The concave mirror is adjusted 
to direct light obliquely through the substage con- 
denser, with iris diaphragm wide open. Observation is 
at the periphery of the conic section of light which 
appears on the object slide. Such illumination provides 
the comfort of quasi-dark field, and illuminates only 
tracks moving in roughly the forward direction. Both 
features are highly desirable for the scanning operation. 
, For measurements, a 97X oil immersion objective 
was used, with the same eyepieces and the plane sub- 
stage mirror (light field illumination). To be suitable 
for measurement, recoil tracks were required to lie 
within +10° of the direction of neutron incidence, both 
in the horizontal and vertical planes. These angles were 
checked, respectively, by reference to the eyepiece scale 
and by the observed length of track which was in focus 
at a single setting. (A smaller angular spread was 
allowed in the vertical direction, because of the emulsion 
shrinkage on processing.) A criterion for the maximum 
acceptable elastic scattering along a track was based on 

2R. A. Peck, Jr., Phys. Rev. 72, 1121 (1947). 


3 A. B. Martin, unpublished. 
4 Lattes, Fowler, and Cuer, Proc. Phys. Soc. 59, 883 (1947). 
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| NEUTRONS FROM At’ (dn) Si 
| (3-7 Mev) 
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THIN TARGET (160 kev) 
1630 TRACKS 





(Vo 
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NUMBER OF TRACKS PER ENERGY INTERVAL 








| 
| 
| 
| 
ai 
5 6 
NEUTRON ENERGY (Mev) 








Fic. 1. Distribution of recoil energies (first part). Histogram 
interval=1.7 cm air equivalent in range. Each point set is a 
complete histogram, the two being displaced one-half interval 
from one another. Six groups are identified—in order of decreasing 
energy, III A, III B, III C, Ill D, Ill E and IV (see Tables I 
and II). 230 tracks (lying above 3.7 Mev) from the 113-micron 
thick emulsions, others from.21-micron emulsions. 


the requirement that (assuming the scattering atom to 
be one of the lightest emulsion constituents—C, N, O) 
the energy lost to the recoiling atom should correspond 
to less than the least count of observable proton range 
in emulsion. 

For each acceptable track, the projection on the focal 
plane was measured with a calibrated eyepiece scale, 
and the depth coordinate by the vertical travel in 
focussing on one end at a time (at 970X, the focal 
depth was about one micron). Since measured tracks 
lay within small angles of the horizontal plane, a suf- 
ficient correction term for the depth coordinate was the 
first term in the binomial expansion of (?+-2?)! (/=length 
of projection on focal plane, z= depth difference between 
track ends). In view of a strong observer bias in esti- 
mating fractions of eyepiece scale divisions, all track 
lengths were rounded to the nearest whole scale division 
before further consideration. The recoil proton ranges, 
in the calibrated emulsions, lead to values for proton 
energies which, for the 0° recoils measured, are pre- 
sumed to give the neutron energies directly. 

The track measurements have been plotted in histo- 
gram form in Figs. 1 and 2. Against neutron energy is 
plotted the number of recoils observed within a fixed 
interval about this energy. The scale of abscissas is 
actually linear in range, not energy, and the collection 
interval is constant in range—S scale divisions, or 1.7 
cm air equivalent. In Fig. 2 this interval has been 
doubled because of the reduced yield at high energy. 
Two histograms are plotted in each of the figures, for 
better definition of the curve shape.-The histograms are 
displaced from one another by a half-interval. 

The distribution of observed tracks must be corrected 
for the energy dependence of the emulsion efficiency for 
neutron recording. Part of this effect is simply geo- 
metrical, due to a greater tendency for long tracks to 


pass out of the emulsion, and part derives from the 
energy dependence of the neutron-proton scattering 
cross section. Both effects are calculable,5 and were 
combined in a single range-dependent correction factor 
applied to each ordinate in the histograms (this cor- 
rection factor varied over the energy spectrum by a 
factor 50 for the 21-micron emulsions, a factor 6 for 
the 113-micron emulsions). Finally the ordinate scales 
were “normalized”—multiplied by the factor necessary 
to restore the area of each histogram (total number of 
tracks) to the number actually observed. Consequently 
the ordinates of Figs. 1 and 2 are corrected for efficiency 
change, but still represent correctly the over-all 
number of tracks observed. 


EVALUATION OF GROUPS 


In Figs. 1 and 2 ten groups have been identified, 
though the resolution in Fig. 1 does not allow much 
confidence in the precise location of the components of 
this part of the spectrum. For locating groups, the 
curves of Figs. 1 and 2 were used as shown. However in 
the determination of group parameters (range, width, 
intensity) each histogram was plotted and resolved 
separately. Thus two values were obtained for each 
parameter, and in Tables I and I the average of these 
values is used, with an assigned error equal to + the 
difference between the two values. Sole departure from 
this procedure was in connection with the end group, 
for which the yield. was too low for an accurate curve 
shape. Here the mean range was determined arith- 
metically, and the width identified from the calculated 
standard deviation of the tracks comprising the group 
(root-mean-square deviation from the mean range). 
The intensity of the group was then taken as the height 
of a Gaussian curve of area equal to the number of 
tracks in the group, and the same width as that just 
determined. This procedure assumes symmetry of the 
end group about its mean. A partial justification of that 
assumption is the agreement of extrapolated—mean 
range, for this group, with the calculation of that 
quantity from expected straggling (see below). 

Group symmetry was again assumed in the process 
of resolving Fig. 1 into separate group curves. Starting 
at the high energy end, the first half-group was reflected 
about the peak ordinate line and subtracted from the 
rest of the curve. The next high energy side thus 
“revealed” was treated in a similar fashion, and so to 
the low energy end of the curve. Since the group of 
lowest energy is quite well defined, it is possible to 
check the accuracy of this resolution into groups. The 
accumulated discrepancy (i.e., the area in Fig. 1 not 
accounted for) corresponds to 60 tracks, a few percent 
of the total number represented in Fig. 1. 

Table I shows the result of reducing group energies 
to Q values for the reaction. The range corresponding 


5 Geometrical correction: H. T. Richards, Phys. Rev. 59, 796 


(1941). Cross section vs. energy: see R. A. Peck, Jr., Phys. Rev. 
73, 947 (1948), footnote 9. 
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to the group peak was taken as mean range, converted 
to energy (via calibration and air range-energy curve’), 
and increased® by X’E/2=1.52X107£ for critical 
angle +10°. The Q value was then calculated, using the 
known beam energy! and the formula for 90° observa- 
tion. 

It is possible to predict the over-all spread of these 
groups, to compare with the observed spreads.’ The 
contributing effects are range and angle straggling of 
protons in the emulsion, target thickness, +10° spread 
allowed in collecting data, intrinsic inhomogeneity of 
deuteron beam and the finite size of histogram interval. 
The first three effects may be estimated following the 
procedures of Bethe.* Independent information is 
available! respecting the beam inhomogeneity, and may 
be combined with the other straggling parameters by 
root-sum-squares addition.’ The effect of finite his- 
togram interval may be measured empirically by 
applying histogram collection to a curve of known 
initial shape. The combination of these effects yields a 
prediction for the difference between extrapolated and 
mean range, for each group. Using the observed extra- 
polated range in each case, predicted mean ranges have 
been calculated and, in Table II, compared with the 
observed mean ranges. For each group, there is agree- 
ment within the cited experimental error. 

The above calculations also provide predictions for 
half-width at half-value, which may be compared with 
those observed (Table II). Agreement is adequate 
(within cited errors) except for groups I, III £ and IV, 
which may indicate that these three are multiple groups. 
Respecting the others it may be concluded that no 
intrinsic level width is observable in these experiments, 
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and that the number of groups extracted from Fig. 1 is 
about correct. 


DISCUSSION OF RESULTS 


The excited levels of Si* indicated by this work are 
listed in Table I. The end group, Q=9.08+-0.20 Mev, 
leads to the mass difference Si®— Al?” = +0.99605-+-0.20 
X10-* mass unit. 

A comparison value for the reaction Q is available 
from the chain 


Al”+ H?= Al®+H!+(Qz, (2) 

Al*®=Si*+(Q; (beta-decay) (3) 

with (1). Eliminating the three nuclear masses, one has 
Qi=p—n+02+03=Q2+03—0.80 Mev. 


Experimental values are Q2=5.45+0.05 Mev® and 
Q3=4.55+0.2 Mev® giving Qi:=9.20+0.25 Mev, in 
adequate agreement with the present observation. The 
agreement is impaired, however, by the choice of a 
higher Q3.!° 

The energy level scheme may be compared with 
gamma-ray energies from Si*. When that nucleus is 
formed by reaction (3) the disintegration energy 
(maximum excitation of Si) is about 4.5 Mev and a 
single gamma-ray is observed, energy 1.8 Mev.® This 
agrees well with. the location of the first excited level 
here obtained. The absence of radiation from the second 
and third levels of the present scheme might indicate a 
Q3 too small to excite the Si® level at 4.5 Mev, or a 
selection rule concerning that state. 
The gamma-rays from Al+H? were observed by 
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Fic. 2. Distribution of recoil energies 
(second part). Histogram interval=3.4 
cm air equivalent in range. Each point 
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set is a complete histogram, the two being 
displaced one-half interval from one 
another. Four groups are identified—in 
order of decreasing energy 0, I, II A and 
II B (see Tables I and II). 365 of the 
tracks from 113-micron emulsions, others 
from 21-micron emulsions. 


NUMBER OF TRACKS PER ENERGY INTERVAL 
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6M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 9, 245 (1937). 






9 
NEUTRON ENERGY (Mev). 


7 These calculations follow a procedure worked out by H. T. Motz, to whom the author is indebted for helpful discussions of 
straggling problems. See R. F. Humphreys and H. T. Motz, Phys. Rev. 74, 1232 (1948). The arbitrary choice of a histogram interval 
in photographic work is tantamount to arbitrary “peaking” of proportional counters. 


8 Pollard, Sailor, and Wyly, Phys. Rev. 75, 725 (1949). 
®W. H. Barkas, Phys. Rev. 72, 346 (1947). 


10 Footnote 8 of reference 9. Also Benes, Hedgran and Hole, Arkiv. 35A, 12 (1948); Dunworth, Nature 159, 436 (1947). These 


papers suggest that Q; is 0.25 Mev higher than the value compared in the text. 
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Bm. 


TaBLE I. Groups in the neutron spectrum. All energies in Mev. 
Reliability refers to certainty or uncertainty of existence of some 
group, not to group location. Errors listed are exclusive of that 
in stopping power, which introduces an additional +0.07 Mev in 


the end group Q value. 








Reli- Relative 
Group ability intensity 


Mean energy 


Q 


Si 
excitation 





+ 1.0+0.1 


4.4+0.9 


4.0+0.2 
2.1+0.1 


5.4+0.8 
12.0+1.6 
9.4+0.1 
10.6+1.0 
13.8+0.2 


I+ + 


12.09+0.08 


10.37+0.05 


7.75+0.02 
7.32+0.13 


6.16+0.02 
5.65+0.06 
5.21+0.04 
4.77+0.04 
4.17+0.02 


9.08+0.13 


7.30+0.10 


4.61+0.07 
4.1740.18 


2.97+0.07 
2.43+0.11 
1.98+0.09 
1,530.09 
0.90+0.04 


0.00 


1.78+0.13 


4.47+0.10 
4.91+0.21 


6.11+0.10 
6.65+0.14 
7.10+0.12 
7,550.12 
8.18+0.10 


3.2340.09 —0.08+0.14 9.16+0.17 


+ +1144 


20.6+0.6 








Alburger," who found the same low energy gamma 
(1.72+0.08 Mev), and others at 8.5+0.5 Mev and 
possibly 3.00.2 Mev. The 8.5 Mev radiation is con- 
sistent with a transition from level III E, or even IV, 
to ground. The 3 Mev would fit a transition to the first 
excited level from either of the pair II A, B (or a com- 
bination), in which connection it may be recalled that 
the beta-transition from Al* is also to the first excited 
state (1.8 Mev), not directly to ground.° It is possible, 
of course, that Alburger’s gammas do not derive from 
the (dn) reaction. 

Si* gamma-radiation has also been studied by Plain 
et al.," as a result or proton bombardment of aluminum. 
At proton energies corresponding to excitation in Si* 
of 11.1, 11.2, 11.6 and 12.0 Mev they found average 
gamma-energy (respectively) 6.1, 6.5, 7.7 and 8.2 Mev. 
If the excitation levels found in the present work are 
weighted by the observed group intensities and aver- 
aged, the value 7.0 Mev is obtained; if the highest group 
(9 Mev) is omitted, the average falls to 6.3 Mev. 

A direct check on the second excited level here re- 
ported is provided by the inelastic scattering studies of 
Fulbright and Bush,'* who assign to Si*® a level at 
4.6+0.3 Mev. 


According to the statistical theory of Weisskopf'* the 
spectrum is expected to have a Maxwellian form 


W.(E) « Eexp(—E/T) 


(on which the group structure already discussed is 
superimposed). The left-hand member represents the 
number of neutrons emitted (per unit energy interval) 


1 D—. E. Alburger, Phys. Rev. 75, 51 (1949). 

2 Plain, Herb, Hudson, and Warren, Phys. Rev. 57, 187 (1940). 
3H. W. Fulbright and R. R. Bush, Phys. Rev. 74, 1323 (1948). 
4 V. F. Weisskopf, Phys. Rev. 52, 295 (1937). 
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Taste II. Group widths. First column is predicted from ob- 
served extrapolated ranges and straggling calculations. Unit is 
eyepiece scale division=0.34 cm air equivalent. Last column lists 
half-widths calculated due to straggling only (histogram interval 
approaching zero). Comparison with column 5 shows the effect of 
finite histogram interval. 








Half-width at half maximum 
value (in cm air 
equivalent) 

Calcu- Differ- 
Observed lated __ ential 


Mean range in 


scale div. 
Predicted Observed 


464 465+6 5.0 
35549 35443 5.72.0 


21344 211+1 3.740.8 
187+4 191+6 3.51.3 


144+7 142+1 2.7+0.1 
121+1 121+2 2.6+0.7 
104+1 105+2 2.4+0.2 
88+1 90+2 2.0+0.5 
7542 72+1 2.60.2 


IV 49+1 46+2 2.4+0.3 
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with energy E. T is the nuclear temperature (in energy 
units) corresponding to the maximum excitation energy 
of the product nucleus Si*(Z4— po, in the notation of 
Weisskopf). The latter is 


E,—E = Al”+ H?+beam energy —Si*—n! 
=maximum Q value+beam energy 
= 9.08-+ 3.68= 12.76 Mev. 


Hence, if the data are plotted in the form In(W/E) vs. E, 
a straight line is expected whose slope is negative and 
equal to the reciprocal of the nuclear temperature at 
excitation 12.8 Mev. 

When the present data are so plotted there remains 
considerable scattering of points. The best visually 
fitted straight line has a slope 


d{In(W/E) | 
dE 


from which T=1.5+0.4 Mev at 12.8 Mev excitation. 
We may also estimate the proportionality constant a 
(representative of the low lying level spacing), 


a=T?*/E=0.19+0.09 Mev. 


This is in line with the estimates of Weisskopf (0.1-0.2 
Mev) but is an order of magnitude smaller than the 
spacing of the low lying levels in Si* here observed. 

The Maxwell distribution corresponding to the above 
temperature has mean energy 3.0 Mev, its peak at 
E=T=1.5 Mev, and falls to 1/e of maximum at E=0.2 
and 4.8 Mev. The data do not extend to sufficiently low 
neutron energies to permit observation of the peak of 
this Maxwell curve. 


= —0.69+0.16 Mev 
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Microphotographic techniques have been used to obtain the range distribution of the charged particles 
resulting from the D—D reactions at center of mass angles of 40 degrees, 60 degrees, and 80 degrees for 


10-Mev deuterons. At 80 degrees all of the groups of charged particles from the above reactions are clearly 
resolved. The differential D—D elastic scattering cross sections have been obtained for the same angles 
and for these angles the cross sections per unit solid angle in the center-of-mass system are in the ratios 
of 1.00:0.51:0.42, respectively. Only one group of protons is observed from the D(d,H)H? reaction, thus 
indicating that the H? nucleus is not formed in an excited state for the energy region investigated when 


Het is the compound nucleus. 








LTHOUGH a large number of investigators! have 

studied the D—D reactions, practically all this 
work has been done with relatively low incident 
deuteron energies. The only investigations in an energy 
region comparable to the energy region available to us 
in the present experiments were carried out by Guggen- 
heimer, Heitler, and Powell.? These experiments were 
concerned with D—D elastic scattering and no attempt 
was made to resolve the various groups of charged 
particles arising from the D—D reactions. In fact, the 
differential scattering cross sections themselves are 
given in relative units. 

In the present experiments photographic plate de- 
tectors were utilized to obtain the range distribution of 
the charged particles resulting from the D—D reactions 
and also to make absolute determinations of the D—D 
elastic scattering cross section at angles of 20 degrees, 
30 degrees, and 40 degrees with respect to the incident 
beam in the laboratory system for 10-Mev deuterons 
from the Los Alamos cyclotron. The general instru- 
mentation for this paper is the same as that described 


* This document is based on work performed at the Los Alamos 
Scientific Laboratory of the University of California, under 
Government Contract W-7405-eng-36. 

** Now at the University of Minnesota, Minneapolis, Minne- 
sota. 
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in a forthcoming paper by Curtis, Fowler, and Rosen.? 
The experimental arrangement is given in Figs. 1 and 2. 
The experiment consisted of bombarding thin gas 
targets with 10-Mev deuterons and simultaneously 
recording on photographic plates the numbers and 
ranges of the disintegration particles and scattered 
deuterons emitted into a known solid angle in a given 
direction. 

Deuterium gas of 99.4 percent purity at an accurately 
determined pressure in the region of 20 cm Hg was 
contained in the gas targets by thin mica windows: 
beam entrance and exit windows, and one window on 
each side of the target for the emergence of the reaction 
products at the desired angle (in the case of the 40 
degree target only one such window was used for the 
emergence of the scattered particles). The beam, focused 
at approximately the center of the gas target, was 
diaphragmed to a diameter of } inch immediately in 
front of the target. Additional slits defined the beam 
to an angular divergence of 1.2 degrees in the horizontal 
direction and 0.85 degree in the vertical direction. 
Coulomb scattering by the entrance target windows 
never caused more than 2.5 percent of the incident 
deuterons to be scattered through an angle greater 
than 1.0 degree. The deuteron current which passed 
through the target was collected in a nine-inch long 
Faraday cage and integrated with an electronic current 
integrator. 

Three different gas targets were used, one for each of 
the angles investigated, the reaction products being 
simultaneously recorded by two cameras, one on each 
side of the target, with the exception of the 40 degree 
target for which only one camera was used. Each 
camera contained a 100-micron Ilford C-2 plate behind 
a thin aluminum window at the front of the camera. 
The plates made angles of approximately seven degrees 
with the axes of the slit systems. 

The cameras were set at accurately determined angles 
with respect to a 0-180 degree line, which line corre- 


3 Curtis, Fowler, and Rosen, Rev. Sci. Inst. 20, 388 (1949). 
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sponded to the axis of the beam direction to within 0.3 
degree. The angular resolution of the camera-target 
slit system geometry (Fig. 2) was +1.4 degrees for the 
20 degree target, +1.2 degrees for the 30 degree target, 
and +1.0 degree for the 40 degree target. When the 
scattered deuterons were recorded simultaneously on 
each side of the target, as was the case for the 20 degree 
and 30 degree targets, both the energy and the direction 
of the beam were determined from the mean ranges of 
the deuteron groups. By using the range-energy rela- 
tions given by Lattes, Fowler, and Cuer* and making 
allowance for the loss in range which the particles suffer 
in traversing the target window, target gas, and camera 
window, the average energy of the beam prevailing 
during all the exposures was calculated to be 10.0 Mev 
+0.3 Mev at the center of the gas targets. 

The direction of the beam which prevailed during 
the exposures was accurately determined from the 
mean scattered deuteron ranges at two angles with 
respect to the incident beam (see Fig. 6). The measure- 
ments of the ranges of the scattered deuterons were 
made by the same observer using the same equipment, 
the two sets of tracks having been recorded on plates 
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which came from the same batch. Under such conditions 
the ratio of the mean ranges could be determined to an 
accuracy of +1.5 percent. It is noteworthy that it is 
necessary to know neither the absolute ranges nor the 
absolute value of the energy in order to accurately 
determine the beam direction from this method, for 
from Fig. 2: 


R,(@) = K,Eo cos’6, 
R2(0’ se 6) = KE cos?(6’ = 6), 


cos?(6) 


—_—_—., 1 
cos?(6’— @) @) 


Ri/R2= Ki/K2X 


where £o= incident deuteron energy at center of target, 
R, and Rz are the ranges of the deuterons at their 
respective angles, corrected for the absorbers between 
the center of the target and the photographic plate, and 
K,/Kz is determined from the range-energy relations 
(1). The direction of the beam determined in this 
manner for the 30 degree point was calculated to be 
accurate to +0.25 degree. The beam maintained this 
direction during the 20 degree exposures and was 
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Fic. 1. Plan view of experimental 
arrangement. 
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Fic. 2. Plan view of reaction 
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* Lattes, Fowler, and Cuer, Nature 159, 301 (1947). 
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Fic. 3. Range distribution of charged particles from D—D 
reaction. Ten-Mev deuterons. Forty degrees. (laboratory system). 


therefore assumed to have this same direction during 
the 40 degree exposures. 

The experimental procedure for making the range 
and cross-section measurements was quite simple and 
straightforward. It consisted of lining up the cameras 
with respect to the center of the target and axis of the 
beam, pumping down the vacuum chamber, Fig. 2, and 
then turning on the cyclotron with the focus magnet off, 
thus preventing the beam from reaching the scattering 
chamber during the “warm-up” period. When a steady 
external beam of the proper magnitude was obtained, 
the focus magnet was turned on and a beam of approxi- 
mately 0.2 microampere was permitted to pass through 
the target. With such a beam an exposure of one to 
three minutes gave an ample track density in our 
geometry. 

The gas temperature in ‘the target was taken to be 


-the same as the temperature of the water cooling the 


target. Since the cyclotron was on for a very short 
time this temperature never changed measurably during 
an exposure. 

Since many particles besides elastically scattered 
deuterons are produced when high energy deuterons 
impinge upon a deuterium target, protons and tritons 
from the reaction D+-D-—H*+H!, He’ particles from 
the D+ D—He*+- reaction and possibly protons from 
the disintegration of the deuteron (Q=— 2.2 Mev), 
it was felt desirable, in order to accurately determine 
the D—D scattering cross section, to make range 
analyses of the charged particles which come off at each 
of the angles investigated. Only tracks starting on the 
surface of the emulsion and traveling in the proper 
direction were included in this range analysis, thus 
effectively eliminating all background due to proton 
recoils from neutrons as well as all charged particle 
background which did not originate from the gas 
target. It was necessary to eliminate about two percent 
of the tracks which started on the surface of the 
emulsion because they did not travel in the proper 
direction. These tracks were caused by particles which 
either did not originate inside the gas target or else 
suffered scattering by the slit systems. In either case 
the tracks due to such particles were justifiably elimi- 
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Fic. 4. Range distribution of charged particles from D—D 
reaction. Ten-Mev deuterons. Thirty degrees (laboratory system). 


nated. The probability of the change of direction of 
scattered deuterons by Coulomb scattering in the target 
and camera windows and in the target gas to such an 
extent that they would not be counted was calculated 
to be completely negligible. Figures 3-5 give the results 
of range analyses at laboratory angles of 40.3 degrees, 
30.0 degrees, and 20.1 degrees with respect to the 
incident beam direction. All of the charged particle 
groups from the D—D reactions are seen fo be clearly 
resolved at 40 degrees. At 20 degrees the triton peak 
cannot be resolved from the deuteron peak, for at this 
angle the mean ranges of the two groups of particles 
differ by only 2.5 percent. It should be pointed out 
that some of the short range tracks (tracks whose 
length is less than that to be expected for elastically 
scattered deuterons) were undoubtedly caused either 
by the scattering of deuterons from the walls of the 
target or by slit penetration. Others of these short 
range tracks, however, may have been caused by 
protons arising from deuteron disintegration. The 
various groups are labeled with the particles producing 
them and with their calculated residual*** ranges in 
the emulsion. The energy widths at half-maximum of 
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Fic. 5. Range distribution of charged particles from D—D 
reaction. Ten-Mev deuterons. Twenty degrees (laboratory system). 


*** Range which particle has left after passing through the 
absorbing materials in its path on the way to the detector—D? 
gas, mica window in target, and aluminum window in camera. 
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TaBLe I. D—D scattering cross sections per unit solid angle in 
the laboratory and center-of-mass coordinate systems. 
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TABLE II. Comparison of the present data with 
those of other observers. 








a(¢) (cm?) 


0.106 +0.006 X 10% 
0.132 +0.008 10-4 
0.134 +0.008 X 10-* 
0.254 +0.015 X10-* 
0.260 +0.016 X 10% 


¢ (cm) 


80.6° +0.5° 
60.0°+0.5° 
59.4°+0.5° 
40.2°+0.5° 
39.4°+0.5° 


o(6) (cm?) 


0.324 +0.020 X10-* 
0.456 +0.027 X10~* 
0.467 +0.029 X 107% 
0.955 +0.057 X10-%4 
0.980 +0.059 X10-* 


6 (lab) 


40.3°+0.25° 
30.0° +0.25° 
29.7°+0.25° 
20.1°+0.25° 
19.7°+0.25° 











the deuteron peaks are approximately three percent of 
the scattered deuteron energy which is quite close to 
what one expects from the geometry in these experi- 
ments. From such a range analysis it is a simple 
matter to determine with rather high precision the total 
number of tracks which are due to the properly colli- 
mated elastically scattered deuterons. (At 20 degrees a 
two percent correction was applied for the tritons which 
were counted in the deuteron peak.) Having made such 
a determination, the procedure was adopted of counting 
all tracks originating in a swath of accurately known 
width, again only tracks being counted which originated 
on the surface of the emulsion and which proceeded in the 
proper direction. The charged particles coming from 
the target were collimated by two slits of accurately 
known dimensions, which slits were sufficiently narrow 
such that all the tracks in a swath were clustered 
approximately at the center of the plate. In order to 
make an absolute cross-section determination it was 
necessary to accurately determine the following: the 
number of tracks per swath, width of swath, diameter 
of slits and their relative geometry with respect to the 
center of the plate and the center of the target, the 
number of target gas atoms per unit volume, the angle 
of the axis of the slit system with respect to the incident 
deuteron beam and the integrated beam current. The 
equation giving the absolute cross sections in terms of 
the above was developed by Dr. C. L. Critchfield. The 
geometrical factors which enter into this equation for 
the 30 degree points are illustrated in Fig. 6. The 
equation is as follows: 


Y= NIo(6)n, (2) 
a+? Pa?+? cota» P’?’+Q"b* | (3) 
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Fic. 6. Geometrical factors which enter into 
cross-section determinations. 


a (40 degrees) 
Ea (80 degrees) 


10 Mev 2.40 
6.6 Mev 3.58 
3.5 Mev 2.02 
2.5 Mev 2.05 





Present data 
Guggenheimer e¢ al 
Blair e¢ al 

Blair e¢ al 








where 
m{[_cota—coté] 
P= 





(m+1)[cota—coté] 
L L 
Y=number of tracks appearing on a swath of width w, 
N=number of incident beam particles that passed 
through the target, m»>=number of scattering centers 
per unit volume, and o(@)=differential cross section in 
laboratory system. 

By diaphragming the scattered particles so that they 
are concentrated about the center of the plate, the 
necessity for making accurate measurements of the 
angle that the surface of the emulsion makes with the 
direction of the scattered deuterons was eliminated. 
This technique also essentially eliminated errors due to 
surface irregularities in the emulsion. 

The errors in the measurements which enter into the 

cross-section determination (Eq. (2)) were determined 
to be as follows: 
Quantity Y ab w Tl sind mo N 
Error ( percent) 3.5 15 -10 20 10 0.5 3.5 
Since the first term in the expansion for I (Eq. (3)) 
determined approximately 99.5 percent of I for our 
geometries, the remaining terms need not be considered 
as far as errors are concerned. It is therefore seen that 
the r.m.s. of all the above errors, which enter linearly 
into our cross-section determination is approximately 
+5.5 percent. 

The D? gas used was specified as 99.4 percent pure 
by the manufacturer. As a check on the purity with 
respect to heavy atoms (i.e., O2 and Nz), it is noticed 
that, in Fig. 5, deuterons scattered by such atoms would 
have formed a peak at 328+-7 microns and deuterons 
scattered by protons would have formed a peak at 
1934 microns. It is therefore seen that the number of 
tracks due to scattering from heavy nuclei for which 
the Coulomb scattering cross sections would be many 
times the D—D cross section indicates that the total 
amount of impurities in the D? gas from heavy ele- 
ments is completely negligible. For D—P scattering, 
on the other hand, the cross section at 20 degrees is 
probably about one-half the D—D cross section. If this 
be so it would indicate a maximum hydrogen impurity 
of less than one percént, in good agreement with the 
manufacturer’s specifications. 

In order to check the contribution made to the 
elastically scattered deuteron peak by deuterons scat- 
tered from the walls of the target, the deuterium gas 
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was replaced by hydrogen and a run made at a scatter- 
ing angle of 20 degrees. An analysis of the plate showed 
that less than one percent of the particles recorded had 
a range between 240 and 280 microns which would 
correspond to the range of deuterons scattered elasti- 
cally through 20 degrees by deuterons. 

Several of the plates were analyzed by two observers 
using different microscopes and calibration equipment. 
It was a gratifying verification of the method to find 
that the number of tracks recorded per unit swath 
width always agreed to within the statistical accuracy 
of the determinations. 

The results for the D—D scattering cross sections are 
given in Table I. Figure 7 gives the differential cross- 
section values as a function of angle in the center-of- 
mass system and also the differential cross sections for 
Coulomb scattering as a function of angle in the same 
coordinate system. 
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Fic. 7. Upper curve: Differential D—D scattering cross section 
in the center-of-mass coordinate system. Lower curve: Calculated 
differential cross section for Coulomb scattering in the center-of- 
mass coordinate system. 


The present data may be compared to the results of 
Guggenheimer, Heitier, and Powell? for 6.6-Mev deu- 
terons and Blair ef al’ for 3.5- and 2.5-Mev deuterons. 
The results of Guggenheimer ¢e a/. are given in arbi- 
trary units for the cross section and a comparison can 
only be made by considering the ratios of the cross 
sections at two scattering angles, ¢=40 degrees and 
80 degrees. The results of such a comparison are shown 
in Table II. The marked disagreement with the 6.6- 
Mev data is disturbing. 

Although both theoretical and experimental evi- 
dence®® suggest the non-existence of excited levels in 
the H?® nucleus, it was felt worth while to investigate 
this possibility in the energy region available to us, 
since this region is considerably higher than that 
heretofore utilized for this investigation. 

The method employed to look for energy levels in the 
H? nucleus consisted of determining the energy distri- 
bution of the protons from the H?+H?—H*+H! 
reaction, since a group of protons of energy below that 
of the primary group would constitute strong proof of 
the existence of an excited state of the H’ nucleus. 


5S. S. Share, Phys. Rev. 53, 875 (1938). 
6 F, E. Myers and L. M. Langer, Phys. Rev. 54, 90 (1938). 
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Fic. 8. “Residual” energy distribution of protons from D(d,p)H* 
reaction at 20 degrees. 


The experimental arrangement was identical with 
that illustrated in Fig. 2. Since, however, the cross 
section for elastic scattering of deuterons is much higher 
than for the production of protons by the reaction 
D(d,H)H¥, it is necessary, in order to record a suitable 
number of proton tracks without simultaneously ob- 
scuring them with deuteron tracks, to prevent the 
elastically scattered deuterons from being recorded by 
the photographic detector. This was accomplished by 
utilizing an aluminum absorber of appropriate thickness 
between the camera windows and the photographic 
plate. The proton tracks were recorded at 20 degrees 
to the incident beam direction. 

The plates having been exposed and developed, a 
range analysis of the tracks on the plate yielded a 
number vs. range curve for the protons from the above 
reaction which was then converted to a number 2s. 
energy curve, the energy representing the residual 
energy of the protons after penetrating the target gas, 
target, camera window, and absorber. Figure 8 shows 
such a curve, an analysis of which brings one to the 
conclusion that, to within one percent of the primary 
group intensity, no second group of protons exists 
which would correspond to an energy level of the H’ 
nucleus between one and 5.2 Mev. 

In view of the apparent success of the above experi- 
ments, a camera is now being constructed for recording 
the ranges and intensities of the products of nuclear 
disintegrations and scatterings at 2.5 degree intervals 
from 10 degrees to 170 degrees with respect to the 
incident beam. When this is completed, we hope to 
repeat the D—D elastic scattering experiment over a 
much larger range of angles and with higher absolute 
precision. 

We wish to thank Mrs. Virginia Stovall and Mrs. 
Lois Tallmadge for analyzing most of the plates from 
which were taken the data for this paper. We wish to 
express our indebtedness to the Los Alamos cyclotron 
group, and in particular to Dr. J. L. Fowler for the 
use of the cyclotron. 
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The angular distribution of neutrons arising from the photo-disintegration of deuterons by gamma-rays 
of 2.76 Mev energy has been investigated under conditions requiring no corrections for neutron scattering 
by the walls or by the heavy water. Inverse square law tests using balloon suspension indicated the clearance 
required for which the apparatus was free of the effects of scattering. The weighted ratio of the photo- 
magnetic to the photoelectric cross sections was found to be 0.295+0.036. 





INTRODUCTION 


ITHIN the past decade, a considerable amount 
of effort has been expended by numerous inves- 
tigators'-> toward the experimental determination of 
the angular distribution with which neutrons or protons 
are ejected when deuterons are photo-disintegrated. 
These earlier attempts have in general been handicapped 
by low intensity; the rather weak effects attending 
photo-disintegration have made angular distribution 
measurements very difficult. In consequence, it has not 
been possible to attain the accuracy required for veri- 
fication of the theoretical analysis from the experimental 
data. 

The method to be reported here is an attempt toward 
a more satisfactory investigation of the angular dis- 
tribution of the photo-neutrons using the 2.76 Mev 
gamma-rays from Na™. An experimental arrangement 
was selected in which the geometrical conditions were 
such as to give improved definition of angle while at 
the same time providing a higher intensity photo- 
neutron yield. 

In the photo-disintegration of the deuteron, theo- 
retical considerations® have indicated not only the 
existence of a photoelectric effect, i.e., the influence of 
the electric field of the gamma-ray upon the deuteron, 
but also of a photo-magnetic effect due to the magnetic 
field of the gamma-ray. In the former, the disintegra- 
tions are the result of electric dipole transitions of the 
deuteron; in the latter, a magnetic dipole transition is 
involved. It has been shown that the above two effects 
result in a superposition of a *P, i.e., sin’, distribution 
and a spherically symmetrical 1S distribution, for the 
ejected nucleons in the center of gravity system. For 
photons whose energy is not too high, and therefore of 
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small momentum, the center of gravity system may be 
identified here with the laboratory system. 

Since the photo-disintegration differential cross sec- 
tion consists of two terms of different origin, it is pos- 
sible to distinguish one from the other by the difference 
in their dependence on the angle of ejection of the 
nucleons with respect to the direction of the incident 
photon. Thus, experimental evaluation of the ratio of 
intensities of the ejected neutrons at two different direc- 
tions with respect to that of the incident radiation is 
required. This will lead to an evaluation of the ratio of 
the total magnetic to the total electric cross sections, 
T=Om/Cel. 

During the concluding weeks of the current inves- 
tigation, several brief articles’-® have appeared in the 
literature giving the results of recent experiments 
designed to measure the angular distribution of neu- 
trons or protons produced by photo-disintegration of 
the deuteron. In general, only preliminary results are 
reported. Nevertheless, comparisons may be drawn 
between the numerical results of these investigations 
and that to be reported here. 


EXPERIMENTAL APPARATUS 


The gamma-ray sources were prepared by cyclotron 
bombardment of sodium with deuterons. Sodium 
metaborate targets were prepared by fusing 40 mg of 
the compound onto the grooved face of a copper target 
head of 1.7 cm diameter. By internal bombardment 
with beam currents of 350 microamperes at 7 Mev for 
six to eight hours, it was possible to prepare sources 
having strengths up to 500 millicuries. 

The neutron detector consisted of a proportional 
counter containing BF; at one-third of an atmosphere 
of pressure. The gas was extracted from a boron 
trifluoride-calcium fluoride complex. As furnished by 
the Atomic Energy Commission, Isotopes Branch, the 
boron in the complex is 96 percent B!°. By the addition 
of 10 percent of argon of 99.6 percent purity, it was 
possible to hold the operating potential of the counter 
down to a value of 2100 volts. The over-all length of the 
cylindrical counter was 8 inches; its diameter was 1} 
inches. A three mil tungsten wire served as the anode. 

7™N. O. Lassen, Phys. Rev. 74, 1533 (1948). 


® B. Hamermesh and A. Wattenberg, Phys. Rev. 76, 1290 (1949). 
* Meiners, Smith and Slack, Phys. Rev. 75, 1632 (1949). 
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10 W. H. Jordan and P. R. Bell,’ Rev. Sci. Inst. 18, 703 (1947). 


The pulses produced by the disintegration products 
from the capture of slow neutrons by B” in the reaction 
B'°(n,a)Li’ were amplified by a general purpose linear 
amplifier constructed on the design developed by 
Jordan and Bell.’° After the signals were differentiated 
and amplified, they were allowed to pass through a dis- 
criminator or pulse height selector so that only pulses 
larger than a selected value were recorded by a scaling 
circuit. With proper selector setting, it was readily 
possible to exclude all but those pulses arising from the 
above reaction. Extreme care was exercised in the 
construction and operation of the apparatus to exclude 
all background of mechanical and electrical origin. 
External sources of interference which could give rise 
to spurious counts were minimized by operating only at 
night. 

The counter was surrounded by a paraffin form which 
acted as a moderator for slowing down the fast neutrons 
produced in the photo-disintegration process. A cad- 
mium covering of 10 mil thickness completely sur- 
rounded the detector. Preliminary tests showed that an 
increase by a factor of approximately four or five in the 
number of counts recorded could be gained by orienting 
the cylindrical counter so as to present a side view 
instead of an end view to the incident photo-neutron 
beam. Experimentally, the optimum paraffin thickness 
necessary for maximum counting efficiency was found 
by irradiating 25 cc of DO with gamma-rays from radio- 
sodium. By interposing 1-cm slabs of paraffin between 
the neutron source and counter, a maximum counting 
efficiency was found for a thickness of approximately 
5.5 cm of paraffin. Guided by these results, a paraffin 
form was constructed such that the front portion facing 
the neutron source was cylindrical in shape with axis 
parallel to the counter axis and of 5.5 cm paraffin 
thickness while the rear portion was a hemisphere of 
15.5 cm diameter. For purposes of symmetry, the front 
cylindrical portion was then machined so as to present 
a circular area of 15.5 cm diameter through which the 
photo-neutrons had to pass in order to be detected. 


- 








ANGULAR DISTRIBUTION OF NEUTRONS 1289 


Only those neutrons emitted by the heavy water and 
contained in an angular opening of 5° could be slowed 
down and detected in the paraffin. As shown in Fig. 1, 
the detector was maintained at a fixed distance of 177.6 
cm from the heavy water in order to give the desired 
angular opening. 

To gain a high intensity of photo-neutrons a large 
volume of heavy water is desirable. However, three 
factors militate against such a choice: the increase in 
photo-neutron internal scattering with increase in 
volume, the departure from a point source of neutrons, 
and the increase in the angular opening for the gamma- 
rays effective in producing photo-disintegration. To 
avoid these objections and still permit effective use of 
as much as 30 cc of DO at one time, a toroid or anchor 
ring of small diameter copper tubing (0.08-cm wall 
thickness) was filled with heavy water and placed con- 
centric with the axis of the apparatus. The toroid had 
a radius of 10 cm; the internal diameter of the copper 
tubing, and hence, of the heavy water was slightly less 
than 8 mm. With this choice of geometry, it was possible 
to meet the requirements satisfactorily. Scattering by 
the heavy water was thereby reduced to a value not 
detectable outside the probable error of the data (see 
below); the point.source requirement considering the 
distances involved was essentially satisfied; and the 
angular opening of the gamma-rays was maintained 
within a value of 8.4° or less. 

The sodium source was located on the axis of the 
heavy water toroid. By positioning the source at speci- 
fied distances from the plane of the toroid and con- 
centric thereto, it was possible to vary the angle, 7, 
between the primary gamma-rays and the observed 
photo-neutrons. Figure 2 serves to illustrate the 
arrangement of the principal components of the ap- 
paratus. It is apparent that this geometry is such as to 
select for detection only those neutrons having the 
same direction (within the angular openings allowed 
the neutrons and the gamma-rays) with respect to the 
primary gamma-rays. As this direction is changed by 
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Fic. 1. Paraffin moderator. 
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Fic. 2. Experimental set-up (not to scale). 


movement of the sodium source, the gamma-ray flux 
traversing the toroid is likewise changed, thereby 
necessitating a solid angle correction for the intensity. 
To keep this correction factor within a reasonably small 
range of values, the angle, 7, was varied only from 90° 
to 45° in 15° steps. This required motion of the source 
throughout a total distance of 11 cm as measured out 
along the axis of the toroid. For angles less than 45°, 
this distance increases rapidly with consequent decrease 
in neutron production. Hence, measurements at the 
smaller angles were avoided. The gamma-rays effective 
in producing photo-disintegration had a variable 
opening due to the finite size of the source and to the 
fact that the source distance varied with the angle, +. 
These angular openings corresponding to y-angles of 
90°, 75°, 60° and 45° were 5.1°, 7.2°, 8.4°, and 7.8°, 
respectively. Figure 3 shows a dimensional view of the 
apparatus to scale. 


SCATTERING BY THE HEAVY WATER 


The extent to which the photo-neutrons scattered by 
the heavy water affect the angular measurements may 
be determined by a separate investigation. So far as the 
isotropic component of the photo-effect is concerned, 
the scattering would have no influence upon the 
measured angular distribution. This is not the case, 
however, for the sin? component. The net result of 
scattering would be to enhance the isotropic component 
at the expense of the anisotropic component. For this 
reason, the effect of the scattering by the heavy water 
must be kept small. 


DETECTOR 


To investigate the optimum toroid dimensions which 
would allow substantial intensity without excessive 
scattering, the following test was conducted. Into each 
of four 10-cm radius toroids having inside sectional 
diameters of 0.439, 0.630, 0.795, and 1.092 cm a constant 
volume (9.53 cc) of D2O was added. This volume com- 
pletely filled the 0.439 cm toroid. The remaining 
toroids were then filled to full capacity with H2O such 
that the ratio of H,O to D2O was 0, 0.98, 2.16 and 5.23, 
respectively. 

Using toroids filled in this manner, it was possible to 
investigate the effect of the increased volume of water 
upon the scattering while at the same time to hold 
constant the number of photo-neutrons produced in the 
photo-disintegration process. Any change in the number 
of neutrons detected with change of toroid could quite 
correctly be attributed to the effect of the additional 
water upon the scattering. This method has the obvious 
disadvantage of using the scattering in H,O to tell us 
something about the scattering in D,O. 

A radio-sodium source was prepared by a six and 
one-half hour cyclotron bombardment at an average 
deuteron beam current of 350 microamperes. Observa- 
tions of one hour duration using the arrangement 
shown in Fig. 2 were made for each toroid. Two back- 
ground observations, each of one hour duration, were 
made near the start and at the end of the run—an 
empty copper toroid replacing the water-filled toroids 
during these periods. This background amounted to an 
average value of 1.29 counts per minute with the 
sodium source still positioned on the apparatus. Because 
of the decay of the sodium source with half-life of 14.8 
hours during the course of an experimental run, it was 
necessary to apply a decay correction factor to the data 
so as to normalize the counting rates to a constant source 
intensity. The data from this test for y=90° are shown 
plotted in Fig. 4. 

The interpretation given to this result rests in general 
upon the fact that, within the probable error of the 
data, no increase in intensity is apparent for toroid 
volumes up to 30 cc for which the radius of the toroid 
section is 0.398 cm. As the volume becomes greater, 
however, those neutrons which travel in the plane of the 
toroid have greater probability for scattering since their 
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path lengths in water have become greater. Hence, some 
neutrons which were not initially directed toward the 
detector may now suffer single or multiple scattering 
and be recorded. These scattered neutrons augment the 
unscattered intensity recorded for the smaller volumes. 
Thus, a rise in the curve sets in at volumes for which 
the amount of scattering is detectable outside the 
probable error of the counting rate. In consequence, the 
0.398-cm radius toroid was used throughout all sub- 
sequent angular distribution tests. This choice per- 
mitted as large a neutron intensity as possible consistent 
with a minimum detectable scattering effect. 


SCATTERING BY THE WALLS 


A potential source of error in experiments in which 
fast neutrons are formed at one position and detected 
as slow neutrons at another position removed from the 
source is that due to scattering of neutrons by parts of 
the apparatus and by the walls of the room. The mate- 
rial forming the framework of the apparatus and the 
supports for holding the components of the apparatus 
at fixed positions were kept as small as possible to make 
their contribution to this effect negligible. However, the 
contribution from the walls of the room may be con- 
siderable. For this reason, it was necessary to measure 
the scattered neutron intensity to determine the extent 
to which this effect influenced the experiment. 

The scattering by the walls of the room was studied 
by measuring the deviations from the 1/r? law for the 
neutrons observed with the detector at various distances 
from a small photo-neutron source. For this purpose, a 
freshly bombarded Na™ source was surrounded by a 
metal cup containing 190 cc of heavy water. This, and 
the detector heretofore described, were mounted six 
feet above the floor of a medium sized laboratory room 
whose dimensions in meters was 7X 14X4. Readings of 
the neutron intensity were made with the photo-neutron 
source placed at various distances from the detector. 
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The latter was maintained at a fixed position in the 
center of the room. 

The results of this test, corrected for decay of the 
source and with background (approximately one 
count/min.) subtracted, are shown in the upper curve 
of Fig. 5. Here the photo-neutron intensity per minute 
and distance in meters are plotted on logarithmic scales. 
It is apparent that the deviation from the inverse 
square law is extremely large; the exponent evaluated 
for these data was found to be —1.15. 

In consequence of this result, the apparatus was next 
mounted on the parapet fringing the roof of a four-story 
laboratory building. The detector, still supported on a 
thin stand six feet high, was placed at one corner of the 
parapet. Its over-all height above the roof was 8} feet. 
The neutron source, consisting of 150 cc of heavy water 
surrounding a Na™ target of approximately 400 mc 
strength, was similarly mounted on top of the parapet. 
By moving the source at various intervals along one side 
of the building, the variation of intensity at the de- 
tector could be recorded. 

The data resulting from this test, when corrected for 
decay and with background (approximately 3 counts/ 
min.) subtracted, are shown marked “roof-top” in Fig. 
5. These data have been normalized at the one meter 
position with the previous data taken indoors. A con- 
siderable improvement toward an inverse square fall-off 
is apparent with the exponent now decreasing to — 1.66. 

To reduce still further the effect of neutron scattering 
by the surrounding objects, the equipment was adapted 
so as to permit measurements aloft. Ten Neoprene 
captive balloons, each inflated with hydrogen to a 
diameter of six feet, provided sufficient lifting force to 
raise the twenty-five pounds of equipment consisting of 
cadmium-covered paraffin moderator, counter and 
counter basket, preamplifier, filter box, heavy water cup 
and source, five-conductor shielded cable, and un- 
shielded high voltage cable. The ten balloons were 
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Fic. 5. Photo-neutron background. 


linked together into a compact group so as to minimize 
excessive jarring of the apparatus which otherwise 
would occur if the ballons were allowed to separate and 
then be blown against each other. The balloons were 
positioned approximately one hundred and twenty-five 
feet above the apparatus so as to minimize the effect of 
scattering by the hydrogen gas. The distance between 
source and detector was made variable in intervals of 
one meter by linking together a number of one-meter 
sections of ;g-inch stranded steel cable with snap 
hooks. By lowering the apparatus, sections of cable 
would be quickly added or removed as desired. During 
the course of a run, the apparatus was maintained at an 
average distance of sixty feet from the building. 

Figure 6 shows an approximately vertical view indi- 
cating the manner in which the apparatus was suspended 
from the mooring line. The weight of the power cables 
was removed from the detector by looping these back 
to the line as shown. 

Using 190 cc of D.O, intensity measurements were 
taken at six positions in random order. The data cor- 
rected for decay of the source and for background (ap- 
proximately three counts/min.) are shown plotted in 
Fig. 5. The dashed line is that corresponding to an 
inverse square fall-off. 

The consistency of the data in obeying the inverse 
square law when the apparatus is kept clear of walls is 


apparent. To make unambiguous tests on the angular 
distribution, these results show that it will be sufficient 
to suspend the apparatus outdoors and at least sixty 
feet away from surrounding objects. Such a procedure 
will effectively eliminate the need for a wall scattering 
correction to the data. 


MEASUREMENTS USING OUT-OF-DOOR 
SUSPENSION 


The conduct of the experiments on the angular dis- 
tribution measurements was next altered to permit an 
out-of-doors test without the use of ballons. For ‘this 
purpose, a three-hundred foot suspension cable (3-inch 
stranded steel) was fastened so as to extend between 
structures atop the roofs of two four-story buildings. 
The apparatus previously described and shown sus- 
pended in Fig. 7 was equipped with Nylon lines to 
permit its being drawn out with the aid of pulleys to a 
point midway between and slightly above the two 
buildings. In this fashion the equipment remained 
suspended one hundred feet from the buildings and 
approximately ninety feet above the ground. Checks on 
the inverse square law in the manner described above 
showed that with this arrangement the wall scattering 
effect was absent when the apparatus occupied the 
operating position at the center of the cable. 

In the conduct of the angular distribution measure- 
ments, the activated source of sodium, mounted on its 
support rod, was placed in the aluminum holder located 





Fic. 6. Apparatus for inverse square law test 
in flight—vertical close-up, 
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above the toroid in the upper frame of Fig. 7. An empty 
or heavy water filled toroid shown clamped to the wire 
basket allowed either a background or an angular dis- 
tribution measurement. The detector, with accom- 
panying preamplifier and filter box, was supported by 
the four ;s-inch stranded cables which extended down 
from the toroid as shown in the lower frame of Fig. 7. 
These cables in turn fastened to an empty copper 
toroid which encircled the top portion of the cadmium- 
covered paraffin form. This toroid served to prevent the 
cables from cutting into the paraffin. Only the sensitive 
volume of the counter was enclosed in the paraffin. The 
horizontal portions seen extending beyond the form on 
either side consisted of the shielding caps and sleeves and 
were not regions sensitive to neutron detection. How- 
ever, these portions were covered with sheet cadmium 
to permit absorption of slow neutrons which approached 
the sensitive volume from either end of the counter. 

Between measurements, the apparatus was drawn in, 
the source reoriented to a new position by means of stop 
grooves in the source support rod, and then drawn out 
to its operating position at the center of the suspension 
cable. 

A total of six complete and independent measurements 
were made of the intensity at each of the 45°, 60°, 75°, 
and 90° positions. Each measurement at a single posi- 
tion lasted for one hour. 

The total number of neutron counts (less back- 
ground) recorded at each position during the six one- 
hour observation periods is shown in Table I, column 2. 
The average background in these tests was 1.77 counts 
per minute. 

The neutron intensity recorded at each angular posi- 
tion requires the application of several correction 
factors before useful information may be obtained from 
the data. One such correction relates to the decay of 
the radio-sodium source during the period of observa- 
tion; a second correction must be applied to the 
recorded intensity by virtue of the fact that the gamma- 
ray flux streaming through the heavy water toroid 
varies with the axial distance ‘‘a”. The values of this 
correction factor ranged from 1.00 at the 90° position 
to 2.23 at the 45° position. Application of these cor- 
rections yields the average number of counts per minute, 
} shown in column 3 of Table I. The probable error 
associated with each counting rate is likewise presented 
in this same column. 


RESULTS AND CONCLUSIONS 


From the results of theoretical analysis of the nuclear 
photo-effect, we consider that the total cross section 
consists of an isotropic component due to magnetic 
interaction and an anisotropic component due to 
electric interaction. The differential cross section of the 
latter is expected to conform to a sin? distribution. In 
consequence, we assume that, at the angle, y, the 
average intensity of the photo-neutrons can be de- 





scribed by a relation of the form 


f ’ (a+6 sin?) sinydy 
“a Y1 
I(y)= ; (1) 


Ye 
f sinydy 
V1 


where the limits of integration are chosen to include the 
total angular opening allowed the photo-neutrons and 
primary gamma-rays by the finite size of the detector 
and toroid. The constants, a and b, represent the 
number of photo-neutrons projected into unit solid 
angle, at the angle y=90°, by the magnetic and electric 
photo-effects, respectively. 

Upon integration, we obtain for the average intensity 
at the angle, y, and for the angular opening from +; to 
2, the value 


I(y)=a+b—4)(cos*y:+-cosy: cosy2+cos*y2). (2) 


The ratio of the intensities corresponding to measure- 
-ments taken at two different -y-angles will yield informa- 
tion on the value of the quotient, a/b. Designating the 
ratio of intensities measured at the y-angles, y4 and 











Fic. 7. Apparatus for angular distribution test in suspension— 
composite close-up. 





1294 


TABLE I. Composite angular distribution data. 








1 2 ht 
I, average no. 





Total no. ot counts/min. 
y-angle counts (corrected ) 
45° 1415 9.34+0.23 
60° 2929 12.66+0.19 
is” 4307 15.03+0.18 
90° $133 15.94+0.17 

































vs, by the symbol Ba,z, we have, therefore, a set of 
equations as: 


Ba,p{1- 3 (cos*-ys+ cosy3 Cosy4+cos?y4) 

— {1—}(cos*y1+ cosy cosy2+ cos*42) 
(a/b)a,2= , (3) 
1—Bap 





where 7 and 2 represent the integration limits asso- 
ciated with the angle ya, while ys and 4 represent the 
corresponding limits for the angle yz. 

Upon applying the average counting rates per 
minute, 7, of Table I to the above set of equations, we 
obtain values for the quotient, a/b, corresponding to 
all possible combinations of pairs of angles at which 
observations have been made. A probable error to be 
assigned each of these quotients was evaluated in 
accordance with standard practice by propagating the 
errors listed in Table I through the various mathe- 
matical operations indicated in- Eqs. (3). 

Because the probable error of the counting rate 
(column 3, Table I) is larger the smaller the y-angle, the 
resulting percentage errors of the quotients, each of 
which involves intensity measurements at two y-angles, 
will vary over wide limits. For this reason, it is desirable 
to evaluate a weighted average, (a/b)w, in such fashion 
that greater emphasis is placed on those quotients having 
the smaller error. To this end, a weighting factor was 
assigned to each quotient which is inversely propor- 
tional to the square of the probable error of that 
quotient.'' This procedure permits evaluation of a 


11 A, G. Worthing and J. Gefiner, Treatment of Experimental 
Data (John Wiley and Sons, Inc., New York, 1943). 
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grand mean and its probable error in accordance with 
Eqs. (27) and (28), Chapter VIII, of the reference 
cited. The value so obtained is: 


(a/b) y= 0.196-0.024. 


From this experimental result, we obtain the ratio, r, 
of probabilities of the magnetic to the electric effect, 


since a/b=4r. Hence, for the Na* gamma-ray energy - 


of 2.76 Mev we have 
7=0.295+0.036. 


The ratio of the photo-magnetic to the total cross 
section becomes, therefore 


7/(r+1)=0.228+0.028. 


The value of a/b from this investigation is found to 
lie below that of Lassen’ who gives a value of 0.22+0.04. 
On the other hand, it exceeds the Hamermesh and 
Wattenberg value of 0.15+0.04 which was revised 
downward from 0.24 after publication of the Bulletin.’ 

In consequence of the difficulties attending the 
measurement of the weak effects associated with photo- 
disintegration by current techniques, verification of the 
existence of the additional 3D—*P and *D—'!D transi- 
tions predicted by non-central force theory, lies well 
beyond present experimental capabilities. 
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Molecular Dipole Moments and Stark Effects 
I. Stark Effects on Symmetric Top Molecules with Nuclear Quadrupole Coupling 
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The hyperfine structure of rotational levels of a symmetric top molecule in which one nucleus has an 
electric quadrupole moment is derived for weak, strong, and intermediate fields. Intensities of the hyperfine 
components are discussed. Solution of a second-order secular equation is shown to suffice for the evaluation 
of dipole moments from microwave spectra. A sample calculation is given for nuclear spin of } and J=1—>2 


transition. 





NUMBER 9 NOVEMBER 1, 1949 





INTRODUCTION 


TARK effects on molecular spectra are easily 
observed with the techniques of microwave spec- 
troscopy and have proved useful in detecting molecular 
absorption lines, in identifying transitions, and in 
measuring molecular dipole moments. A number of 
papers! have discussed the effects of quadrupole inter- 
action between nuclei and the molecular electrons. 
Fano? has studied the case of Stark effects on linear 
molecules with hyperfine structure. The present work 
is an extension to symmetric top molecules, i.e., mole- 
cules with two equal principal moments of inertia.’ 
Expressions for the first- and second-order terms of the 
Stark effects are given for the case of nuclear quadrupole 
coupling for a single nucleus with the molecular field 
and for Stark interactions which are either small or 
large compared with the quadrupole coupling. The 
secular equation is derived for the intermediate case 
and it is shown that for dipole moment determination 
no more than a second-order equation need be solved. 
Other miscellaneous cases as well as relative intensities 
of the Stark components of a molecular transition are 
discussed. 
The Hamiltonian in an external field with quadrupole 
interaction is given by 


H=Ho+Het+Ha, (1) 
where Ho is the unperturbed Hamiltonian, Hz is due 
to the electric field and given by u-E where y is the 


molecular dipole moment and E is the electric field. 
Hg is due to the quadrupole coupling and is given by 


eqQ 


= 3(I- J)?2+4(I- 
Tar 1)(27 1) Aisle 





Hg 
3K? 

——— 1 (2) 

J(J+1) 


1W. B. G. Casimir, On the Interaction between Atomic Nuclei 
and Electrons (Teylor’s Tweede Genootshop, Harlem, Netherlands, 
1936); A. Nordsieck, Phys. Rev. 58, 310 (1940); J. H. Van Vleck, 
Phys. Rev. 71, 468 (1947); J. Bardeen and C. H. Townes, Phys. 
Rev. 73, 97-107 (1948); D. K. Coles and W. E. Good, Phys. Rev. 
70, 979 (1946). 

2U. Fano, J. Research Nat. Bur. Stand. 40 (1948). 

3R. Karplus and A. H. Sharbaugh, Phys. Rev. 75, 889 (1949) 
have solved the special case of methyl chloride for K=0. Their 


—I(I+1)J(J+1)} | 
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where ¢ is the charge of the proton, Q= nuclear quadru- 
pole moment, g=06?V/dz? or the second derivative of 
the electrostatic potential along the molecular axis, 
ZJ=nuclear angular momentum, J= molecular angular 
momentum, K=component of J along the molecular 
symmetry axis. 

The energy of a rigid rotating symmetric top is 
characterized by the two quantum numbers J and K 
and is given by 


W(J, K)=BJ(J+1)+(A-B)R’, (3) 


where A and B are rotational constants related to the 
molecular moments of inertia. In an external electric 
field (Hamiltonian H=Ho+Hz) expression (3) is 
modified‘ to 

JK 


pEm 
WV, K, ms)=W(J, K)-———_- 
J(J+1) 


+4—[0, my, K)—®(J+1, ms, K)] (4) 
where 
(J?—m,*)(J?— K?) 


O(J, my, K) = 
(27 —1)(2J)?(2I-+1) 





and my is the projection of J on £, or the magnetic 
quantum number. 

In the case of nuclear quadrupole coupling (H=Ho 
+H g) the eigenvalues have been obtained! as 


W(F, J, K)=W(J, K)+eqQ 
|e 3K? 
21(27—1)(2J—1)(2J+3) Pee 


where C=2(1-J)=F(F+1)—J(J+1)—I([+1) and F 
is the total quantum number, i.e., 


F=J+I, J+I—1, ---J—I. 





if (5) 


solution is similar to that of Fano, and shows none of the effects 
peculiar to symmetric top molecules. 

4 Mannebeck, Physik Zeits. 28, 72 (1927); R. Kronig and I. 
Rabi, Phys. Rev. 29, 262 (1927); and D. M. Dennison, Rev. 
Mod. Phys. 3, 34 (1931). 
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In the case to be considered here, when both an 
external field and quadrupole interaction are present, 
two extreme cases can relatively easily be solved. 

A. The electric field is weak so that the Stark 
splittings are small compared with the quadrupole 
splittings, i.e., 


wE<egQ when mys, K+0 
(uE/B)*<egQ when my, K=0. 


B. The electric field is strong compared to the 
quadrupole interaction, but not strong enough to 
distort appreciably the rotational wave functions, i.e., 


B>pE>eqQ if mys, K+0 
B>wE?/B>eqQ if ms, K=0. 


C. In the intermediate case, which is often encount- 
ered in microwave spectroscopy, secular equations must 
be solved to obtain the energy levels. 


(A) The Weak Field Case. wE<egQ 


Let only one nucleus have a quadrupole moment. In 
the zero field case (pure quadrupole interaction) the 
total angular momentum F is a constant of motion 
and all states with the same F but different M the 
total magnetic quantum number M=m;+mz,) have 
the same energy. In the case of near-zero field (i.e., 
weak field) F will still remain constant and the effect 
of the field can be treated as a small perturbation. It 
is therefore appropriate to use the F, M, J, I, repre- 
sentation which diagonalizes Hg and treat Hg as a 
small perturbation. 

Expanding the wave function ¥(F, M, J, J) in terms 
of the molecular rotational wave function U(J, m;, K) 
and the nuclear spin function (J, my) one gets 


W(F, M, J, 1) 
=DC(F, M, I, i, mys) U(J, mys, K)®(1, m1) (6) 
my 


where the coefficients C(KMJIm,z) can be evaluated.® 
Using the perturbation Hz, the first-order correction is 


W®=(FMJI|Hz|FMJI) 
pEK 


_— > |C(PMJIm),) |?mz. 
J(J+1) ms 





Noting that }>|C(FMJIm,)|*m, is the average of the 
my 





yoy 3mz’—J(J+1) 
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quantum number m, one can easily show this to be 
F.J pe Et DtITtY Gt] 


F(F+1) 2F(F +1) 





The first-order correction therefore becomes 
wEK [F(F+1)+JJ+1)—1([+1)] 
2J(J+1) F(F+1) 


It is to be noticed that 

(a) When K=O, the expression vanishes as in the 
case of the diatomic or linear molecule. 

(b) When F=/+J=M, the expression is independ- 
ent of the presence of the quadrupole effects, for then 


W® = —pEK/(J+1). 


The second-order correction due to the perturbation 
Hg is given by 


(F'J'M1|Hg|FIMIXFIMI1|He| F’J'M1) 


Wo=— 





/ 





W%=> 1 
ie Ersui—Epr-gemr 


where the term F=F’, J=J’ is omitted from this sum. 
The sum >) >> y- can be broken up into the two sums 


oetion: ee ee 


FJ FF J 
Considering the first summation, expanding by means 
of (6) and remembering that 
&(Imz)®(Imyz') = imymy’, 
where 6 is the Kronecker symbol, one obtains 
(J'msK|Hpz|JmsK) 





> 2 * i C*(F 7 “mymr)C (FJ mymz) 


F’ J’ 4J ms Ergui—Er gr 
x C¥(FImymz)C(F’I'mym1)(ImsK | Hz | J'mysK). 
But since 
pF & ° (F of ‘mymz)C (F "J 'mymr) =] 


F’ 
this reduces to 
|(J’msK|He| JmyskK)|? 





> YX |C(FImym;) |? 


J’ etd my 
Since 


romi— Er yet 


Ergui—Ergmi~Ey—Ey, 


( 
| (J’m;K |Hz|JmsK)|? 
Way = 2 eIC(FImsm;) |? 
J’#J my Ey—Ey 


8) 





or 





ee 
W@w®= < |C(FJmsmy) |? 
mJ 


(uE) 





+ 


(J+1)(2J)(2J+3)(2J—1) 


= |C(PImsm;)| «| 
B my 


5E. U. Condon and G. H. Shortley, The Theory of Atomic Spectra (The Macmillan Company, New York, 1935), pp. 76-77. 





{(274+3)(J+1—F(2I—1)} -—3P-T+1)(2I+1) 
my 3 
2(2J —1)(2J+1)J?(J+1)3(2J+3) 











on 
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By similar reasoning the second sum becomes 


|(Jm sK |Hz|JmsK)|? 


WwH®= LD LCF’ Imsm)|? ) 
F’ 4F my Er—Ep”’ 





where Er—Er'=W(Q)—W(Q’) or the difference in the 
quadrupole energies. Hence we obtain 


W,°%=2ve>v> 


F’ #F my 





| mK ) . 
Er—Epr \J(J+1) ” 


One notices that 
(a) When K=0 the only term remaining is 


2 


Le 
dm” | C(FImsm;) |* 
mJ 





3ms?—J(I+1) 
(J+1)(2I)(2I+3)(2J—1) | ; 





140 


120 —-— ZERO QUADRUPOLE COUPLING. Ms! MOF 
ie 


—— FINITE QUADRUPOLE COUPLING. M-54 z 

a 

100 a 
a 
sf 
a 
-_ 

80: 7 





Avein Mc. 








160 200 360 400 
p E~in Mc. 


Fic. 1. Stark effect in symmetric top with quadrupole coupling. 
J=1->2, I=$3, egqQ=—235 Mc. 


which is the term obtained by Fano? (formula 13) for 
a linear molecule and is given as 


wk? [3M?—F(F+1)][3D(D—1)—4F(F+1)J(J+1)] 





W = —-— 


B 2J(J+1)(2J—1)(2J+3)(2F)(2F+1)(2F— 1)(2F+3)' 


and D=2(J-F)=F(F+1)+J(J+1)—I1U+1). 
(b) The contribution due to W;? is greater than W,? 
because 


E,y—Eys>Er—Evr-. 


(c) The coefficients* C(FJmymy) can be found in 
Condon and Shortley.® 
The total energy for the weak field case is hence 


given as 
W(FIMIK)=W(FIK)+W®+W @?+Wo®. (11) 


(B) The Strong Field Case. uE>eqQ 


In a strong electric field the interaction with the field 
is stronger than with the nuclear quadrupole moment 
(uE>>eqQ) but not strong enough to distort the original 
rotational wave function (uE<B) to a considerable 
extent. Hence the perturbing term results from the 
electrical quadrupole interaction between the nucleus 
and the rest of the molecule, i.e., 


‘ egQ | 3K? : 
°” (2F-+3)21(21—1)(27—1) LIT) | 
X (30° JP+30- N-TU+)JV+1)]). (12) 








W(J, I, K)+VJ, 1, K|He|J, 1, K)-W 
VJ, cad K|HelJ, a K) 


* From Fano one can obtain for 


(10) 





Case I. |m | +1. The first-order correction is given by 
W(Jm mK) = W(JmsK)+(JmymrK | Hq JmymrK). 


Referring to the operator of Hg (Eq. (12)) in square 
brackets as A we get 


(ImymrK | A | ImymrK) 
=}[3m/—I(I+1) ][3mr—JJ+1)], 


and hence 
W(JmsmK)=W (JmsK)+W(Q), (13) 
where 
3K? 
W@Q)= = | 





, vil 
4I(21—1)(2J—1)(2J-+3) \J+1) 
<[3mPe—1(I+1)]3m2—J(J+1)]. 


A similar expression is obtained for two quadrupole 
moments, i.e., 


W (Jmym:K) =W(JmsK)+W (0) +W(Q:). 


Case II. pwE>eqQ, |myz|=1. For M=I, I+1, and 
m y=1 the term energy is still given by the above Eq. 
(13). However, for M=1, m;=1 is not a good quantum 
number but |m,|=1 is. The term energy then is given 
as a solution of the secular equation ; 


(13a) 


(VJ, 1, K|Hel|J, —1, K) =0. (14) 


W(J, f, K)+V, —I, K|Hol\J, ~i, Kp- 


4[3D(D—1)—4F(F+1)JJ+1)] , JJ+1) 





2 (Cms)?m=[3M— FF +1] 


2F(F+1)(2F—1)(2F+3)3 ° 3 
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(C) The Intermediate Case. K>0, wE~eqQ<B 


The matrix elements for states with the same value 
of JIM are given by (JIMmy-|Hzg|JIMm)), and the 
term energy can be found by solving the secular 
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M=J+I M=J+I-1 








determinant. 


\(JIMmy | He|JIMm s)—Wimym,,| =0. (15) 


The matrix is of the form 





M=J+I-—2 











W(J+D) 





W(J+1) J+1|He|J+I—-1) 


(J+I—1|Hz|J+l WJ+I-1) 


























(J+I—1|He|J+1) 


W(J+TD) 


(J+1|Hz|J+I—1) 0 





W(J+I-1) (J+I-1|He|J+I—2) 


0 HT td—® 


W(J+I—2) 











The matrix can be divided into submatrices of the first, 
second or higher order. The highest degree of the 
equation is 2/+1 or 2/+1, depending which is smaller. 
W (J+J) represent the diagonal elements of the matrix 
and they are of the form 


WJ+D=W{OU4+J)}+U41|He|I+D 


where W{Q(J+J)} refers to the quadrupole energy for 
the level F=J+J. The various matrix elements can 
be found from the tables in Condon and Shortley.® 

The strongest hyperfine line in a transition J—J+1, 
for a given K is the transition F=J+J—--F=J+I+1. 
The most widely split Stark component of this line for 
such a transition has M=J-+J. It can be seen therefore 
that for convenient dipole moment determination it is 
sufficient to evaluate the first and second degree secular 
determinants. A sample calculation as well as an 
illustrative graph is given in the Appendix. 


INTENSITIES 


Knowledge of the relative intensities of the various 
components help very often in identifying their quan- 
tum numbers. The intensities of the various lines involve 
the elements of the dipole moment matrix (¥*| Hz| WV). 
The same three cases can therefore be distinguished : 

(A) Using the zero field approximation and hence 
F, M, J, I, K, representation one easily finds for 


AF=0 (center line) 
Imu= PM, 
AF= +1 (satellite) 
Iu=Q(F?— M?), (16) 


where P, Q are parameters independent of M, and F is 
the larger of the two levels. 









(B) Using the very strong field approximation (the 
(Jm,sK) representation, the intensity of the components 
is given by 


AJ=0 (center line) 
Im=Rm/f, 
AJ =-+1 (satellite) 
Im=S(J?—m/), (17) 


where R and S are parameters independent of m,, and 
J is the larger of the two levels. 

(C) In intermediate fields approximate intensities 
may be determined by interpolating between the two 
extreme cases (A) and (B). Exact intensities may be 
obtained by solving equations of the type encountered 
in Part C (in the intermediate case). 
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APPENDIX 


A sample calculation of energy levels for intermediate field 
strengths, is given for the transition 


J—J+1, 
F—F+1, 
AM=0, K=1, 
I=3/2, J=1, M=5/2=F is the lower state, 
I=3/2, J=2, M=5/2=F-—1 the upper state. 
(a) F=M=I+J. 


The ground state wave function is given by 


v(JIMmy) =f(Jms=J)®(Im)), 
and therefore 
(W(JIMm,|Hz|¥(JIMmy)), 
which reduces to 


(GJ, ms=J|Ha|f(J, mr=J)=— (uEK/J+1)=—(uE/2). 













tv 





15) 


) 

















Hence the term value is given as 
Wi=W(Q)—uE/2. 
(b) M=F—1=J+IJ—1. 
In this case there are two eigenfunctions corresponding to the 
two ways M can be formed, i.e., 
M=m)=J+m,=I-1, 
=ms=J—1+m)=I, 
Wi=afiJ, my=J)&T, m= I—1)+a2f2J, ms=J—1) (I, mi), 
V2= —aofi(J, ms=J) OU, my=I—1)+aife(J, my =J—1)¥(I, mi). 
The coefficients a; and a2 are obtained from Condon and Shortley 
and are 
a= (2J/2J+3)}, 
The determinant to be solved is 


W(Q)+(:| He|¥i)-—W 
(W2|Hz| V1) 


a2= (3/2J +3). 


(Wi! i Hp| W2) =0 
W (Q2)+(¥2| He| ¥2)—W : 
where 


(¥1|He| ¥i)=—— —|V, my= =J|Hel\J, my= =J)|? 


a 


an Fes 52 
+a my=J—1|He|J,ms=J—1)| 
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stad (ere 


similarly | 


(¥s| He|¥2)=—nEK| ve war |. oly 


J(I+1)(2I+3) 


al 
(W1| Hz|¥2)= -ueK[ 557 en pe 


The solution of the determinant is given by 


W(Qi)+W 
WO+ HOt) ayiQy4W(Qy-+e46) 


—4(W (Q1)W (Q2)+ab+aW (Q2)+bW (Q1))—e* }. 


In the specific case of AsF'3(—egQ=—235 Mc) introducing num- 
bers we obtain 


Ao= W.— Wi =[(—0.4+ (wE/4) J&[((25.3+ wE)./4)? 
—2.8uE—(uE/18)?+176.0}. 


W.=- 





Figure 1 shows Av as a function of wE in megacycles/sec. 
For M=F—2 the equation is a cubic and can be solved in a 
similar fashion. 
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The problem is considered from the point of view of a Hamiltonian which is relativistic to order v*/c?. The 
discussion results in a clearer separation of the non-relativistic correction factor 1—3m/M from relativistic 
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effects than in previous treatments. The Hamiltonian applies through the interior as well as the exterior of 
the proton. By means of it the potential energy can be rounded off at small distances without contradiction to 
relativity, within the order v*/c?. A transformation involving a new effective charge allows the calculation of 
part of the effect without approximation and it becomes clear that higher order effects are not separable from 
the so far arbitrary assumptions concerning the proton’s radius. Relativistic corrections to the fine structure 
are reconsidered by means of this transformation and the effect of the acceleration of the proton on the 


hyperfine structure is discussed. 


I, INTRODUCTION 


HE effect under discussion has been treated by 

Breit and Meyerott! with the conclusion that the 
important correction factor is 1—3m/M where the 
mathematical notation is explained at the end of the 
present section. Some of the reservations which have to 
be made in connection with higher order terms have 
been brought out by the same authors.? The present 
note has two main objects: (a) To simplify the considera- 
tions so as to make the conclusion less dependent on the 
manipulative details of the previous work, (b) to im- 
prove the logical consistency of the reasoning by 
employing a Hamiltonian which is relativistically in- 
variant to order v*/c* not only outside the proton 

* Assisted by the Joint Program of the ONR and AEC. 


1G. Breit and R. E. Meyerott, Phys. Rev. 72, 1023 (1947). 
2G. Breit and R. E. Meyerott, Phys. Rev. 75, 1447 (1948). 









radius but through the whole range of values of the 
relative distance r between the particles. 

The main step in the simplification consists in a trans- 
formation which appears under Eqs. (7.6), (7.6’) below. 
The equations which are being transformed are those 
listed in Eq. (7.3) with neglect of the terms in (4/2Mc) 
which are present in Eq. (7.5). The latter can be taken 
account of by a perturbation calculation. The trans- 
formation brings the equations back to the form of 
radial equations for a Dirac electron in a Coulomb field. 
It involves changes in the linear scale, the charge and 
the ratio of the radial functions. The effect of the trans- 
formation is to change the hyperfine structure in the 
ratio given by Eq. (9.6) and contains all the terms of 
interest for comparison with experiment. 

Improvement in logical consistency is obtained by 
employing one of the relativistically invariant forms of 
the Hamiltonian outside the proton radius. This form 
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agrees with the equation which follows from quantum 
electrodynamics for two charged particles. Inside the 
proton radius the Coulomb potential is replaced by the 
function J. In order to avoid a logical failure of this 
scheme care must be taken to have J reasonably small 
inside the proton radius so as to keep the electron from 
moving too fast. This feature of the present note is 
admittedly arbitrary in its quantitative aspects for the 
numerical value of the proton radius and regarding the 
way in which the function J is rounded off. Qualitatively, 
however, there would appear to be little doubt con- 
cerning the inapplicability of the Coulomb potential 
e’/r inside the proton radius. The Hamiltonian used here 
is believed therefore to approximate reality better than 
a Coulomb potential and the logical consistency is im- 
proved by the inclusion of correction terms for the 
relative velocity which appear in terms of the function J 
and its derivatives. 

The conclusion reached is in agreement with previous 
work :! the correction to the hyperfine structure caused 
by the finiteness of the proton’s mass is represented by 
the factor 1—3m/M within terms which do not involve 
the products a*m/M. The effect of the part of the 
proton’s magnetic moment which is not a consequence 
of Dirac’s equation is not explicitly treated in this note. 
The considerations mentioned toward the end of refer- 
ence 1 apply to this contribution and the changes in 
the radial functions which are discussed here bring about 
uncertainties of relative order a?m/M. 

The transformation with changed charge is also made 
use of to present the effects of order a?m/M on the fine 
structure in a way different from that of Breit and 
Brown.‘ Effects on the hyperfine structure which arise 
from the effect of the acceleration of the proton are dis- 
cussed by means of Eqs. (6.2)—(6.4). These are analogous 
to the Thomas terms for ordinary spectroscopic fine 
structure. They disappear for s terms. For p terms they 
are so small as to make their experimental detection 

very improbable. ° 
The following notation is used except where stated : 


a=fine structure constant. 
v=relative velocity. 
r= distance between proton and electron. 
m= electronic mass. 
M=mass of proton. 
e= charge of proton. 
c= velocity of light. 
h=Planck’s h divided by 27. 
Pe= (t/i) (0/02, 8/OVe, 0/ dz). 
pu=(h/i)(0/dxmu, 0/dym, 8/d2m). 
po= —hd/icdt+ e/cr. 
ae, 8= the four matrices, a1, a2, a3,-a4, of Dirac. These 
matrices operate on the spin coordinates of the 
electron; B= ps. 


3G. Breit, Phys. Rev. 51, 248 (1937). 
‘G. Breit and G. E. Brown, Phys. Rev. 74, 1278 (1948). 
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eu, 8u=the four matrices of Dirac which operate on the 
proton spin coordinates; conventions followed 
for wy are similar to those for ag. 
ay =h?/me?= Bohr radius. 
Ry=absolute value of energy of ground state of 
hydrogen for M= ; Ry=e?/2an. 
<A> =expectation value of operator A. 


II. GENERAL REDUCTIONS 
The Hamiltonian will be taken to be’ 
= —¢(a-pe)—c(aupu)—Bmce—ByuMe—J+Q (1) 
where Q is given by 
Q=}(a.0u)J —3(a.r)(ayr)dJ/rdr. (2) 


Subscripts e, M refer to the electron and proton re- 
spectively. Elimination of “‘small’”’ components for the 
proton leads to 


{£—[(omp)+0'/c (£+2Mc)* 
XLomp)+0'/c]}¥=0 - (3) 


where 
QO’ =3(aomu)J —3(er)(our)dJ/rdr, (3.1) 
p=P-= — Pu, (3.2) 
L= pot (ape) + Bme; (3.3) 
po=(E+J)/c. (3.4) 


The spin operator oy for the proton is a two-row square 
matrix. Introduction of ¥ by® 


Y= {14+(P+4i[PXP]-oy)/8M22}¥ (3.5) 
with 

P=p+[eJ—r(er)dJ/rdr]/2c (3.6) 

yields 
{L+L:+-L2+L34+ L4} VO=0 (4) 

where 
£:=—P?/2Mc, L2.=(P, (2£, P]]/8Me’, (4.1) 
£3= —ioyLPXP]/2Mc, (4.2) 
£,=ioy([PX[£, P]]—[L2£, P]xXP))/8M2c. (4.3) 


In order to obtain answers for the hyperfine structure 
accurate within the order of the small quantity ma?/M 
it is necessaty to take into account the terms in J? which 
are contained in P?/2M. These terms produce effects of 
relative order ma?/M on the wave function and conse- 
quently also on the hyperfine structure energy. Since 
these terms arise from Q and since only the expectation 
value <Q> can be considered as certain for any choice 
of Q one cannot expect’ Eq. (4) to be more than an ap- 


5 Here J is a generalization of the Coulomb potential, arranged 
to be finite everywhere; Q corrects the non-relativistic features of 
J to order v*/¢ and is arranged to give the effects of retardation 
and of magnetic interaction in the limit of J approaching the 
Coulomb interaction. Both J and Q are discussed in Sections 1 and 
2 of reference 3 for the case of two nucleons. 

* This reduction is analogous to Eqs. (9), (9’) of the reference in 
footnote 3. 

7G. Breit, Phys. Rev. 39, 616 (1932). 
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proximation. The result of the reductions is given here 
because it makes it possible to exhibit the hyperfine 
structure effects contained in £3+L£, and to show by 
comparison with an alternative calculation that the 
effects on hyperfine structure splitting of relative order 
mo?/M cannot be definitely predicted and that it is 
probably incorrect to calculate them by means of 
Eq. (4). 

If Q is first omitted from the Hamiltonian and if its 
expectation value is calculated afterward then one first 
obtains 


{£<—p?/2Mc+[p, LE, p]]/8M?c 
+hoy(dJ/rdr)[rX p]/4M2c3}¥=0. (5) 


Here the perturbation energy Q”’ is given by 


Q’= (uew) ; (S.1) 


where 
u=aJ—(aV)(VK)/2=e//2—(ar)rdJ/2rdr (5.2) 
with 


K=f rJdr, “=a. (5.3) 


In Eq. (5.2) the operations ¥ do not extend beyond K. 
The nuclear spin enters through Q’. The calculation of 
the expectation value of the terms containing Q’ in Eq. 
(3) brings in the nuclear spin operator oy once more 
resulting in a quadratic entrance of the nuclear spin 
operators. 

The addition to the hyperfine structure splitting is 
obtained by linearizing 


(oup)(£+2Mc)—(uey)+ (uoy)(L+2Mc)“(oup) 


in oy. The difference between Y and Y“ may be neg- 
lected in taking the expectation value of this operator 
for it introduces effects of relative order a?(m/M)? which 
are consistently neglected here. The spin dependent part 
of Q is then found to be the expectation value of Q” 
where Q” is 


(5.4) 





f! ae nell J 


rXqa iow. 
2Mc 


2Mc?! rdr 


Here there is the factor differing from unity by the 
quantity J/2Mc* which contains correction effects of 
order (m/M)o?. Aside from this factor Eq. (5.4) is the 
ordinary operator for the hyperfine structure interaction. 
The literal application of the two-particle wave equation 
which is followed in the reductions leading to Eq. (4) is 
somewhat analogous to a similar reduction which has 
been tried out for two electrons. Comparison with 
experiment as well as theoretical considerations have 
indicated for two electrons that it is unjustifiable and 
incorrect to make literal use of the terms corresponding 


8G. Breit, Phys. Rev. 34, 553 (1929). 
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to Q in the two-electron case.’ For this reason the dis- 
cussion below is carried out along lines which have 
proved to be more adequate in the two-electron case. 
These correspond to attaching significance only to first- 
order effects of Q. It should be noted that this limitation 
makes all effects of order a?m/M somewhat uncertain. 
The consideration of effects of this order which follow 
from Eq. (1) is not pointless, however, because if the 
numerical coefficients with which the questionable 
effects appear were to be large one would have serious 
doubts concerning the applicability of the non-relativistic 
correction factor 1—3m/M. 


Ill. THE THOMAS-TYPE TERMS 


The first, second and fourth terms in Eq. (5) contain 
effects easily describable in terms of current nomen- 
clature. The operator £ corresponds to the Dirac equa- 
tion in the approximation of neglecting nuclear mass 
motion. The second term brings in the kinetic energy of 
the proton. The last term corresponds to effects of the 
proton’s acceleration on the hyperfine structure. These 
effects were absent in the treatment of Breit and 
Meyerott! because the latter was concerned exclusively 
with s terms. The effect of these terms can be found by 
the consideration of the matrix vector 


BY = — (h/2M*c*)(dJ/rdr)[rXp ] (6) 


which combines with® B’ to give the hyperfine structure 
energy as Eq. (2) of the above reference which corre- 
sponds to representing the interval factor as 


((B'+BY)-J);/j(j+1) 


where J is the inner quantum number operator, 7 the 
inner quantum number, and the symbol ( );.stands for 
the common value of the diagonal element of the 
submatrix of the operator enclosed in ( ), with both 
rows and columns of the submatrix labeled by the 
same j. 

Straightforward calculation yields 


((B’+B™) - J) 8apoun(1—3m/M)¥s?(0) 
+ poun<1-*> 51,0 {4k(1+2)(1—3m/M) 
+(k+1)(2k—1)(m/M)} 


where & is the Dirac quantum number which takes on 
values —1, +1, —2, +2 for sij2, p12, Ps/2, dso terms, 
and L is the azimuthal quantum number. The symbol 6’ 
is 1 minus the Kronecker 6. In Eq. (6.2) there is included 
the ordinary mass correction effect in the first term 
which contains the square of the Schrédinger function 
Ws at r=0 and in the first part of the second term. The 
last part of the second term in Eq. (6.2) represents the 
effect of the Thomas-type terms. This effect vanishes for 
s terms to the present order of approximation as has 
been found by Breit and Meyerott.'! Comparison of the 
regular mass effect which is contained in the first term 


(6.1) 


(6.2) 


*G. Breit, Phys. Rev. 74, 656 (1948). 
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with the special mass effect gives 


special mass effect/regular mass effect 
=—6z,9(2k—1)/12k. (6.3) 


For L0 this effect is seen to be of the same order of 
magnitude as the regular mass effect. It is nevertheless 
of no practical interest at this time because the experi- 
mental accuracy does not suffice for its detection in view 
of the much larger effect of the natural breadth of the 
levels from which this effect would have to be separated. 
In the present approximation the effect is 





h?5’ (2L(L+1) Vil 
(AE) rhe = — —) 
4M22 L+3 \rdr 
2 Rya?d’ 
=(— —) ile 
(L+3) 
which corresponds to 
AE7(2p3/2) =0.0029Mc/s= AE7(2p12). (6.5) 


IV. RELATION TO FINE STRUCTURE 


In the present section a transformation will be con- 
sidered which enables one to understand the result of 
Breit and Brown‘ for the fine structure from a different 
viewpoint and will also be found useful for the under- 
standing of mass effects on hyperfine structure. The first 
two terms of Eq. (5) give 


[pot mc— (po?—mc?)/2Mc ]f—hOxg 
— (h/2Mc?)(dJ/dr)g=0,- (7) 


[po— mc— (por— mc?) /2Mc ]g+hO_f 
+ (h/2Me)(dJ/dr) f=0, 


where 
O,=d/dr+(1+k)/r; O-=d/dr+(1—k)/r. 
Introduction of 2,, 2_, F, G by means of 
04.=0,—1/r, Q-=O_—1/r, F=rf, G=rg (7.2) 
and division by 1—J/2Mc gives 


(W+J+ me) BF—chO,[1+J/2Me]G=0, 
(W4+J—me)AG+chQ_[1+J/2Me]F=0 


where 


A=1—(W+mce’)/2Me, 


(7.1) 


(7.3) 


B=1—(W—me)/2Mc (7.4) 


and W stands for the energy — Mc’. It will be remem- 
bered, however, that in Eq. (4) the operator #? is re- 
placed by P*. The operator £2 contains only effects of 
relative order (m/M)? and will, therefore, be neglected. 
The addition of —(P?—*)/2M to the left side of Eqs. 
(7.3) gives 


(W+J+ mc) BF —chQ.,.G— (h/2Mc)UG=0, 
(W+J—mc)AG+ chQ_F+ (h/2Mc)UF=0, 
U=rAJ/2+-(rdJ/dr)(d/dr) 


(7.5) 
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which is seen to contain correction terms in h/Mc which 
do not depend on the quantum number &. It would be 
surprising if the correction for P*—? which has just 
been made did not have some good quantitative mean- 
ing because, as may be seen from Eq. (3.6), it contains in 
it the usual effects of the vector potential caused by the 
electron on the momentum operator of the proton with 
an additional correction for retardation. There is thus a 
reason for believing Eq. (7.5) in preference to Eq. (7.3). 

It will now be shown how Eq. (7.5) gives results for 
the fine structure of hydrogen. The terms in 4/Mc will 
be treated as a perturbation and will be used only to the 
first order. Omitting these terms one has two simultane- 
ous equations which agree exactly with corresponding 
Dirac’s equations for a Coulomb field without nuclear 
motion provided one approximates A and B by unity. 
Since A, B do not contain r it is possible to transform 
the equations by means of 


r'=(AB)'r, F’=(B/A)iF, G’= 
which gives 
[W+me?+e’?/r’ |F’—chQ,’'G’ =0, 
[W—me+ e?/r’ |G’+chQ_'F’ =0 


a set of two equations identical in form with the radial 
equations for an electron in a central field. The energy 
which corresponds to Eqs. (7.6’) differs from that for the 
problem with infinite nuclear mass. For the latter 


(1+-W/me?)*/(1— W/me*)*— (1— W/me?)*/ 
(1+W/me?)*=2(p+s)/a (7.7) 


p=(#—a)'-1 


e'2= (A B)}e? (7.6) 


(7.6’) 


where 
(7.8) 
and 

—1+|k|-+s=principal quantum number. 


By means of the above relation between W and a@ one 
finds the first-order effect of m/M on W to be 


Ww2 m*c4 W2 [ ~ a? 
w=—( ). i+ | (7.9) 
Mc? J mel (p+1)(p+s) 
On the other hand the terms which have been omitted in 
Eq. (7.5) contribute a first-order effect to the energy 


which also contains the first power of m/M and amounts 
to 


AW= (het/2Mc) f (1/\EGAF /dr— FaG/dr Yr (7.9’) 





Evaluating the integral on the right side of this ex- 
pression and adding the two energy changes one obtains 


5W+AW = — (W?— m'c*)/2M ce. (8) 


This is identical with the quantity called Z, by Breit 
and Brown‘ as is seen by comparing with their Eq. (6) 
and agrees with a previous result of Bechert and 


Meixner.'° The meaning of the result in the present 


10K. Bechert and J. Meixner, Ann. d. Physik 22, 525 (1935). 














paper and in that of Breit and Brown is slightly 
different from that of Bechert and Meixner. In both of 
the later papers the energy correction is worked out as 
an addition to the exact energy of Dirac’s equation while 
Bechert and Meixner’s calculation does not consider the 
higher powers of a. 

It has thus been verified that Eqs. (7.5) give the 
correction to the fine structure within terms of degree 
m/M in an expansion in powers of m/M within the 
limitations of the Hamiltonian. No approximation re- 
garding the entrance of a has been made. For the ground 
term of hydrogen the integrand in Eq. (7.9’) vanishes 
and the distortion of the wave function caused by the 
perturbing terms involving 1/M in the Eqs. (7.5) is 
accordingly small. It is therefore convenient to make 
use of Eq. (7.6’) as a starting point for the calculation 
of the hyperfine structure effect. 


V. THE MASS CORRECTION TO HYPERFINE STRUC- 
TURE OF GROUND TERM NEGLECTING 
NUCLEAR VOLUME 


In the present discussion quantities obtained by 
setting M=o will be denoted by the subscript 0; the 
radial functions corresponding to F’, G’ by f’, g’ in the 
same sense as in Eq. (7.2) for f, g. One is concerned with 
the value of 


_I= J “sir / J “(Pg 8) 


which is the most important factor in the usual formula 
for hyperfine splitting which depends on m/M. In terms 
of the primed quantities one has 


I=—qp” f f'g'dr' / f (g’*-+q?f")r'*dr’ (9.1) 
0 0 


where 
q=(A/B)!, p=1/(AB)} (9.2) 


are the factors brought in by the transformations of f 
and r respectively. Taking into account that for the 
ground term 


f o°/ g0°-a’/ 4 (9.3) 


and that g?f” is the same as f” within terms of order 
m/M one has to a sufficient approximation 


T= —9p-[1—(1—4")(a2/4) 


x f f'g’dr’ Fs f (f2+g')r2dr’. (9.4) 
Pas 0 


In the last formula there are three correction factors 
which multiply the ratio of two integrals. The latter 
ratio is identical in form with that for the value of J 
without nuclear mass motion. It differs from it, however, 
on account of the replacement of the unprimed quanti- 
ties by primed ones. Without nuclear mass motion the 


NUCLEAR MOTION AND HYPERFINE STRUCTURE 


value of J is" 

Ip=a(2p’—p)“'an*; p= (1—a7)! (9.5) 
where aq is the Bohr radius. Within relative order a? it 
follows that 

Ip=a(1+3a?/2)an~. (9.5’) 
Taking into account the occurrence of ¢ in @ and ay 


there results from Eqs. (9.4), (9.5’) together with the 
transformation formulas (7.6), (9.2) that 


I/Ip=1—3m/M+0-0?m/M+-::-. (9.6) 


At this stage of the calculation the corrections of order 
a’m/M have disappeared and the mass correction to the 
hyperfine structure for the Dirac part of the proton’s 
moment is expressed by the factor 1—3m/M. 

The contribution to hyperfine structure arising from 
the difference between 1—(J/2Mc’) and unity in Eq. 
(5.4) has been neglected so far. The term in —J/2Mc? 
gives rise to an integral in the first-order perturbation 
energy which diverges as fexp[(—1— a2) Inr ]dr and 
this term cannot be treated in the usual manner. The 
function J should be considered, however, as being finite 
everywhere for otherwise the justification for Eq. (1) 
breaks down. It is probable, furthermore, that at dis- 
tances smaller than ~e?/mc* the field of the proton 
deviates from the inverse square law and that the whole 
method of treatment loses meaning on account of the 
presence of mesons. It would be unreasonable to attach 
much meaning to the divergence just mentioned since it 
disappears if one makes J finite by rounding off the 1/r- 
type potential. The exact way in which it should be 
rounded off is subject to question. Speculatively it will 
be supposed that J has the constant value e”/b from r=0 
to r=6 and that for r>b the value e*/r applies. The 
ratio of the extra effect to the regular effect is 


extra effect/regular effect=— (e?/2Mc*ay) 


x f rtexp(—2dr /' f exp(—2r)dr (10) 
b 0 


where r is expressed in units @q and the relativistic 
radial functions are replaced by their non-relativistic 
values with sufficient accuracy. The above ratio is ex- 
pressible in terms of the Ei integral and can be ap- 
proximated by 

— (m/M)c?[In(1/2b"a2)—0.577---] (10.1) 
where b” is the value of 6 in units ¢*/mc? and where 
terms containing additional factors a@ have been 
neglected. 

Since dJ/dr vanishes in the cut off region the hyperfine 
structure splitting is smaller than it would be without 
cutting off J even if m/M is not considered. The correc- 
tion factor introduced by this effect is approximately 


f evi | f e-*"dr=1—2b6=1-—2b" a? 
6 0 


1G. Breit, Phys. Rev. 35, 1447 (1930). 
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where 0 is in Bohr radii. Since the mass correction corre- 
sponds approximately to multiplication by 1—3m/M 
one can expect an additional effect of approximate value 
6b’’a?m/M which has its origin in the combined action 
of changes of relative order a? produced by a finite 
nuclear radius and of the mass effect. Such changes 
cannot be treated with certainty because the nyclear 
radius is not understood in a precise sense. Effects of 
order (m/M)o2 as well as that described by Eqs. (10), 
(10.1) are much too small to be detected with the 
accuracy reported in the experiments. 

The Hamiltonian employed here is only approxi- 
mately relativistic. The function J cannot be made too 
large and the introduction of a proton radius is, there- 
fore, unavoidable in the present approach. The un- 
certainties in the answer which are a consequence of the 
arbitrariness in the value of the radius } and the shape of 
J(r) are thus an inherent limitation of the method. 
Similar uncertainties arise from the fact that for a finite 
nuclear radius the transformation to Eqs. (7.6’) can be 
made only in the region r>b. These effects can be dis- 
cussed properly only if one takes into account the 
change in the wave function brought about by the finite 
rather than zero value of b. The expectation value of the 
hyperfine structure energy’ Q”’ when calculated with 
such an improved wave function contains additional 
corrections of relative order ma?/M. These corrections 
are worked out in the adjoining paper” by G. E. Brown 
and G. B. Arfken. 

There is an additional effect of the terms in (4/2Mc) 
X(rdJ/dr)(d/dr) in Eq. (7.5) which also brings in 6 
explicitly. This effect is similar to that in Eq. (10.1). It 
also depends on 8 logarithmically and becomes infinite 
for zero nuclear radius. The terms in AJ contained in 
Eq. (7.5) produce in general effects of relative order 
mo?/M. For the special case of J being constant in the 
interval 0<r<6 their effect is of a higher order in a as is 
shown in the adjoining paper.” Their evaluation does 
not depend on the effect of the cut-off of the Coulomb 
potential on the wave function but it proved easier to 
present the matter in this order. The evaluation of the 
effect of terms involving dJ/dr in Eq. (7.5) will now be 
described. The functions F, G are represented as 
(1+-u)Fo, (1-++-v)Go where Fo, Go are solutions of Eq. 
(7.5) in the absence of the terms under consideration. 
Substitution into Eq. (7.5) then shows that regularity of 
F and G at r= requires 


u=v= K+ (a’B/2)(—p/r—Inr) (11) 


where B=m/M, p=(1—a’)! and where the unit of 
length is h?/me*. The constant of integration remains 
undetermined at this stage. Since the effect of u—K 
=v—K on F and G can be represented by the correction 


2G. E. Brown and G. B. Arfken, Phys. Rev. 76, 1305 (1949). 
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factor exp(u— XK) to within the relative order a8, the 
effect of K amounts to employing (1+K)Fo, (1+K)G, 
in place of Fo, Go. This effect cannot be distinguished, 
therefore, from the determination of the normalization 
factor. The correction factor to the hyperfine structure 
is thus found to be 


1+ (11.1) 


where 


6= 6; + 82 (11.2) 


and 
51:= — o°6[Inb—3Ei(— 25) |, (11.3) 


62= a?A[Inb+ (5/2) — Ei(— 2b) ]. (11.4) 


The contributions 6), 5: arise from the inclusion of the 
factors exp(u— XK) in the integrals of FG/r? and F?+-G@ 
respectively. The first of these integrals arises from Q”’, 
the second on account of normalization. Combining the 
two contributions 


b= a®B[(S/2)+2Ei(—26) | 
a*A[(5/2)—2 In(1/2by)] (11.5) 


where Iny=0.577---. Combining with Eq. (10.1) the 
correction factor for both effects is 


1+e 
e= a2B[_(5/2)—3 In(1/2b" a?) ]. (12.1) 


The correctness of the argument for the elimination of 
K has been verified by the extension of the phase 
amplitude perturbation method to Dirac’s equation." 
For 5’ =1 the value of ¢ is 7X 10-7 which is negligible in 
comparison with experimental errors and is of the same 
order as the effects in 6?=(m/M)*? which have been 
neglected here. 

It appears from the considerations presented that the 
“approximately relativistic’? equation considered here 
gives a result which for practical purposes is the same as 
that of Breit and Meyerott.! It is desirable to emphasize 
again that neither treatment is free from ambiguities. 
There is a difference between the method of Eqs. (4), 
(4.1), (4.2), (4.3) and the method of Eqs. (5), (5.4) 
which has been adopted here. A complete treatment of 
the problem requires a more consistent application of 
electrodynamics than that attempted here. 

It should also be mentioned that the transformation 
of Eqs. (7.6), (7.6’) is not closely related to the stretch- 
ing of the wave function which corresponds to the 
introduction of the reduced mass in the non-relativistic 
problem. The charge is not transformed in the latter. It 
is possible to employ the ordinary reduced mass 
transformation but the classification of effects does not 
appear as clearly as by means of Eq. (7.6’). 


(12) 
where 


% G. Breit and G. E. Brown, Phys. Rev. 76, 1307 (1949). 
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Contributions to the hyperfine structure of the ground state of hydrogen resulting from the assumption of 
a non-vanishing proton radius are evaluated in this paper. These effects occur because of the assumed 


modification of the Coulomb potential inside the proton and the consequent change in the wave function the 
above assumption implies. Since the proton radius and the shape of the potential function in the interior are 
not known, there occur uncertainties of relative order a?m/M in the hyperfine structure arising from nuclear 


mass motion. 








I. INTRODUCTION 


HE transformation! (I, 7.6) brings the Egg. (I, 7.5), 
with neglect of the terms in #/Mc, to the form of 
radial equations for a Dirac electron in a Coulomb field, 
and allows calculation of the effects of the mass motion 
terms if the assumption is made that the potential in 
Eq. (I, 7.5) is Coulombian. This potential is modified 
inside the proton if one assumes a non-vanishing proton 
radius,' however, and there result effects the evaluation 
of which is the object of this note. The potential function 
in the interior of the proton is assumed to have the 
constant value J=e?/b, corresponding to the potential 
of a charged shell of radius b. This modification of the 
Coulomb potential is an admittedly arbitrary one. It has 
advantages of simplicity, however. Since it is the change 
in the wave functions and the approximate values of the 
quantities dJ/dr, AJ that are of primary importance, it 
is believed that the results of the calculations give the 
correct order of magnitude of the effects under con- 
sideration. The details of the way in which the potential 
energy curve is rounded off are believed to be immaterial 
provided the curve is nearly smooth and reproduces 
approximately the values used below. The change in the 
wave function produced by the change of the potential 
from the Coulombian is considered below. It will be seen 
that this effect combines with the effects of nuclear mass 
motion to change the hyperfine structure splitting to 
relative order a?m/M. 


II. CALCULATIONS AND CONCLUSIONS 


Effects of the modification of the Coulomb potential 
inside the proton will now be considered. The potential 
function J is assumed to have the constant valne e?/b 
inside this region as discussed in the preceding section. 
Consequently the quantity dJ/dr vanishes in the nuclear 
interior and the integral which arises in the calculation 
of the hyperfine structure splitting through the evalua- 
tion of <Q”> of the preceding paper! has the limits 
r=b and . This effect of the exclusion of the region 


* Assisted by the Joint Program of the ONR and the AEC. 

1 Breit, Brown, and Arfken, Phys. Rev. 76, 1299 (1949). This 
paper will be referred to as I in the text. Formulas occurring in this 
paper will be referred to by prefixing the Roman numeral I ahead 
of the number of the formula. 
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0<r<6 from the hyperfine structure integral, just re- 
ferred to, has been discussed in Section V of I. 

There is now a second effect to be considered. From 
the modification of the potential in the interior there 
results a change of order a? in the wave function in the 
exterior region r>6 and the hyperfine structure integral 
is changed also. 

Effects of relative order a® and a’m/M result from 
both of the above causes. Only the latter type is con- 
cerned with nuclear mass motion and its evaluation will 
now be made. 

In order to obtain the change in the wave function for 
r>b, one first considers the wave function inside the 
nucleus. For r<6, the modified potential J=e?/b is 
transformed by Eq. (I, 7.6) into J’=e?/(AB)‘b, to 
replace e’*/r’ in Eq. (I, 7.6’). Equations (I, 7.6’) take the 
form 

(W+1+J’)F’—(1/a’)2,’G’ =0, (1) 

(W—1+J’)G’+ (1/a’)Q_’F’ =0 
with 

a’ =e'?/he (1.1) 

and with the other quantities defined by Eqs. (I, 7.2), 
(I, 7.6). Here energies are expressed in units mc* and 
lengths in e’?/mce*. For the ground state of hydrogen the 
Dirac quantum number k appearing in the ’s, which 
are defined by Eq. (I, 7.2), has the value —1. On elimi- 
nation of F’ from Egs. (1), one obtains 


&G' /dr’+ 2G’ =0 (1.2) 


where 


k=l (W+J'?—1}! (1.3) 


giving G’=sinxr’. The function F’ may be obtained from 
the first of the two Eqs. (1). The ratio of the functions is 


F'/G'S— (1/3)a’ (W+-J'—1)r’'S—(1/3)a’J’r’ (2) 


where the second approximate equality holds because 
W1 in mé units. The ratio F/G has to vary continu- 
ously at the nuclear radius r=d as a general property of 
Dirac’s equation. The value of F’/G’ for r=b—0 is the 
same as for r=5+-0 and will be used below to determine 
the solution for r>b. For the special case of the spherical 
shell distribution the right side of Eq. (2) simplifies to 


F'/G’=— (1/3)a’. (2.1) 
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By a method discussed in III,? the difference between 
this ratio and the ratio of solutions Fo’/Go’ obtained 
using J’=e'?/r, which follows from a Coulomb potential 
‘in Eq. (I, 7.5), can be used to calculate changes in the 
wave function for r>b produced by the cut-off of the 
Coulomb potential. Employing a notation similar to 
that of III one obtains 


y= F'/G’, yo = Fy'/Gy’, by’ = y’— yo’. (2.2) 


The quantity yo’ is easily found since equations for Fo’ 
and Gy’ take the form of Dirac equations for an electron 
in a Coulomb field.. The known solutions of these yield 
yo = —a’/2. The cut-off, therefore, produces a change in 
y which when evaluated at the proton radius is 


by’ = y' — yo'Sa'/6. (2.3) 


For r>6 the same equations hold for F’, G’ as for 
Fy’, Go’ and one can find éy’ in this region by employing 
Eq. (III, 3.1). Equation (III, 3.1) becomes 


(d/dr’) (Gob y’) + (Fo?+Go?)SW/a'=0 = (2.4) 


with energy in units -mc* and lengths in ay’ =h?/me”. 
The primes in this formula as in Eqs. (1) and following 
denote quantities transformed by Egs. (I, 7.6). On 
integration from the proton radius 6 to infinity one finds 
dW, the change in energy produced by the cut-off, to be 
of order a*Ry and hence negligible. Employing Eq. (2.4) 
and the known value of éy at r=8, one finds 


5y' (a! /6)b’2a’4(1/r2-+2/r’'+2). (3) 


Here 0’ is the value of r’ at the proton radius? in. units 
e’*/mc?. The integral of interest for the hyperfine 
structure is 


—1'= f fetdr's fwg(0-+ 09 /ye ar 


+ | 2go'n!de'ar (3.1) 


where f’ and g’ are given by r’ f’=F’, r'g’=G’. The first 
integral on the right of the approximate equality sign is 


[1—(8/3)b’a’? o=[1— (8/3) b’a®(1—m/M) Vo 


where 


te) 


—h= f fo'go dr’, 
0 


2G. Breit and G. E. Brown, Phys. Rev. 76, 1307 (1949). This 
paper will be referred to as III in the text. Formulas occurring in 
this paper will be referred to by prefixing the Roman numeral III 
ahead of the number of the formula. 

§ The quantity 5’ does not correspond to b of the preceding paper 
in a manner strictly adhering to the relations of the other primed 
quantities in this note to the unprimed ones in I. In I, 6 is ex- 
pressed in units ¢g whereas b” is its value in e*/mc* and corresponds 
to the b’ of the present paper. 
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the hyperfine structure integral without cut-off. The 
second integral is of order a*Jo and will be neglected. 

The term in a? in the above factor multiplying J, 
includes the effect of the exclusion of the region 0<r<b 
from the integral and the effect of the cut-off on the 
wave functions exterior to the proton. The term in 
a’m/M arises from the combination of both of these 
effects with mass motion effects. Because the proton 
radius and the shape of the interior potential are not 
known, uncertainties in the mass correction to the 
hyperfine structure of this latter order a?m/M occur. 

The terms in AJ in Eqs. (I, 7.5) must also be con- 
sidered, although it will be shown that their effect is 
negligible for the particular J assumed here. Equations 
(I, 7.5) relating unprimed quantities are employed to 
describe the behavior of the wave functions through the 
charged shell of radius 6, which is taken to be the limit 
of a shell of finite thickness. Only terms in AJ, dG/dr 
and dF/dr are large in this transition region. Conse- 
quently, the first of Eqs. (I, 7.5) becomes 


[1+ 97(dJ/dr)/2Mc |dG/dr+(rGAJ)/4M?=0 (4) 


with the same equation holding for F. This yields with 
neglect of terms in (m/M)’, 


(b+0) 
(1/4Mc?) J rAJdr 


(b—0) 


>Goer0 (1—m/4Mb”) (4.1) 


Go-n=Ge+0) exp 





where b” is the value of 5 in units e?/mc? as in I. The 
functions for r>b can be taken to be the same as before 
the introduction of the charged shell, since the change in 
normalization caused by the decrease in the functions in 
the interior is found to be negligible. Consequently, the 
only effect of the transition region is to diminish F and G 
inside the proton. This region is excluded from the 
hyperfine structure integral J for that special case of a 
constant J as discussed above and therefore the 
transition region does not have an appreciable effect on 
the hyperfine structure. ' 

If one assumes a potential which is not constant in th 
region 0<r<6, however, the quantity d/J/dr is not zero 
there and the hyperfine structure integral will include 
this region. In this case, the transition region contributes 
effects of order a?m/M since the wave functions are 
decreased in order m/M over a region of order a? of the 
important range of integration. 
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Two methods of calculating perturbation effects for the Dirac electron equation are discussed. The two 
radial functions enter symmetrically in the main contributions to the effects calculated. The first method is 
related to the method of the Riccati equation for ordinary second-order differential equations but differs from 
it through the use of the ratio of the two radial functions rather than that of the logarithmic derivative of one 
of them. The second method has some similarity to Milne’s phase amplitude method. The methods described 


have been helpful in the two preceding papers. 





I. INTRODUCTION? ? 


HE Schrodinger single particle wave equation can 
often be conveniently treated by introducing the 
logarithmic derivative of the radial wave function. Per- 
turbation calculations can at times be made very 
conveniently by this method. Useful results for nuclear 
scattering theory** and for the JWKB method have 
been obtained in this manner. The general plan is as 
follows. The linear second-order equation is transformed 
into a non-linear first-order equation of the Riccati type, 
the dependent variable being the logarithmic derivative. 
Perturbation calculations can then be made con- 
veniently. A special advantage of this method is that an 
estimate of the effect of an inaccuracy can be made by 
a simple quadrature. For the Dirac equation in a 

~ central field one deals with two simultaneous radial 
equations which connect the two radial functions. One of 
these functions can be eliminated and there results an 
ordinary second-order differential equation which can be 
dealt with in the same general way as in the Schrédinger 
case. Such a procedure has been used! and is feasible. It 
has certain disadvantages, however. In the first place 
the second-order differential equation for a Dirac radial 
function has to be reduced to a standard form by a 
transformation. Secondly the physically important ra- 
dial functions are lost track of in the manipulations. It is 
clear on the other hand that the Rayleigh-Schrédinger 
perturbation calculus can be applied to this problem, 
that in general the perturbation Hamiltonian can then 
be represented by two-row square matrices with 
operators for elements and that the two radial functions 
enter explicitly in the calculations. It is a disadvantage 
of the method of elimination of one of the radial func- 
tions that expressions obtainable from it are not simply 
telated to those of the Rayleigh-Schrédinger pertur- 
bation calculus. It will be shown below that equations of 


* Assisted by the Joint Program of the ONR and the AEC. 

1The methods described in this paper have been helpful in 
Breit, Brown, and Arfken, Phys. Rev. 76, 1299 (1949). 

2? The methods described in this paper have been helpful in 
G. E. Brown and G. B. Arfken, Phys. Rev. 76, 1305 (1949). 

? Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939). 

‘ The possibilities of step by step numerical constructions of 
perturbation effects by means of the Riccati equation have been 
successfully tried out by M. H. Hull at the suggestion of one of the 
writers in connection with the calculation of Coulomb functions. 

5G. Breit and R. E. Meyerott, Phys. Rev. 72, 1023 (1947). 


a simpler and more practical form can be obtained bya 
different choice of the dependent variable. Two methods 
will be described. In the first the variable y= f/g will be 
used. Here f, g are the two radial functions in a rather 
usual choice of the Dirac matrices which will become 
directly obvious through the formulas below. The em- 
ployment of the variable y yields convenient results 
whenever the change in y caused by the perturbation, 
which is here called éy, does not become too large in the 
region of distances r for which the calculation is made. 
Experience with a similar equation for the Schrédinger 
case* has shown that analytic approximations can be 
improved by employing step by step numerical con- 
structions for taking into account non-linear terms in 
dy. The method requires special consideration close to a 
node of g, a case which arises often and leads to an 
infinite d5y. In order to have available a treatment in 
which infinities do not occur a second perturbation 
method has been worked out and is reported on also. 
This is suggested by Milne’s phase amplitude method 
for the Schrédinger equation.* The amplitude A is here 
r(f?-+-g?)? and the phase ¢ is introduced by tang= f/g. 
The direct application of Milne’s method would bring in 
variables different from those used here. The equations 
reported on have been found useful in the two preceding 
papers.!? 

The feature which is especially convenient in both 
phase amplitude methods is the replacement of oscil- 
latory functions by the monotonic ¢ and the smoothly 
varying A. 


II. THE LOGARITHMIC DERIVATIVE METHOD 
The radial equations can be written in the form 
{lessl|(d/tdr)+||Pisl|}x=0, G=1,2;j7=1,2) (1) 


where x is a column matrix with two rows. The two 
matrix elements of x are denoted by 


x=F=rf, 


and the normalization integral is 


x2=G=rg (1.1) 


(1.2) 


f (x1?+x2”)dr=1. 
0 


6 W. E. Milne, Phys. Rev. 35, 863 (1930). 
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The relation of the other symbols in Eq. (1) to the 
scalar potential Ao, the electronic charge and mass —e, 
m is 

|| P;|] =(E+-eAotmeps)/hc+ikeps/r, (1.3) 
in the notation of Dirac.’? The quantum number is the 
characteristic value of 


ps_(Lo)+1], 


€=||€;5|| = p1(or)/r. (1.4) 


The matrices p; and ¢/i are taken in the representation 


1, 0 0, —1 
(2) (2) 
eed 1, 0 
Employing the abbreviation pp= (E+ eAo)/c the matrix 
elements of || P;;|| are 


Py,=(pot+mc)/h, Py2.= P= —k/s, 
Po2=(po—mc)/h. (1.6) 


The definitions made above describe the connection 
with standard theory. Changes in Ao are seen to affect 
only the diagonal elements P1;, P22. For the treatment 
of problems in which perturbation effects of the central 
potential are needed it suffices to consider the special 
case of a diagonal perturbation matrix 


||P ssl] = || Pall — ||P ssl 


with c numbers as the perturbing elements. 

In the problem of nuclear mass motion’**® and in 
other questions® there occur more general changes of the 
5P;;. The calculations below will be made in part with- 
out any restriction on the 6P;; and in part with the 
specialization of all the 6P;; being c numbers. In the 
latter case the restrictions 6Pj2=6P, P;;=P;;* will 
be used. The functions F, G will be supposed real 
throughout. 

Extensions of the general formulas to complex P;; are 
obvious. The simplicity of reductions in the special case, 
just mentioned, seems to be lost, however, when ex- 
tensions to complex x; are made, It may be noted that if 
the equations are not reducible to real x;, y= F/G con- 
tains two functions rather than one and the application 
of the methods under discussion is necessarily more in- 
volved. It will be recalled that if the P;; are c numbers 
then the Hermitian requirement for ||P;;|| is 


J 


and this can be satisfied for arbitrary x;:, x; only if 
P,;*=P;;. This condition reduces to P;;= P;; if all the 
quantities are real. Only symmetric matrices ||P,,|| are, 


while 


(1.5) 


(1.7) 


i) 


DP ij*x;*xidr= f DP ixi*x,dr 
0 


7P. A. M. Dirac, Proc. Roy. Soc. A117, 611 (1928). 

§ The method outlined proved useful in unpublished calculations 
made by one of the authors (G.B.) on the distortion of the elec- 
tronic wave functions produced by the nuclear magnetic moment. 
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therefore, considered below. For differential operators 
P12 the requirement of symmetry cannot be used. An 
example is the Hermitian operator (€/i)(d/dr). 

It will now be supposed that there is available a solu- 
tion of Eq. (1) for some set of values of the P;; given by 
Eqs. (1.3), (1.6) with a suitable choice of the scalar 
potential. The quantities corresponding -to this solution 
will be referred to as unperturbed quantities. The 
unperturbed matrix will be denoted by 


| Pill = lp ssl. (2) 


The perturbed function satisfies Eq. (1) with a 
different set of matrix elements. The relation between 
the two sets of elements will be taken as in Eq. (1.7). 
Introducing 


y=F/G, yo=rF/Go, by=y—yo (2.1) 


with the convention of denoting unperturbed quantities 
by subscripts or superscripts 0, one obtains 


d(5y)/dr= —GZ x (6P i3)x; 
+2 p:3(Go*xoxf—Gxix5). (2.2) 


Here and below it will be understood that the summa- 
tions are performed over both 7 and 7. By straightfor- 
ward calculation one can remove first-order effects from 
the right side of the above formula with the result 


d(Go*by)/dr= — (Go?/G*)Zx (5Pij)xj—Gorpuldy). (3) 


The last term on the right side is of the second order in 
the small quantity é6y. The main effects are contained in 
the first term. To the first order of small quantities one 
has the approximation 


d( Goby) /dr=— 2x PSP ii) x?. 
If the boundary conditions are such that Goéy vanishes 


at r=0 and r= this formula implies with neglect of 
higher order effects, 


(3.1) 


; 2yi(SP;))x;9dr=0 (3.2) 
0 


which gives the Rayleigh-Schrédinger first-order per- 
turbation formula for the energy. Account has to be 
taken of the fact that, in general, Eq. (3.2) cannot be 
satisfied unless £ is changed from its unperturbed value. 

By integration of Eq. (3.1) one obtains dy to the first 
order within an interval r1;<r<r2 provided dy is known 
either at 7; or r2 and provided the nodes of G and Gp do 
not interfere with the calculation. Having dy to the first 
order one also has first-order corrections to F and G 
because Eq. (1) gives 


d(6G)/dr=[6(Puyt+ Pie) |G+(piuyotpi2)dG (3.3) 


so that 5G=G—Gy is determined for known 6(Piry+ P12) 
and G as the solution of an ordinary linear inhomogene- 
ous differential equation. Similarly 6F is determined by 
Eq. (1). An iteration procedure for the solution of Eq. 














(1) is thus possible, in the general case. It has practical 
value only if the convergence is rapid. 

In the special case of P12= P2; and of ¢ numbers for 
the P;; the consideration of 6F and 6G can be avoided. 
One finds in this case 


—d(Go*by)/dr=Go?(y’6Pir+2y6P 12+ 5P 22) 
+Gepildy)? > =x P(6P 3) x?+ 2Go(Fod P11 
+G dP 12) by+ GP u(dy)?. 


In the latter form there are only known functions 
multiplying the unknown dy. The second and _ third 
terms are of second order of small quantities. The term 
P:,(6y)? contains the third-order effect (6P11) (dy), since 
Pu=puté6Pu. The error committed by neglecting 
them can be readily estimated and either an iteration 
procedure or a numerical step by step construction is 
relatively simple. In this case the knowledge of y gives 
G and F directly from Eq. (1) because 


dG/Gdr= Pyuyt+ Pry 


(3.4) 


(3.5) 


so that G is obtainable by a quadrature. 

If the 6P;; are differential operators it is also possible 
to perform reductions similar to that of Eq. (3.4). The 
differentiations on the x; which occur in Eq. (3) bring 
in either dG/dr which is expressible as PiyyG+P.2G, 
which in turn contains dG/dr, dy/dr, y, G. The relation 
thus obtained can be solved for dG/dr resulting in an 
expression for dG/Gdr in y and dy/dr. Since dF/Fdr 
=dy/ydr+dG/Gdr one is also able to deal with dF/Fdr. 
The iteration via F and G discussed in connection with 
Eq. (3.3) is thus not a necessary step and is only one of 
several possibilities.® 


Ill. THE PHASE-AMPLITUDE METHOD 


In order to avoid special considerations at the poles of 
y equations somewhat similar to those of the phase 
amplitude method of Milne have been worked out. The 
defining relations are 


F=As, G=Ac, s=sing, ¢c=cos¢. (4) 
The quantities y and A will be referred to as phase and 
amplitude respectively. The equations on A and ¢ can 
be put in various forms having their respective ad- 
vantages. The forms listed below have been dewided on 
with the view of classifying effects according to different 
orders of smallness. The relations between A and ¢ can 


be put in the form 


—Adg/dr= 2u;P;u;A, 


tA /dra Dain, (4.1) 


with 


u1=8, U2=C (4.2) 


® Another possibility for treating higher order effects is the 
expansion of dv in a power series similar to that discussed by Breit, 
Thaxton, and Eisenbud (see reference 3) for the Schrédinger 
equation. Coefficients of the terms in this series are given by 
relations similar to Eqs. (9.1) of reference 3. 
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and 


pa Pn, Pee 
| Ril) -( (4.3) 
Pu, Pre 


Adhering to the previously introduced meaning of 
superscript and subscript 0 as well as the symbol 6 for 
difference between perturbed and unperturbed quanti- 
ties one finds 
—d(5y)/dr= AZ x (6Pi;)x; 
+202/61—Q1'52—Q2""3, (4.4) 
where 
j= b¢, b= 1—cos26,, 63= 26:—sin26,, (4.5) 
Qi’ =Q:C,+Q2S8o, Q./= —Q:80+Q2Co, (4.6) 
S=sin2¢ (4.7) 


and the superscript ° on the Q’ indicates that the 
quantities Q in Eq. (4.6) take the values 0°. The Q are as 


follows 
Qi=(P2—Pu)/2, Q2=(PitP2)/2. (4.8) 


The notation 


C=cos2¢, 


P=(Pi+ P22)/2 (4.9) 


will also be used. 

The quantities Q;’ are connected with the Q; by an 
orthogonal transformation. The latter has coefficients 
which are determined by the known value gp of ¢ in the 
zeroth approximation. The value of go does not change 
during the improvement of values of 6y¢. The orthogonal 
transformation can be conveniently remembered as 
corresponding to a rotation through an angle 2¢. 
Removal of first-order terms on the right side of Eq. 
(4.4) gives 


—A o °d(A 0°65 ¢)/dr 
= A~Zx i(6P;;) DO ee 01°%2.— 0253 (5) 


which is analogous to Eq. (3). The quantities 52, 53 are 
of second and third order respectively. The first term on 
the right side of Eq. (5) is seen to be the main one for 
small perturbations. It does not become infinite at a 
node of G and is more convenient in this respect than 
the first term on the right side of Eq. (3). Iteration 
procedures for Eq. (5) are similar to those for Eq. (3). 
The special case which was considered for Eq. (3.4) 
leads to the following form 


— Ag-td( Ab g)/dr=8P-+80,' 
+2(8Q2')5:—Q1'52—Q2'53. (5.1) 


On the right side of this equation the quantities Q’ are 
completely known and the 6; are definitely determined 
by d¢. For a sufficiently small 6¢ the 5; can be approxi- 
mated by one or two terms of the power series in 4, 
which represent them. Iteration or step by step con- 
structions are again practical. 

It is clear from Eq. (4.1) that in a calculation of 6A 
the matrix ||R;;|| plays a part similar to that of P in the 
calculation of 5g. Replacement of the P;; by the R;; 
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changes P into (Py2— P2)/2, Qi into Qo, Qe2 into —Q,, 
Q1’ into Q.’, Qe’ into —Q,’. These relations will be 
helpful to those who wish to verify the calculations. It is 
found that 


d(6 InA)/dr= AZ x (5Rij) x; 
—201'°6:—Q2"52+01"53 (6) 
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and for the special case of c numbers for the P;; the 


corresponding formula is 
d(é InA)/dr= 502’ — 201'61— Qo b2+-Q1' 53. (6.1) 


The calculation of changes in the amplitude A is thus 
reducible to the evaluation of simple expressions. 
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Theoretical predictions for the effects of nuclear size on hyper- 
fine structure are compared with experimental data. New data 
show that isotope shifts of ms levels in Tl III are proportional to 


‘'Y°(0) as predicted. The fractional change in nuclear radius for 


the addition of two neutrons, determined from s electron shifts 
in Hg II, Tl III, Pb IV, is the same for the three elements. 
Kohler’s results for Tl II are consistent with those for T] III when 
allowance is made for the mutual screening of the valence electrons. 

Corrections for the approximation of the perturbation method 
and for screening of inner electrons by the valence electron are 
considered and found to be appreciable. Even after applying the 
corrections, the fractional change in nuclear radius is smaller than 


1, INTRODUCTION 


RELATIVISTIC theory of the effects of finite 
nuclear size, with a consequent departure from a 
Coulomb field, on the atomic energy levels has been 
formulated by Rosenthal and Breit'? and Racah.* The 
first two authors have also considered the effect of a 
finite nucleus on the interaction between electrons and 
the nuclear magnetic moment. The first effect leads to 
an isotope shift, and the second to a correction for the 
nuclear magnetic moment deduced from hyperfine 
structure splittings. Previous comparisons**® of the 
theory with experimental data on isotope shifts agreed 
only as to order of magnitude; in general, the theoretical 
and observed values differed by a factor of the order of 
three. In many of these cases the comparison was 
complicated by the mutual screening of several electrons 
outside closed shells and by inter-configuration per- 
turbations. It is therefore desirable to consider unper- 
turbed levels arising from one-electron configurations, 
preferably those of penetrating s electrons. Such con- 
figurations occur in the Hg II, Tl III, Pb IV sequence 
and their isotope shifts are analyzed here. 
The analysis shows that significant information 
about electron-nuclear potential fields can be obtained 


1 J. E. Rosenthal and G. Breit, Phys. Rev. 41, 459 (1932). 
2G. Breit, Phys. Rev. 42, 348 (1932). 

3G. Racah, Nature 129, 723 (1932). 

‘P. Kohler, Zeits. f. Physik 113, 306 (1939). 

5S. Mrozowski, Phys. Rev. 61, 605 (1942). 


expected if the charge is uniformly distributed throughout the 
nucleus and the volume is proportional to the mass. 

Values of nuclear magnetic moments of thallium deduced from 
hyperfine structure measurements are compared with those 
measured by radiofrequency induction and found to be 15 percent 
lower. This discrepancy is removed by the correction for finite 
nuclear size assuming either a uniform charge distribution or a 
concentration of charge toward the surface of the nucleus. Thus 
both the isotope shift and the magnetic effect indicate that the 
electron-nuclear potential is consistent with a charge distribution 
of this form and that the non-electrical forces between electrons 
and nuclei are relatively small. 


from the absolute magnitude of the shifts. The cor- 
rections for the approximations in the perturbation 
method and for the screening of electrons in completed 
shells are found to be important. 

Hitherto the effect of nuclear radius on the magnetic 
interaction between electrons and the nuclear spin has 
not been confirmed experimentally. Evidence confirming 
this effect is presented. Both the isotope shifts and the 
magnetic effect are more consistent with a uniform 
charge distribution in the nucleus than with a well-type 
potential for the electron-nuclear interaction. 


2. ISOTOPE SHIFT 


The isotope shift for a single s electron as derived by 
Rosenthal and Breit! using the perturbation method is 


3! 4rRay*y*(0) 1+) Av Bt) 


Yo 
Z (T(2e+1)P = y 
where R is the Rydberg constant, 


ady=h?/42°me? is the radius of the first Bohr orbit for 
hydrogen, 

Z is the nuclear charge, 

y*(0) is the square of the non-relativistic atomic wave 
function at the center of the nucleus, 

p= (1 i ay}, 

a=2ze*/hc is the fine structure constant 

yo=2Zro/an where 7p is the radius of the nucleus, 
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Ayo/‘yo is the fractional change in yo for two isotopes, 
B is a factor depending on the potential within the 
nucleus. 


The datum for the shifts given by Eq. (1) is zero shift 
when the s electron is completely removed. Following 
Goudsmit,® Breit,? and Fermi‘and Segré,’ 


ZiZ0° do 
V(0)= (: -—), (2) 
way no® dn 


where Z; is the effective nuclear charge in the inner 
region and can be put equal to Z for an s electron, 
Zo is the effective nuclear charge in the outer region, 
no is the effective principal quantum number, 
a is the quantum defect. 


Since the term value 
T=RZ"/n¢’, 
n= (R/T)iZ,°. 
Substituting Eq. (2) and Eq. (4) in Eq. (1), 
4T} do i+ p 
AéW = (1-=)—* te (5) 
ZoR' dn [T(2p+1) |? Yo 


Case 1. For a constant potential within the nucleus! 


B=[1+0y0/2a", (6) 


where a=Z;a, v= V/me and V is the potential energy 
of the electron inside the nucleus. 


Equation (6) is based on the assumption that v is the 


same for both nuclei. 
Case 2. If v is a constant for a given nucleus, but a 
function of yo, then by the perturbation method 


vyo 1 Yo? dv 
p=|1+— 


2a? 2a? 2p+1 dyo 
Case 3. If the non-electrical forces between the elec- 
tron and the nucleus are negligible and all the cha. ge is 
concentrated at the surface of the nucleus, then 
V=—Ze/ro, and v= —2a*/yo and is different for each 
isotope. For this case,* from Eq. (7), 


2a7yo 1 1 : 
B=|1- + |- (8) 
2a*yo 2p+15 2p+1 


(7) 





If the forces are purely electrical, any other charge dis- 
tribution will give V<—Ze?/ro inside the nucleus. 
V>—Ze/ro implies the existence of non-electrical 
forces. 

Case 4. If V is the same for each isotope and equal 
to —Ze?/ro for one of the isotopes, then dv/dro=0 and 

61. Pauling and S. Goudsmit, The Structure of Line Spectra 
(McGraw-Hill Book Company, Inc., New York, 1930); S. Goud- 


smit, Phys. Rev. 43, 636 (1933). 
7E. Fermi and E. Segré, Zeits. f. Physik 82, 729 (1933). 


from either Eq. (6) or Eq. (7), 
B=0. (9) 


This corresponds to the case where the addition of 
neutrons does not change the proton distribution. 

Case 5. If the non-electrical forces are negligible but, 
in contrast to Case 3, the charge is uniformly distributed 
throughout the nucleus,! 


3 ifr \*1Ze 3 is9x*e 
HOELHOR 
= To To 2-2 Vo Vo 

and 


B=3/(2p+1)(2p+3). (10) 


Figure 1 shows the potential energy distributions dis- 
cussed above. In each case the curve for the heavier 
isotope is represented by a broken line where it differs 
from that of the lighter isotope. 


A. Experimental Data 


To test Rosenthal and Breit’s theory it is best to 
study the ms term sequences of one-electron spectra of 
elements with relatively heavy, and therefore relatively 
large nuclei. Since the contributions of non-s electrons 
to the shifts are small, these data can be supplemented 
by those for terms of more complex configurations with 
one or two s electrons. Mrozowski® has given shifts for 
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Case 5 


Fic. 1. Potential energy of the valence electron for 
five nuclear models. 
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TaBLE I. Isotope shifts in T] ITI. 
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Term value Isotope shift 
Term em7! cm! 
5d%6s?214 156,001.0 0.710 
5463632," 113,220.0 0.385 
5d°6s6p41;° 111,436.2 0.343 
73 2S; 101,377.5 0.090 
5d%6s6p10,° 97,224.5 0.407 
5d%s6p13;° 89,746.2 0.397 
5d°6s6p1414° 84,739.4 0.378 
5d°6s6p1814° 80,585.4 ‘0.410 
6d%6s6p22)° 65,858.7 0.422 
8s 2S; 56,402.0 0.046 








Hg II; Crawford, McLay, and Crooker® have given 
shifts for eight terms of Pb IV involving a 6s electron. 
Shifts have been measured by Crawford and Convey’ 
as part of an extensive analysis of the hyperfine struc- 
tures of Tl III. This spectrum was excited in an elec- 
trodeless discharge and the hyperfine structures were 
resolved by a 21-foot concave grating of 80,000 lines in 
the third to eight orders. Table I gives the isotope shifts 
observed by Crawford and Convey for terms involving 
one unpaired s electron and for one level of 5d%6s?. The 
shifts are relative to a datum of zero shift for the 7d ?Ds5,2 
level which shows no magnetic splitting. For all levels 
listed the lighter isotope has the greater binding energy. 

Since the shift of the 6s 2S; level was not observed 
directly, it is evaluated here as 0.38 cm™ by reducing 
the average shift of the 6s6p levels by 2 percent to allow 
for the contribution of the # electron. This 2 percent 
correction follows from Rosenthal and Breit’s theory 
which, for Tl III, gives the shift of a 6; electron as 
about 1/20 of that of a 6s electron and gives a neg- 
ligible shift for a 63/2. In this way we get 0.38 cm for 
the shift of the 6s S; level. As a further check, the 0.710 
cm™ shift of 5d%6s?2,; gives a shift of 0.355 cm™ per s 
electron in 6s? and thus indicates a shift somewhat 
greater than 0.355 cm™ for a single unscreened 6s 
electron. 


B. Comparison with Theory 


To test the theory, the value of Ayo/+yp has been com- 
puted from the experimental data for ms levels of Hg II, 
TIIII, and PbIV using the value of B for uniform 
charge density given by Eq. (10). yo used in the cal- 
culation was obtained from the approximate formula” 


ro=1.5X10-"A cm, (11) 


where A is the mass number. (1—da/dn) was evaluated 
from a plot of quantum defect, o, against term value. 
If the terms are unperturbed they should fit a Rydberg- 


a ne McLay, and Crooker, Proc. Roy. Soc. A158, 455 
® J. Convey, Ph.D. thesis, Toronto (1940). 
10H. Bethe, Elementary Nuclear Theory (John Wiley and Sons, 
Inc., New York, 1947). See also E. Amaldi and B. N. Cacciapuoti, 
Phys. Rev. 71, 739 (1947). 
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Ritz equation" 
T= RZ,?/(n—a—BT)’, (12) 


so that 

c=a+ fT, (13) 
and 
da /dn=BdT/dn. 
But from Eq. (12), 


(n—a—BT)= RiZ,/T?. 
Differentiating, 


dT R’Z, dT 


1—p—=-— 


ae 





so that 
dT/dn=1/(8—R'Z)/2T?). 
Finally 


do/dn=B/(8—R'Zo/2T}) =B/(B—no/2T). (14) 


To evaluate 6 and check for perturbations, o was plotted 
against T. By Eq. (13), this graph for an unperturbed 
series is a straight line of slope 8. 

The values obtained for the apparent fractional 
change in nuclear radius, Ayo/yo, for the addition of 
two neutrons, are tabulated in Table II. These values 
are termed apparent because, as will be shown, they 
must be corrected for the approximations in the per- 
turbation method and for the effect of the decrease in 
screening of the inner electrons by removal of the outer 
s electron. 

Within the precision of the measured intervals, the 
shifts of the 6s, 7s, and 8s levels in Tl III give the same 
value of Aro/ro. This confirms the predicted variation of 
the isotope shift with T7!(1—do/dn) and hence with 
y7(0), and shows that the isotope shift in the heavy 
elements is primarily due to the finite size of the 
nucleus. 

In the case of Hg II, the 6s and 7s levels give equal 
values of Ayo/yo. The other three levels give much 
larger values of the ratio, but these are not free from 
perturbations since the plot of quantum defect against 
term value starts to depart from a straight line at 8s 
and is curving strongly at 9s and 10s. This shows that 
they are perturbed by at least one level above the 10s. 
Although levels of the configuration 5d°6s6d have not 
been identified, they are expected in this position and 
some of them are capable of producing the perturbation. 
Furthermore, these levels would have large isotope 
shifts and on sharing their properties with the 8s, 9s, 
and 10s would increase the shifts of the latter and 
account for the large values of Ayo/o. Therefore the 8s, 
9s, and 10s levels are not suitable for testing the theory. 

Table II shows another confirmation of the field effect 
theory. The addition of two neutrons to a nucleus of 
each of the three elements causes the same fractional 


4 A. G. Shenstone and H. N. Russell, Phys. Rev. 39, 415 (1932). 
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change in nuclear radius, as would be expected since the 


binding energies for the addition of two neutrons are 


equal within a few percent” for thallium and lead. 
Binding energies for mercury are not available. 

K6hler* has analyzed the shifts observed by him for 
the 6sns sequence of Tl II and concluded that for a 
reasonable choice of datum they could be fitted to a 
(1—do/dn)/no* law as predicted by Eq. (1) and Eq. 
(2). Mrozowski® has pointed out that the higher 
members of the So sequence are known to be perturbed 
by a term that is capable of lowering their isotope 
shifts. Furthermore, Kéhler made no estimate of the 
effect on the shifts of the change in screening of the 6s 
electron by the removal of the outer us electron. Until 
such an estimate is made this confirmation of theory is 
not as conclusive as the results of Table II. 

In the following, the shifts for the 6sus sequence of 
Tl II are calculated making allowance for screening and 
using the value of Ayo/yo=1.1X10- established in 
Tl III. This is done primarily to show that the shifts 
in Tl II are not inconsistent with the value of Ayo/yo 
obtained from TI III when calculated on the same basis 
[Eqs. (5), (10), and (11) ]. The results of the calculations 
are summarized in Table III. The shifts of the 6sns 
levels, tabulated in the third column, were calculated 
treating the outer ms electron as a one-electron system 
and using the term values from T] II. The datum for the 
calculated shifts is zero shift for 6s of Tl III. The shift 
listed in the third column for the 5d%6s°6f is that given 
in Table II as the measured shift of the 6s level of 

_TIIII. This value is in accord with Ayo/yo=1.1X 10. 

The shifts in the last column of Table III are ob- 
tained from those in column 3 by correcting for 
screening. The change in the screening of the 6s by the 
ns can be estimated from the change in the magnetic 
hyperfine structure of the 6sus*S, sequence because 
both the magnetic hyperfine structure and the isotope 
shift depend on ¥7(0) of each electron. The interaction 
constant of the 6s electron in the 6suvs configuration 
was evaluated from the observed interval factors by 
treating the outer s electron as a one-electron system 
and calculating its contribution to the interval factor. 
The interaction constant, d,s, of the outer electron was 
evaluated by the Goudsmit expression 


Ons= 80 RoZay*xg(1)y7(0)/3X 1837 


using g(Z) deduced from a¢,(Tl III)=5.85 cm. This 
interval factor is a reliable limiting value obtained from 
the hyperfine structures of 6sng levels and 6sns *S; 
levels of Tl II, and also by calculation from the struc- 
tures of. higher members of the ms sequence of Tl III 
(see Section 3). It is found that for the 6s7s level ae, is 
reduced 3 percent at most by the presence of the 7s 


12 J. Mattauch, Nuclear Physics Tables (Interscience Publishers 
Inc., New York, 1946). 

18S. Smith and J. Convey, Can. J. Research Al4, 139 (1936). 
The intervals given by Smith and Convey for 6s8s and 6s10s are 
incorrect; they are 4.68 and 4.47 cm™, respectively, from our 
unpublished data. 


Taste II. Apparent change in nuclear radius 
(uniform charge distribution). 








PbIV 
Isotope Aw _Arv 
shif yo fo 
appareat 


1.(2)X10 


Hg II TI Ill 
Isotope Ayo _ Aro Isotope Ayo _ Aro 
shift yo To shift yo To 
em7! apparent em apparent 


1.0510 0.38 1.1310 0.5 
1.02103 0.090 1.0110" 

4.2X10% 0.046 = 1.2x10% 

11X10 

10X10-% 


em 


Level 


63 0.276 

78 0.050 

88 0.080* 

9s 0.10+0.025* 
108 0.05+0.03* 











* Perturbed—see text. 


electron. Thus the corrected shifts of the 657s levels are 
smaller than the calculated by not more than 0:011 
cm, 3 percent of 0.38. For the 6s8s and 6s9s the 
screening correction is negligible. 

For the 5d%6s*6p levels the important screening cor- 
rection will be the mutual screening of the 6s electrons. 
The isotope shift due to a 6s electron is 5d'6s? can be 
evaluated from the isotope shift of a single 6s electron 
(Tl IIL) by approximating to the Zp and mp of a 6s? as 
follows. Consider the two s electrons of 6s? as a single 
electron of charge 2. For them Zp is 2.5 since the prob- 
ability of either 6s being nearer the nucleus than the 
other is one-half and their charge distribution is — 
spherically symmetrical. From this value of Zo and the 
sum of the ionization potentials of Tl II and TI III, 
which is the energy required to remove the pair to 
infinity, one obtains m9= 1.840 for either electron of the 
pair. For the 6s electron of TI III, Zo>=3, mo=2.026 
and its isotope shift is 0.38 cm™ relative to ionization. 
A shift of 0.352 cm for each 6s electron of 6s? of 
TIII is obtained from these data by the relation 
AbW « Z,2/no?, which follows from Eqs. (1) and (2) 
assuming a constant Fermi-Segré correction. That is, 
the mutual screening of the two 6s electrons decreases 
the shift per 6s electron by 7 percent. The shift for 6s 
of Tl II then is 0.704 cm™ relative to ionization of TI III 
(double ionization of Tl II). This shift agrees well with 
the 0.710 cm~ shift observed for the 5d%6s? of Tl III, 
which differs from 5d"6s? only by the absence of a d 
electron. 

But the datum for the calculated shifts is 6s of 
Tl III. To get the shift relative to this datum it is 
necessary to subtract the shift produced by taking a 
6s electron in TI III to infinity. Thus the shift of the 6s 
configuration of TI II relative to the 6s level of Tl III is 
0.704—0.38=0.32 cm. For a 5d%6s*6p configuration 
the shift will be from 0 to 5 percent greater because of 
the presence of the 6 electron; the absence of a d elec- 
tron should have a negligible effect. 

The agreement between the observed. values and the 
values corrected for screening is very good except for 
6s8s and 659s, for which the observed shifts are smaller. 
But, as pointed out by Mrozowski,* these levels are 
perturbed, presumably by 69? !So,!* which would reduce 


4 C, B. Ellis and R. A. Sawyer, Phys. Rev. 49, 145 (1936). 
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Isotope shift 


Observed Calculated Calculated 
(datum d with 
659s of screening 

TI II) correction 


cm7t em7} 


0.348") 0.32-0.34 
0.338* 

0300 
0.059 
0.060 
0.015 
0.000 


-Level 


54%6s26p4.9 
54%6s%6 8,9 
5d%6s?6p5,° 
6s7s 8S 1 

6s7s 1$ 

6s8s 1S 

659s 1S 





0.055 
0.052 
0.023 
0.011 


0.063 
0.023 
0.011 








* There is some perturbation between these levels and those of 6s7p and 
it would reduce the observed shifts. This spread in the shifts is probably 
caused by this perturbation. 


their shifts and, in particular, make the shift of 659s 
less than the calculated 0.011 cm™. As a result, of this 
perturbation, Kéhler’s original datum of zero shift for 
6s9s is probably equivalent to zero shift for 6s of Tl ITI, 
the datum for the calculated values. Thus the shifts in 
Tl II as well as those listed in Table II are consistent 
with the field effect theory. 


C. Validity of the Perturbation Method 


Because the fields responsible for the energy per- 
turbation are so large, even though they act only in a 
small region, it is necessary to examine the accuracy of 
the perturbation method. Rosenthal and Breit! have 
considered the case where v is constant and the same 
for both nuclei, but their method is not suitable for 
cases where the v’s are different. An alternative treat- 
ment by E. K. Broch!* avoids the use of the perturba- 
tion method and permits the derivation of an expression 
for the isotope shift which is not dependent on the 
assumption that the perturbed wave functions differ 
only slightly from the unperturbed in the region of the 
perturbation. By Broch’s method the change in energy 
due to the finite nuclear radius is 





C— 
bW= -2(— )orze : . 
C T(1+2p)l(1—2p) 


where C— and C are the coefficients used by Rosenthal 
and Breit in the solution of the wave equations for 
y>yo. Equation (15) differs from Broch’s Eq. (4-3) 
only by a factor ay/2Z which converts Broch’s nor- 
malization to that of Rosenthal and Breit. 

The wave functions are 


¢:/a= CJ 2p(2y!)+C_I_2,(2y%), 
o2= CA 2p(2y!)+C_A_»,(2y#), 


6 E. K. Broch, Archiv. f. Mat. o. Nat. 48, 25 (1945). J. Smoro- 
dinsky, J. Phys. U.S.S.R. 10, 419 (1946), has used essentially the 
same method, but his result is inaccurate because of the approxi- 
mations used. 


(16) 
(17) 
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where 
A2(2y*) = (j—p)J2p(2y*)+-y'J2541(2y4), 
A ~29(2y?) =(j- p)J—2p(2y4) = ytT_2,-1(2y?), 


the J’s are Bessel functions, 

j is the quantum number taking the values —1, 1, 
2, 2, 3, -°* fee S3, Pi, Psy, d3/2, ds)2, -+.° Glee 
trons, respectively, 

C is a constant and equals (—any(0)/2Z), 

C_ depends on yo and on the potential inside the 
nucleus. 


(18) 
(19) 


From Eq. (15), by differentiating, the isotope shift is 
2p 
P(1+2p)P(1—2p9) 


ad sC— dYo 
Lado) br. 
dyo\ C Yo 

te. 


a ($1/ab2) yA 2(2¥04) —J2p(2y0?) 
C  J_29(2yo*) — (1/462) ypA—2(2y0!) 


(¢1/a¢2),, is obtained by putting y=~yo in the solutions 
of the wave equation for y< yo. These solutions for v 
constant are given by Rosenthal and Breit; those for 
the uniform charge distribution were obtained as power 
series in y. It can be shown that (¢1/a@2),, is very 
nearly independent of yo so that its derivative can be 
set equal to zero in the differentiation. 

The isotope shift for an s electron of thallium has 
been evaluated by Eq. (20) for Case 3 (V=—Ze*/ro) 
and Case 5 (uniform charge density), and compared 
with the shift calculated by the perturbation method, 
Eq. (5). The error in the perturbation method was 
found to be 36 percent for Case 3 and 34 percent for 
Case 5. Thus for this reason alone the values of Ayo/yo 
(apparent) in Table II must be multiplied by 1.35. 


AbW = —2Ze?C? 





(20) 


where! 





D. Screening of Inner Electrons by the | 
Valence Electron 


Since a penetrating s-type valence electron has a 
finite probability of being near the nucleus, it has an 
appreciable probability of being inside the orbit of 
any of the inner electrons. For that fraction of the time 
when the valence electron is inside the orbit of the 
inner electron, the effective nuclear charge for the 
inner electron is reduced by one unit. Thus the.binding 
of the inner electron to the nucleus is reduced by the 
presence of the valence electron and thus the contribu- 
tion of the inner electron to the isotope shift of the 
entire atom is reduced. 

The change caused by this screening of an inner 
electron by the valence electron is a small fraction of 
the isotope shift in the binding energy of the inner 
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electron. But the inner electron is closely bound to the 
nucleus, and a small fractional change in its isotope 
shift is an appreciable fraction of the isotope shift of 
the valence electron. 

A direct evaluation of this screening would require a 
very accurate value of ¥*(0) for the inner electrons 
when the valence electron is present and when it is 
removed to ionization. The wave function of the 1s 
electron would need to be accurate to one part in 10° 
or 10° so that the uncertainty in its value of ¥°(0) 
would be a small fraction of ¥7(0) for the valence elec- 
tron. This accuracy is far beyond the limit of the 
Hartree self-consistent field method. 

However, an estimate of the screening effect can be 
obtained in the following way. From the Hartree wave 
functions for mercury'® the probability, p, of a 6s 
valence electron being closer to the nucleus than each 
of the 1s, 2s, 3s, 4s, and 5s electrons is evaluated. From 
Eq. (1) the ratio of the isotope shift for the ms electron 
to the isotope shift for the 6s electron is 


(ASW) n/ (ASW) 6= Wns?(0)/Yo.7(0), (22) 


but Wn.2(0)=Z,;Z0?/ran'n? from Eq. (2). During a 
fraction p of the total time, the valence electron is 
closer to the nucleus than the inner electron and reduces 
Zy by one unit. For this fraction of the time y,,.7(0) 
is reduced by the fraction [Zo?— (Zo—1)? |/Ze?’—%2/Zo. 


_ Thus the change in the isotope shift of the ms electron 


due to the presence of the 6s electron, expressed as a 
fraction of the isotope shift of the 6s is 


Yat) 2 
W6s7(0) Zo : 


p is obtained by evaluating numerically the integral 


r= f |P=*f Petar |i (24) 
0 0 


using the Hartree wave functions to get P’, the prob- 
ability of the electron being between r and r-+dr. 
Vns(0) and W¢.2(0) are taken from the Hartree wave 
functions. Zo, from a shell model of the atom, is ap- 
proximately 80 for 1s electrons, 78 for 2s electrons, 70 
for 3s electrons, 52 for 4s electrons, and 20 for 5s elec- 
trons. These values of Zo are not inconsistent with the 
Hartree and Fermi-Thomas fields. 

The values of and of the change in the isotope shift 
of the atomic energy levels caused by the change in 
screening of each inner pair of s electrons, expressed as a 
fraction of the shift for the 6s electron, are given in 
Table IV. 

Thus this calculation shows that the observed shifts 
should be 16 percent smaller than those calculated 
neglecting screening. It is difficult to assess the accuracy 


(23) 


16D, R. Hartree and W. Hartree, Proc. Roy. Soc. A149, 210 
(1934). 
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of this calculation, but it is believed that the correction 
should be of the right order of magnitude. It is realized 
that the Hartree wave function for Ys, does not give 
a good value of ¥¢,7(0) because the amplitude in the 
inner region is very sensitive to the normalization 
integral, which is determined mainly in the region of 
large r. However in the expression for the screening, 
Eq. (23), p appears in the numerator and y¥¢,2(0) in the 
denominator. Since they are both dependent on the 
amplitude of the 6s wave function, the error is reduced. 
This compensation is best for the 1s electron. For the 5s 
electron this compensation is worst since p is not as 
dependent on the amplitude of ys, near the nucleus, 
but the error in ¥,"(0) probably is partially com- 
pensated by an error of the same sense in w5,2(0). 

In the calculation it has been assumed that mo is 
independent of the screening by the valence electron. 
This approximation is very good for the inner electrons, 
for which the effective field is nearly Coulombian, but 
is not as accurate for the outer electrons. As a result of 
these two effects the calculated screening corrections 
should be regarded as upper limits. 

The 6s electron also screens inner / and d electrons, 
but since the latter have very small isotope shifts, the 
change in the screening of these electrons by the valence 
electron has a negligible effect on the shifts. 


E. Conclusions 


When the corrections for both the approximation of 
the perturbation method and the screening of the inner 
electrons are applied to the apparent Ayo/yo for uniform 
charge density (Case 5), its value is raised from 1.1 10- 
(Table II) to 1.1X10-*X1.35X1.16=1.7X10-. This 
fractional change in nuclear radius is only half of 
3.3X10-*, the value expected on the assumption that 
the protons remain uniformly distributed throughout 
the volume of the nucleus, and that the volume is 
proportional to the mass. .Therefore the isotope shifts 
indicate that the addition of two neutrons to a lead, 
mercury, or thallium nucleus does not cause a complete 
redistribution of the charge in the nucleus. This result 
favors the existence of some type of reasonably stable 
structure in the nucleus, such as the shell structures 
discussed by Feenberg and Hammack, Mayer, and 
Nordheim.?” 

If any of the other potentials (Cases 1 to 3) are 
assumed, Ayo/yo calculated from the observed shifts 
is still smaller. For Case 3, charge on surface, Ayo/‘yo is F 
of that calculated assuming uniform charge density. For 
the deep potential well (vx~0), Ayo/yo is one-fourth that 
calculated on the basis of uniform charge distribution. 
Thus the deep potential well does not seem probable 
and the charge on surface is somewhat less satisfactory 
than the uniform charge density. 


17M. G. Mayer, Phys. Rev. 74, 235 (1948); E. Feenberg and 
K. C. Hammack, Phys. Rev. 75, 1877 (1949) ; L. Nordheim, Phys. 
Rev. 75, 1894 (1949). 
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TABLE IV. Isotope shift screening correction. 


M. F. CRAWFORD AND A. L. SCHAWLOW 











Screening cor- 
rection per ns? 


¥2(0) -raH? as a fraction 





Electron (Hartree) p of (AdW)es 
1s 5.06X 10° 2.034X 10-5 0.016 
2s 5.56X 104 1.912 10-* 0.017 
3s 1.23X 104 9.010 10-¢ 0.020 
4s 3.06X 108 3.846X 10-3 0.028 
5s 6.10 10? 2.090 10-2 0.079 
6s 3.2X 10! 
Total 0.16 








The specific mass effect has generally been neglected 
for heavy elements and has not been considered here. 
The best justification for this is experimental: in 
elements of intermediate mass only very small isotope 
shifts are observed, and in heavy elements different 
levels of an unperturbed configuration have practically 
the same isotope shifts (see Table I). If the specific 
mass effect were invoked to account for the smallness 
of Ayo/yo obtained from the observed shift of the 6s 
level of Tl III in particular, it would have to be in the 
opposite sense to the field effect and have a magnitude 
of 0.2 cm. Then differences of this order between 
shifts of the levels of the same configuration would be 
expected. Since such large differences do not occur, the 
specific mass effect must be relatively small. 


3. EFFECT OF NUCLEAR SIZE OF MAGNETIC 
INTERACTION 


Rosenthal and Breit have considered the effect of the 
finite size of the nucleus on the interaction of an electron 
with the nuclear magnetic moment and have shown 
that for heavy nuclei the effect may be appreciable. 
Thallium is the only heavy element whose nuclear mag- 
netic moment has been measured by an induction 
method," and the value so obtained is higher than any 
of the spectroscopic values. The correction factors to 
be applied to the spectroscopic values have been com- 
puted for a deep potential well with v=0 (Case 1), but 
not for Case 3 and Case 5. Since the latter are more con- 
sistent with the observed isotope shifts than Case 1/, 
their correction factors are evaluated here. 

The coupling of the electron and the nuclear magnetic 
moment is proportional to the integral 


bei f drday-*dy, (25) 
0 


where ¢; and ¢2 are the Darwin-Gordon radial func- 
tions. It is evident from the form of this integral that 
the values of the product $1¢2 are weighted most heavily 
for small values of y where, for a nucleus of finite size, 


' $1 and @2 depart most from their values in a purely 


Coulomb field. 
For all the charge on the surface of the nucleus, 


18H. L. Poss, Phys. Rev. 72, 637 (1947). 





Case 3, analytical expressions for ; and ¢: are given by 
Rosenthal and Breit. For uniform charge distribution, 
Case 5, $1 and ¢2 inside the nucleus were obtained as 
power series in y. The Rosenthal-Breit solutions with 
the value of C_/C given by Eq. (21) apply outside. 

The integrand ¢i¢.y~* was evaluated and plotted 
against y for the range O<y=<0.2, taking yo=0.0271, the 
radius used for isotope shifts. This plot was compared 
with a similar plot of the unperturbed $12 y~, cor- 
responding to a point nucleus. From this comparison a 
particular value y=; is found such that the total area 
under the perturbed ¢:¢2y~ curve is the same as the 
area under the unperturbed curve from 4; to infinity. 
Thus, 


[= f didoy *dy= { $1 G2 y*dy 
0 y 


yl 
=[O-— f $1 G2 y-2dy 
0 





2(j—p)p(2p+1)y:2-! 
={1- (j—p)p(2p+1)y br. (26) 


~L (Qj-DEF Opt)? 


The values of ; and the correction factor, J/J, as 
obtained from Eq. (26), are given in Table V. 

Spectroscopic values of yu, the magnetic moment of 
TI, derived from splittings of unperturbed levels of the 
first three spectra, are given in Table VI. These have 
been calculated from the observed splittings by the 
method of Goudsmit!® and Fermi and Segré.® The 
interaction constants for the s electrons of Tl III are 
from Convey’s thesis.’ The origins of the others are 
indicated. The values of uw in column 4 of Table VI, 
multiplied by the appropriate value of J®/J from 
Table V, give the corrected values of yu listed in columns 
5 and 6. ; 

All the uncorrected values in column 4 of Table VI 
are appreciably lower than the induction measurement ; 
16 percent for s electrons and 9 percent for the p, elec- 
tron. The discrepancy is almost completely removed by 
the corrections for both cases, with Case 3 slightly 
closer. Since the difference between the correction 
factors for the two cases is smaller than the spread in 
the spectroscopic values, the comparison does not sig- 
nificantly discriminate between the two models. How- 
ever, the deep potential well of Case 1 gives a 30 percent 
correction and is thus untenable on the basis of this 
comparison. 


TaBLe V. Correction factors for thallium (yo=0.0271). 











Case 3 Case 5 
Nn I)/I n 1/I 
2S; 0.032 1.17 0.024 1.14 
sp, 0.030 1.05 0.024 1.04 








19S. Goudsmit, Phys. Rev. 43, 636 (1933). 
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Although the correction decreases with decreasing 
atomic number, it appears to be significant for inter- 
mediate elements. For caesium, Millman and Kusch” 
obtained A(6*S;)=0.30665 cm. This gives, by the 
Goudsmit-Fermi-Segré formula, g(J)=0.7025. The di- 
rectly measured value,*** g(Z) =0.7315, is 3.9 percent 
higher. If we assume that y1=~yo, as indicated by the 
values of y; in Table V, the corrected hyperfine struc- 
ture value is g(J)=0.728, which differs from the directly 
measured value by only 0.4 percent. For lanthanum” 
A(6s 2S; of La IIT)=1.076 cm™ from which, by the 
Goudsmit-Fermi-Segré formula, g(J)=2.65. The in- 
duction method” gives g(J) = 2.761, which is 4.2 percent 
higher. The correction for nuclear radius, calculated as 
above, is 4.1 percent. 

Thus when the values of the nuclear moments ob- 
tained from the interaction constants of s electrons by 
the Goudsmit-Fermi-Segré formula are corrected for 
the finite size of the nucleus, they are in excellent 
agreement with those from direct induction measure- 
ments. The Goudsmit-Fermi-Segré formula appears to 
be sufficiently accurate to warrant the use of do/dn, as 
obtained from Eq. (14), in the Fermi-Segré factor 
rather than the rougher approximation Ao/An. 

Bitter has pointed out that the ratio of the magnetic 
moments of the rubidium isotopes indicates that the 
spectroscopic values of the magnetic moments should 
be further corrected if the nuclear magnetic moment is 
distributed over the volume of the nucleus. It is 
indicated that this correction is of the same order as the 
Rosenthal-Breit correction. This is true only for Z 
small. For thallium, an upper limit for the correction 
arising from the distribution of magnetic moment 
within the nucleus can be determined as follows. As an 
extreme, the distribution of the magnetic moment could 
reduce the integrand of Eq. (25) to zero for y<yo. A 
numerical calculation shows that this would increase 
the values of J /J for an s electron, as given in Table V, 


by 3 percent. This additional correction is small because . 


for a finite charge distribution the product ¢i¢sy~ is 
much smaller in the region y< yo than it is for a point 
nucleus. 

It is interesting to note that the formula for the mag- 
netic distribution correction, (2Z7o/am), which is a 
justifiable approximation for light elements happens to 
be of the right order for heavy elements when the 
charge distribution is taken into account. On the other 
hand (2Zro/an) is a fair approximation to the Rosenthal- 
Breit correction to the magnetic interaction only for 
light elements. For the heavy elements the Rosenthal- 


20S, Millman and P. Kusch, Phys. Rev. 58, 438 (1940). 

*1 Kusch, Millman, and Rabi, Phys. Rev. 55, 1176 (1939). 

2 W.H. Chambers and D. Williams, Phys. Rev. 76, 461 (1949). 

23M. F. Crawford and N. S. Grace, Phys. Rev. 47, 536 (1935); 
H. Wittke, Zeits. f. Physik 116, 547 (1940). 

*F, Bitter, Phys. Rev. 76, 150 (1949); H. Kopfermann, Kern- 
momente (Akademische Verlagesellschaft, M.B.H., Leipzig, 1940), 


p. 17. 
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TABLE VI. Nuclear moment of thallium. 











», nuclear 
Inter- magnetons 
action Charge Uniform 
constant Uncor- on charge 
Spectrum Term @ns cm™! rected surface distribution 
TI III 7s *Sy 1.348 1.37 1.60 1.56 
8s 2S; 0.565 1.38 1.61 1.58 
9525; 0.295 1.39 1.63 1.59 
TIII 6s5g 5.88 1.44> 1.68 1.64 
Osns 
TII 6p *P; 0.710 1.49¢ 1.57 1.55 
‘ 7s 2S; 0.400 1.354 1.58 1.54 
Average 1.61 1.58 
Radio frequency induction* 1.628 








* See reference 18. 

b Unpublished data by M. F. Crawford. In the 6s5g configuration, the 
multiplet structure is of the same order of size as the h.f.s. When the per- 
turbations are taken into account, the separations of the hyperfine structure 
states of the configuration are consistent to within 0.010 cm™ with as. =5.88. 
This value of aes is in agreement with that obtained from other high 6snx 
terms. » was calculated taking 5.88 as the value of aes for Tl III. 

¢ The value quoted in the table is that calculated by G. Breit (Phys. 
Rev. 38, 463 (1931) increased by a 3 percent perturbation correction 
estimated by L. A. Wills (Phys. Rev. 45, 883 (1934)). The Goudsmit-Fermi- 
Segré method cannot be applied because the doublet splitting is required 
and the *P3/2 term is perturbed. 

4d Measurement by D. A. Jackson (Zeits. f. Physik 75, 223 (1932)). 
oa" by H. Schiiler and Th. Schmidt (Zeits. f. Physik 104, 468 

1936)). 


Breit correction increases much more rapidly with Z. 
Although the difference in the magnetic distribution cor- 
rection for different isotopes may well account for the 
difference in the ratios of the magnetic moments deter- 
mined spectroscopically and inductively, this correction 
is too small relative to the Rosenthal-Breit correction 
for heavy elements to modify our conclusions about the 
electron-nuclear potentials. 

The effect of nuclear size on magnetic interaction is 
not consistent with a deep potential well, but is in 
agreement with either a uniform charge density or a 
concentration of the charge on the surface of the 
nucleus. The magnitude of the isotope shift is in best 
agreement with the uniform charge distribution. Even 
for this distribution it is necessary to conclude that the 
fractional change in the radius of the positive charge 
distribution for the addition of two neutrons is less than 
that given by radius«(mass)'. This suggests that the 
added neutrons do not cause a complete redistribution 
of the protons, and so may be considered as evidence 
for some form of stable shell structure in the nucleus. 
Both effects, particularly the magnetic interaction, lead 
to the conclusion that non-electrical forces between 
electrons and nuclei are small in comparison with the 
electrical forces. This conclusion is consistent with 
results on slow neutron scattering® which show that 
forces between neutrons and electrons are small. 

The authors wish to thank Mr. F. M. Kelly and Dr. 
W. M. Gray for many helpful discussions. They are 
indebted to the Computing Centre of the University of 
Toronto for the numerical evaluation of the integrals in 
Section 2D. ; 


% Rainwater, Rabi, and Havens, Phys. Rev. 75, 1295 (1949). 
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An analysis is presented of the variation of the intensity of 
alphas from Li®(d,a)a with angle and energy. This variation has 
been observed to have the form 1+-A(£)cos?0+B(E)cos‘0, just 
as in the case of Li?(~,«)a for which an analysis has already been 
given. For Li®(d,a)a it is again the Bose statistics and consequent 
even parity of the alphas that makes analysis possible. It is as- 
sumed that Li® has even parity so that only s,d,--- deuterons are 
relevant here, in contrast to Li7(~,a)@ in which 9,f,--- protons 
are involved. The two analyses differ also in the spin combina- 
tions, but are similar in the assumption of only two contributing 
states of the compound nucleus, with angular momentum quan- 
tum numbers 0 and 2. An expression for the energy variation of 
the angular distribution in Li®(d,a)a is derived from the dispersion 


formula and the treatment with two sharp levels is compared 
with that for one sharp and one broad level. The latter is found 
simpler and adequate for obtaining agreement with the experi- 
mental A(Z) and B(£). After recognizing limitations on the 
parameters consistent with order-of-magnitude estimates of the 
matrix elements involved, it is found that the theoretical formulas 
rather naturally give the general form of the experimental results, 
including the feature that both A(Z) and B(Z) rise more slowly 
in the Li®(d,a)@ reaction than in the Li’(p,~)a reaction as the 
bombarding energy is increased from zero, a consequence of the 
spherical symmetry of the entering s waves which participate in 
the Li® reaction only. 





I. INTRODUCTION 


HE angular distribution of the Li®(d,a)a reaction 
has been investigated by Heydenburg, Hudson, 
Inglis, and Whitehead.’ The intensity of the reaction 
was observed to vary with angle as 1-+A(£E)cos’é 
+ B(E)cos*@, as expected from the Bose statistics of 
the product alphas. A(£) rises gradually beginning just 
below 1 Mev to a broad maximum a little below unity 
at a bombarding energy £ in the neighborhood of 2 
Mev, and falls rapidly to zero at 3.5 Mev. The coeffi- 
cient B(E£) remains zero up to almost 1.5 Mev and rises 
to a positive value of about 0.35 at higher energies. The 
yield curve observed at right angles to the beam dis- 
plays a sharp maximum at 0.75 Mev and there is evi- 
dence to the approach to another peak just beyond the 
highest bombarding energy employed, 3.75 Mev. 

The reaction Li®(d,a)a involves the formation of the 
same compound nucleus Be® as is formed in Li’(p,a)a 
but the binding energy of a deuteron to Li® is 4.96 Mev 
higher than the binding energy of a proton to Li’, so 
the compound nucleus is in a more highly excited state 
in the Li® reaction than in the Li’ reaction, for com- 
parable bombarding energies. The Li® reaction thus 
makes it possible to explore a different part of the Be® 
spectrum than that explored as yet by the Li’ reaction. 

It is assumed throughout this work that the parity 
of the ground state of Li® is even, since it may be de- 
scribed as an alpha plus two #-nucleons. The results 
show that the data are compatible with this assumption. 





{ (LSom/1Sj,m) [1S7-/X w]br (E) a1rP3,™(cos@) } > 


This theoretical interpretation of the Li® reaction in- 
cludes the effects of entering s and d deuterons. The s 
deuterons by themselves give spherical symmetry, and 
the penetration of d deuterons is necessary for the 
appearance of the asymmetry. The product of an s 
wave and a d wave introduces a term cos’6 into the 
angular distribution, whereas the square of the d wave 
is responsible for the cos‘@ term. 


II. CALCULATION OF ANGULAR DISTRIBUTION OF 
THE LI*°+DEUTERON REACTION 


The calculation is based on the Briet-Wigner dis- 
persion formula? extended to several compound states, 
which for a system prepared in a well-defined initial 
state P may be written 


o(E,0)~%?| 2) (P/H/r)(r/H/Q)/(E— Er 


2 


+(¢/2)T,)|. (1) 


In the paper® on Li’(p,a)a@ (hereafter referred to as I) 
it is shown that the cross section for finding an alpha in 
a small element of solid angle at @ is 


o(E,6) cal = op(E,6) $ (2) 


for an incident unpolarized beam and unpolarized 
target, where 


(3) 





op(E,0) =4ar?| >> 


lr 


Here, (lSom/1Sj,m) is a transformation coefficient trans- 
forming from a representation in which / and S are 


*Now at the University of Pittsburgh, Pittsburgh, Penn- 


sylvania. 
1 Heydenburg, Hudson, Inglis, and Whitehead, Phys. Rev. 74, 


405 (1948). 





diagonal to that in which the total angular momentum 
is diagonal; [/Sj,/Xi,] transforms from 1Sj, to the in- 


2G. Breit and E. Wigner, Phys. Rev. 49, 519 (1936). 
3D. R. Inglis, Phys. Rev. 74, 21 (1948). (See also C. L. Critch- 
field and E. Teller, Phys. Rev. 60, 10 (1941).) 
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coming wave function X;,, having angular properties 
most nearly matching those of the resonant state r of 
the compound nucleus, having j7=j,. The product 
(X1,/H/r)(r/H/Q) is factored thus: g:(E)aiPi"(cosé). 
Here, Q is the final state. a:, is a complex number; ¢;(£) 
is real and arises from penetration of the nuclear bar- 
rier; and Pj," is the associated Legendre polynomial 
introducing the angle factor. 

In the reaction Li®(d,a)a the deuteron spin is s=1, 
the target nucleus has angular momentum J=1, and 
these combine to give spin states S=0, 1, 2. The ground 
state of Li® is assumed to be even, so s, d, g--- waves 
may give the even states of the compound nucleus re- 
quired for the reaction. The successively higher values 
of / find penetration more and more difficult, so it will 
suffice to consider only /=0 and /=2. The Bose sta- 
tistics of the product alphas also demands that the com- 
pound state have even angular momentum j,. With 
J=0, the spin state S=O gives 7,=0, and S=2 gives 
jr=2. With 1=2, S=2 leads to 7,=0, 2,4, S=1 to j,=2 
and S=0 to j,=2. 

We are free to assume such disposition of virtual 
levels of the compound nucleus having j,=0, 2, or 4 
as may be necessary to account for the observations. 
It may be assumed in the interests of simplicity, that 
the d wave reacts only with states having j,=0 or j,=2 
without invoking j7,=4. It is found unnecessary to 
introduce more than two such states to explain the 


details of the reaction so far as they have been observed. 


Our first set of assumptions about the compound 
nucleus is that it has just two states which contribute 
appreciably to the reaction in the energy range in- 
vestigated, a state numbered r=0 having jo=0 and a 
half-width Ip much greater than the range of energies 
covered by the experiments, so that the energy varia- 
tion of its resonance denominator may be neglected, 
and a state numbered r=2 having j2=2, and I2 small 
enough to account for the rapid energy variation of the 
angular distribution of the product alphas. 

With these states, the cross section given by (1), (2), 
and (3) is 


2 


o(E,0) =————- ©° | (T2/iT'0) (e+ 7) X (CSom/ 
T?(e+-1) S,m l=0, 2 


1Som)[1So/lo laidit > (lSom/lS2m) 
l=0, 2 
2 


X(0S2/12 JerxpiP™|. (4) 


TABLE I. Transformation coefficients (JSom/lSj,-m). 








(020m/ (0000/ 


(210m/ (220m/ (220m/ 
022m) 0000) 


212m) 220m) 222m) 


0 (2/7)4 
0 —(1/14)4 
(1/5)4 


— (2/7) 
0 (2/7) 


(2000/ 
m 2020) 





0 
—(1/2)4 
0 


(yay —(1/14)4 








Here we have put 
(E—E:)/(T2/2)=«, (5) 


which then measures the energy deviation from reso- 
nance with the state r=2 in units of its half-width. 
The summation indices S and m are implicit in the 
initial state P. More explicitly we have, 


o=[i6ent/T(e+1)]| ¥ | ¥ (20m/122m) 


m+0 | l=0,2 


2 


X (122/12 Jarei| (P2™)? 


+] (T'2/#T'o) (e+-4)(2200/2200)[ 220/20 Jarode 


2 


+ > (1200//220)(122/12 JaibiP2® 


l=0, 2 


2 


+2 | (210m/212m)[212/22]Ja2x2| (P2")? 


+ | (T'2/iT'o) (€+-2) (0000/0000) cxoobo 


+-(2000/2020)[202/22'Jasa6x(P2°) ; 6) 


The factor (f'2/iI') appears here twice since 7,=0 
arises from both /=0, S=0 and /=2, S=2. The sums 
over m appearing here are easily evaluated by use of 
the values‘ for (LSom/1Sj,m) given in Table I. In order 
to simplify the terms in the brackets, we divide through 
by a=[ 202/22 Jaze and we put 


T'.[ 000/00 Jeoo/iI' oa = Rotilo 
Tol 220/20 Jor2o/iT p= Ri +i; 

[022/02 Jao2/a=R2+il2 
[222/221/[202/22]=Rs+ils 
[212/22 ]/[202/22 ]= Rat+il,. 


Here R is the real part and 7 the imaginary part. In 
Table II are listed sums used in the Li® reaction with 
jr=0 and 7,=2. Using Tables I and II with definitions 
(7), we find 
o = [16mh*g0?/T'?(e+-1) J 202/22 Joo? R? 
X {[(2+1)+b]+¢Lc+de+cos*o(ce+f) ] 
+¢7[ (2+1)g+het+i+ (j+h’e)cos’0+/ cos‘é]}}. 


TaBLeE II. Sums used in Li® reaction with j7-=0 and 2. 


(7) 


(8) 








a 
z, (1:10m/l112m) 
X (210m /l212m) (P2)? 


2 
z. (120m /1122m) 
Ie X (1220m/1222m) (P22)? 





0 5 
: (5/14)4(1—3 cos?@) 


5/14(4—9 cos?0+9 cos*#) 15/2(cos?@—cos‘@) 








4See E. U. Condon and G. H. Shortley, Theory of Atomic 
Spectra (Oxford University Press, New York, 1935), pp. 76-77. 
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TABLE III. Barrier penetrabilities of the s and d waves. 








R/(e2/me?) E/mc? 1 1.5 2 3 4 6 8 


1.50: go 0.500 0.820 1.207 0.725 0.648 
¢g2 0.021 0.046 0.076 0.399 0.591 
¢ 0.042 0.056 0.063 0.550 0.912 


go 0.936 1.190 0.687 0.626 
¢2 0.076 0.258 0.800 
¢ 0.081 0.217 1.278 


‘is 1.025 
v2 0.187 0.604 
ya 0.589 





0.146 0.225 








In Eq. (8) we have put 


R?= (Ro? +10’) 
b= 5(R2+-1.7)/R? 
c= {(50/7)*(RoRst+ Tels) — (Ril2—L1R2) + (S)*Z0} /R? 
d= { —(RiR2+- Iie) — (5) 1Ro} /R? 
e= {3(RiRot+Til2)+ (9/5)*Ro} /R? 
f= {[—30/(14)? ](RoRs+Iel3) 
+3(Ril2—I,R2) —3(5)*Io} /R? 
g=(1/5)(RP+J17)/R? 
h=(10/35)*(RsRitTsl1)/R 
i= {(10/7)(Re+I3)+5/4 
+(10/35)*(73Ri—11R3) } /R? 
j= {—(45/14)(R2+I32)+ (15/2) (R2+12) 
— (30/4) — (18/7)#(73Ri— Rs) }/R? 
= —_ (18/7)#(RsRi+-J311)/R? 
l= { (45/14) (R?+J3”) ° 
— (15/2)(Re+I2)+45/4}/R. (9) 


Also, ¢=¢2/¢o is the ratio of the penetration amplitudes 
of the incoming d and s waves. 
With these definitions we can write finally, 


o=C(e)[1+A (€)cos?6+ B(e)cos‘é ] (10) 


where 


C(€)=2{4Ado[_202/22 Ja22}2D(e)/Ts?(e2+1) 
D(e)=a+(2+1)+ e(ct+de)+¢"{ (P+1)g+het+i} 
A(e)=¢Leet+f+o(j+h'e) ]/D(e) 

B(e) =1¢"/D(¢). 


Here C(e) represents the yield at 2=90°. It need not 
be considered however in a study of the angular dis- 
tribution. Its form illustrates our assumption of a 
broad state with 7,=0 and a sharp state with j,=2, 
since ¢ is related to the resonant energy E>, and the 
bombarding energy £ in center-of-mass coordinates by 
Eq. (5). 

If there were no entering d wave, y would become 
zero and A(e) and B(e) would vanish, the d wave being 
necessary for the appearance of the asymmetry. Also 
since g is more important than -¢g* at low energies, 
B(e) should rise from zero at a higher energy than A(e). 

The explicit form of the parameters is given here so 
that a comparison of their values in terms of the in- 
tegrals appearing in the theory with the values required 
to fit the data can be made. 


(11) 
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III. PENETRABILITY OF THE NUCLEAR 
POTENTIAL BARRIER 


In both of the lithium two-alpha-reactions the “out- 
going” matrix element (r/H/Q) can be assumed to be 
independent of the energy in the ranges considered, 
since these reactions are highly exoergic. The energy 
dependence of ¢(Z) arises almost entirely from the 
penetration of the incoming wave. 

Tabulated values of the amplitudes of the regular 
and irregular solutions of the wave equation with 


‘ Coulomb field at the edge of the nucleus are not avail- 


able as yet for the required values of the parameters 
and the WKB approximation method is used for the 
calculation of penetrability. In the case Li®+deuteron 
we deal with /=0 and /=2. For a given / the barrier 
for the Li® case is lower than that for Li’ due to the 
greater reduced mass of the system Li®+H? and the 
larger radius, R, of the top of the barrier one must 
assume to allow for the extension of the deuteron. This 
brings the barrier height into the region of experimental 
energies for /=0, and also for /=2 if we take R<1.8 
e?/mc. vy, is put equal to |B,—E|—te-®: with B, the 
barrier height and C; defined as [(2M)!/h]Se(U, 
— E)'dr, the usual integral across the barrier.' The use 
of (/+-$)*h?/2Mr’ as the /-barrier in U;(r) keeps the 
WKB approximation a good one for energies closer to 
the barrier height than the use of /(/+-1)h?/2Mr? would 
permit.® 

Calculations were made for three values of R, the 
effective nuclear radius. For R=1.50e?/mc?, By=2.38 
mc and B2=11.51mc?. For R=2.25e?/me?, Bo=1.50mc 
and Bo=5.56mc. For R=3.00e?/mc?, Byo=1.10mc? and 
B.=3.38mc. Values of g; and ¢ are tabulated in Table 
III for the three radii assumed and for some of the 
values of £ used. 

Values for g)(E) are calculated on both sides of the 
barrier height and a smooth curve is drawn through 
this region.’ The arbitrariness of the curve near the 
peak does not greatly affect our final results because 
the nuclear radius chosen avoids the use of this region. 

In Fig. 1, p= ¢2/¢0 is plotted against the energy for 


2.0— 








# 


Fic. 1. Ratio of penetrabilities of =2 wave to /=0 wave as func- 
tion of incoming energy for several assumed radii in d+Li®, 


5H. A. Bethe, Rev. Mod. Phys. 9, 178 (1937). 
6 Breit, Wheeler, and Yost, Phys. Rev. 49, 174 (1936). 
7N. H. Frank and L. A. Young, Phys. Rev. 38, 80 (1931). 
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Fic. 2. Theoretical (dashes) and experimental (straight line) 
curves for A(E) and B(E) in Lif(d,a)a with 6=kE. 


each assumed radius. The ratio for R=1.83e?/me? in- 
terpolated from the calculated values is shown also in 
Fig. 1. The choice of this radius will be discussed below. 
It is worth noting here that for R=1.83e?/mc?, Bg 
=22.36mc? and g, is negligible compared to go and g» 
in the energy range considered, so that /=4 can be 
omitted in the analysis. 


IV. COMPARISON WITH EXPERIMENTAL RESULTS 


We test the assumption that a broad state with 
jr=0 and a sharp state with 7,=2 will account for the 
experimental results, the first peak in the observed 
excitation curve at 0.75 Mev being the j,=2 resonance 
where e=0, and the subsequent approach to a second 
peak being due to increasing penetrability of the /=2 
wave. 

Under this assumption we first choose R for Li®+H? 
such that /=2 has its maximum penetrability “‘at the 
second peak,” or more specifically, at E=4 Mev. This 
corresponds to R=1.83e?/mc?. This radius would put 
the maximum penetrability for /=0 between the peak 
at 0.75 Mev and 1 Mev and would account for the 
broadness of the peak on the high energy side and the 
more gradual descent to a higher minimum there. This 
value of R is larger than the corresponding value for 
Li’+H! (R=1.5e?/mc?) as taken in I, and by Christy 
and Latter,® and is easily accounted for as the distance 
out to the center-of-mass of the deuteron when the two 
nuclei begin to interact strongly. 

Under these assumptions we obtained (10) and (11). 
Since the maximum for ¢ occurs in the observed energy 
range, we cannot neglect ¢* in our determination of 
A(e) and B(e). This, of course, introduces a large num- 
ber of undetermined constants. In order to cut these 
parameters to a minimum we set y=E for the range 
considered and we choose k so that this will be a fair 
approximation in the region from 1.5 to 3.5 Mev (e.g., 
k=0.3 (Mev)-"). 

Putting in E=(T2/2)e+E2 ° and gy=kE we obtain 

8 R. F. Christy and R. Latter, Rev. Mod. Phys. 20, 185 (1948). 


® Defined in laboratory system, which introduces factor (3)? 
n C(e). See footnote 12 of I. 


LITHIUM TWO-ALPHA-REACTIONS 
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Fic. 3. Theoretical (dashes) and experimental (straight line) 

curves for A(£) and B(£) in Li®(d,a)e with 6=E*, rough choice 

of coefficients. 


A(£)= (4 B+JE+KE)/(E'+BE 
+CE*-+DE+F) (12) 


and 
B(£)=LE*/(E4+ BE*+CE*+ DE+F) 


where the coefficients are expressible in terms of the 
constants in (9) and Ep, I’, and k. 

The quickest and best fit of these expressions to the 
experimental curves is obtained by solving simul- 
taneously for the seven coefficients in A(Z). A choice 
of L in B(E) then normalizes this curve. This has been 
done and with the following values for the coefficients 
the curves have been plotted in Fig. 2 with the experi- 
mental curves. : 


=—0.4577 (Mev) C= 26.584 (Mev)? 
J = 1.6020 (Mev)? = — 33.483 (Mev)® 
K=0 (Mev)? F= 16.879 (Mev)! 
B=-—8.6540 (Mev) L=0.1375 (Mev). 


From Fig. 2 it is evident that A(Z) is an excellent fit 
to experiment, lying everywhere within the experi- 
mental uncertainty. B(EZ), however, is a very poor fit 
indeed, and attempts to improve the fit to B(Z) with 
Eqs. (12) resulted in a much poorer fit for A(Z). A more 
exact expression for g appears to be necessary in order 
to provide an A(Z) and B(£) with sufficient parameters 
to obtain a good fit with experiment everywhere. This 
indicates that the results are sensitive to the exact 
assumptions made, thus making our assumptions more 
significant. 

It is clear from Fig. 1 that p=E’ will represent the 
curve for R= 1.83e?/mc? better than g=fE. In fact, if 
we take k=0.114 (Mev), g=kE? is almost an exact 
fit over the whole range 0< E<3.75 Mev. Putting in 
kE? for g and E=(T2/2)e+ £2 in (11) we obtain 


A(E)=(AE'+ BE'+CE*+ DE) /(E°+FE5 
+GE+HE+JE+KE+M) (13) 


and 
B(£)=LE‘/(E°+ FE5+GE'+ #E+JE+KE+M) 
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where 
B= (T'?/4)j— E21 2k’/2 
C= T.e/2k 


D= (T?f/4k— E21 2¢/2k) 

F=hT./2—2gE2 

G= iT?/4— hE.V2/2+-g(T2?/4+- E,’) 
H=T.d/2k 

J=1/P+T2c/4k—V od E2/2k 

= —2E,/k* 

M=T2(a+1)/4k?+ E.7/k? 

L= T.*1/4 (14) 


defined in terms of the constants in (9), and Ee, T's, and k. 

Before fixing our coefficients to give the best fit to 
experiment, we inquire whether or not the values of 
the coefficients determined from their definition in 
terms of the matrix elements, etc., in the theoretical 
treatment can give us the general form of the experi- 
mental curves. The exact values of the matrix elements 
cannot be calculated but one may conclude that the 
coefficients a, b, c,--- are probably of the order of mag- 
nitude 1, varying perhaps from } to 5, and that some 
(a, g) are required to be positive. It is possible that 
some of these coefficients may be zero since they in- 
volve differences of matrix elements, but the probability 
of such an occurrence seems small. Furthermore k&3, 
T'—=(%) Mev, and E.>(2) Mev. The “expected” range 
of the coefficients in (14) is not sufficiently narrow to 
yield a curve of any definite shape, but with a small 
amount of trial adjustment of the coefficients within 
this range a rough fit was easily obtained (Fig. 3). Here 


A=—0.008 Mev M =48.0 (Mev)® 
B=0.80 (Mev)? K=—91.0 (Mev)é 
C=—2.92 (Mev) J=55.0 (Mev)! 
D=4.64 (Mev)! = —5.98 (Mev) 
L=0.11 (Mev)? G=2.00 (Mev)? 
F=—4,02 Mev. (15) 


The appearance of the late and sharp rise of the B(E) 
curve is a feature of these equations obtained even 
with only rough values of the coefficients which the 
previous Eqs. (12) could not yield while still retaining 
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Fic. 4. Theoretical (dashes) and experimental (straight line) 
curves for A(Z) and B(£) in Li§(d,a)e with 6=kE’. 


a good fit to A(Z). Hence the improved fit of equations 
(13) with coefficients (14), obtained by use of the more 
nearly correct expression for the penetration ratio 
y=kE’, rather than g=E, seems quite significant even 
though the improvement involved an increase in the 


‘number of arbitrary parameters. By more careful 


curve-fitting still better coefficients could be obtained, 
but as Fig. 3 implies, these would compare favorably 
with the ranges of values allowed by order-of-magnitude 
estimates in the theory. 

It would be gratifying if it were evident from com- 
parison of the theoretical expressions for. A(Z) and 
B(E) in the Li’(~,v)a reaction with those of the 
Li§(d,a)a reaction, that the A(Z) and B(£) curves rise 
from zero at a higher energy in the Li® case. This would 
correspond to the physical situation that the easy 
entrance of s-waves makes the Li®(d,a)a reaction sym- 
metric at very low energies and that the p-waves re- 
sponsible for the Li’ reaction at low energies may in- 
troduce asymmetry in that reaction. For Li’(p,a)a the 
result? comparable to (13) is 


A (E) ais (CoB’+CiE+C2)/(E+CsE+C,) 
B(E) = (Cs5’+CE)/(2+CxE+(C). (16) 


For both A(E) and B(E£) the form of the numerator 
in Li®(d,a)a requires a later rise with energy than the 
numerators in Li’(p,a)a. In (13) the lowest power of E 
is 2 in A(E£) and 4 in B(E£), whereas in (16) the lowest 
power of E is 0 in A(£) and 1 in B(£). The qualitative 
differences being considered in these reactions appear 
in the energy region 0<E<1 Mev, and in this region 
one can claim that in effect, the denominators in (13) 
and (16) have the same form. Not only are high powers 
of E less important here, but (14) and (15) show also 
that the coefficients of the high powers of E in the 
denominators of (13) are relatively very small. Hence, 
the nature of the numerator predominates and the re- 
sults give rise somewhat naturally to the later rise in 
the angular distribution curves of Li‘(d,a)a observed 
experimentally. The observed vanishing of A(Z) near 
E=0 for Li’(p,a)a is caused* by a pure coincidence in 
the placing of the resonant state of the compound 
nucleus, and there is no consideration of barrier pene- 
tration to oppose a rapid rise. 

In order to demonstrate that an improved fit can be 
obtained with (14) by more exact curve-fitting, we 
choose values for our parameters by solving simul- 
taneously fixing four coefficients by the B(Z) experi- 
mental curve and the remaining seven by the A(£) 
experimental curve. The resulting curves are plotted 
in Fig. 4 with the experimental curves for comparison. 
The coefficients are assigned the following values 


A= -—0.2648 (Mev) G= 63.248 (Mev)? 
B=1.8966 (Mev)? = — 164.215 (Mev)? 
C= —4,3292 (Mev)? J = 232.222 (Mev) 
D=3.2706 (Mev)! K=—171.094 (Mev)® 
F=—12.531 (Mev) L=0.0110 (Mev)? 

M =52.379 (Mev)*. (17) 
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The localized hump in the B(Z) curve and the dips 
in the A(Z) curve both derive from the curve fitting 
condition [dB(£)/dE]z22.,=0. Had another condition 
been imposed in its place the fit could be better than 
shown. However, the already good fit obtained and the 


‘ uncertainty in the experimental values make further 


fitting seem superfluous. 

In this case, with g=kE*, both A(E) and B(E) can 
be considered good fits. The B(Z) curve shows the late 
and rapid rise characteristic of this reaction. The ex- 
perimental uncertainty in the points is also shown in 
Fig. 4, and B(Z) is seen to be a good fit, in spite of the 
localized hump which is not considered significant. 
A(E£) again lies everywhere within the experimental 
uncertainty, in the curve. The values of this set of co- 
efficients are also fairly reasonable from the point of 
view discussed in connection with (14) and (15). For 
example, C in (17) makes |e|=0.9 after I, from the 
observed resonance and & from penetration calculations 
have been used, and similarly D makes f~1. The value 
of || in (17) is unreasonably large, requiring |d| ~ 30, 
but seems to be associated with the unexpected localized 
hump in B(£), and this somewhat unlikely value would 
probably disappear with more refined curve fitting. 


V. ALTERNATIVE SET OF COMPOUND STATES 


The assumption investigated above that the angular 
distribution is to be attributed to a broad state of the 


‘compound nucleus with j7,=0 and a sharp state with 


jr=2, seems to be the simplest basis for interpretation 





(p+ geo-trestsevest ter?) +¢?(u-+vec?-+weot+yeot+z60€2) 
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Fic. 5. Relative cross section for Li®(d,a)a at 90°. 


of the experimental results. The sharp state 7,=2 gives 
rise to the observed resonance, and the great breadth 
of the state with 7,=0 is naturally associated with the 
ease with which such a state is expected to break up 
into two alphas. 

The fitting of the data with the above assumptions 
does not guarantee their validity, however, and, in 
fact, a simple modification of them suggests itself when 
one investigates the o(EZ, 90°) curve, Fig. 5. The rise 
to a second peak near 3.5 Mev can also be attributed to 
a sharp s-state, rather than due only to increasing pene- 
trability of d-wave deuterons. Under the assumption of 
two sharp states, with 7,=0 and j,=2, one can carry 
out the calculations, closely paralleling those already 
carried out, and one finds 


(18) 





A (€0,€2) = 


B(€o,€2) has the same denominator as A(é,€2) but its 
numerator is 1’ ¢?(1+- €”). 
Here, 


€9=(E—Eo)/(To/2) and e= (E—E)/(T2/2) (19) 


and the coefficients a, b, ---z are defined in terms of 
matrix elements as in (9) but they are more involved 
and more numerous, and interpretation of their roles 
becomes quite complex. 

Substitution of (19) in (18) and taking gp=kE gives 


A(E)= (C\E°+C.E°+C3E'+- C.E*+ CoE’)/ 
(E°+C,E°+C.E+ OF + Cul’ +CiE+Cw). 


B(E) has the same denominator as A(£), but its nu- 
merator is CgE®+C3H®+CyE*. 

Hence, we arrive at expressions giving one additional 
curve-fitting parameter in A(E) and two additional 
parameters in B(Z). Of course, the number of implicit 


(aes?-+bes?+c)+4(d-+eertfeot gees ther) +4%(i+-jer?-the?+ley+mer+ heres) 





parameters has increased and the relation of the ex- 
plicit ones to the matrix elements has become more 
complex. Also, both numerator and denominator are 
now the same order in E. 

Since the simpler assumptions fit the experimental 
results, it is clear that these assumptions give more 
parameters than are necessary. A fit in this case would 
be less significant than with fewer parameters and its 
interpretation would be more involved. These assump- 
tions may have to be invoked only if experiments ob- 
taining A(Z) and B(E) and o(E, 90°) are performed for 
E>3.75 Mev and the added complexity requires the 
greater freedom allowed by (18). If extension of the 
experiments demonstrates that a resonance does in fact 
exist near 4 Mev, then these assumptions will be the 
simplest valid ones. However, we may than have to 
consider the small effect of the /=4 wave, and the 
effect of the fact that g may not behave as E* beyond 
the peak. 
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Magnetic measurements of the threshold curves of superconducting aluminum and zinc of very high 
purity have been carried out down to 0.3°K. Calculations have been made therefrom of the entropy dif- 
ferences between the normal and superconducting states and of the specific heats of the electron assemblies 
in both the normal and superconducting states. The value of the linear term for the normal electronic 
specific heat for Al was found to be 2.59X 10~T cal./mole/degree and for Zn 1.36 10~ T cal./mole/degree. 





INTRODUCTION 


N continuation of investigations! on techniques 

required for the observation of nuclear paramag- 
netism the properties of superconducting aluminum 
and zinc have been studied below 1°K, details of which 
are reported herewith. A detailed examination has been 
made of the magnetic properties of these elements in 
the temperature range 0.3°K to 1°K, since it is con- 
sidered that these metals will be of value for the 
establishment of thermal contact switches at very low 
temperatures.* 

Previous work by Daunt and Mendelssohn,’ on the 
magnetic properties of superconductors in the liquid 
helium temperature range, has shown that it is possible 
therefrom to calculate reliable values for the specific 
heats of the electron assemblies both in the normal and 
in the superconducting states. Furthermore such evalu- 
ations are free of any obscuring effects of the vibrations 
of the crystal lattice, as would be present in direct 
calorimetric observations. The accuracy of our measure- 
ments of the magnetic threshold curves of supercon- 
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Fic. 1. Change of susceptibility with warm-up time; curve A 
for zero exterior magnetic field, curve B for a finite applied mag- 
netic field. 


1J. G. Daunt and C. V. Heer, Phys. Rev. 76, 715 (1949). 

* Detail of experiments carried out on these problems will be 
published separately. ' 

2J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. A160, 
127 (1937); Daunt, Horseman, and Mendelssohn, Phil. Mag. 27, 
754 (1939). 


ducting aluminum and zinc was sufficiently good to 
enable such evaluations of their specific heats to be 
carried out by this method for the first time. A com- 
parison of our results with those obtained by other 
methods disclosed satisfactory agreement and em- 
phasizes the confidence previously established in the 
reliability of our method. 


EXPERIMENTAL ARRANGEMENTS 


Temperatures below 1°K were produced by the mag- 
netic method starting from the temperatures obtained 
with liquid helium.* The paramagnetic salt used was 
chromium potassium alum, the magnetic field being 
provided by a large permanent magnet. 

To achieve thermal contact between the salt and the 
superconducting metal under investigation, the metal 
in the form of small pieces was compressed together with 
the powdered salt into an ellipsoidal pill under a 
pressure of 200-300 atmospheres. It was found that 
good temperature equilibrium was maintained between 
the salt and the metal by this method down to about 
0.2°K, as previously observed by Kurti and Simon‘ and 
by us,! and as is indicated by the agreement between 
the two sets of measurements reported here for zinc of 
different average particle size. 

The susceptibility of the specimen was measured by 
the ballistic mutual inductance method,® from which 
measurements both the Curie temperatures and the 
superconducting transitions could be obtained. The 
specimen was mounted on a thin-walled glass rod, the 
lower end of which was fixed to the bottom of a brass 
vacuum vessel immersed in liquid helium. The mutual 
inductance used to measure the variation of suscepti- 
bility of the specimen was wound around this vacuum 
vessel and consisted of two secondary coils of 3800 turns 
each wound in series opposition, and a single layer 
primary coil of 100 turns per cm. The specimen was 
mounted coaxially inside one of the secondary coils, the 
other serving as a compensator. The primary coil pro- 
duced a measuring field of between 1 and 5 gauss. A 
solenoidal coil, which could be demounted during the 
adiabatic demagnetizatioris, was mounted coaxially 


* Daunt, Heer, and Silvidi, Phys. Rev. 75, 1113 (1949). 

4N. Kurti and F. Simon, Proc. Roy. Soc. A151, 610 (1935). 

5 N. Kurti and F. Simon, Proc. Roy. Soc, A149, 152 (1935); de 
Haas and Wiersma, Physica 2, 335 (1935). 
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PROPERTIES OF SUPERCONDUCTORS 


TABLE I. Data on the Al and Zn specimens. 











Linear 
dimensions 
of metal Major Minor 
Specimen particles axis axis 
No. composition mm mm mm f A 
2 Cr alum 
and Al i 29 13 0.55 0.008 
4 Cr alum 
and Zn 1-2 380 13.—'i(ii—Ct«=—«éi«L 


5 Cr alum 


and Zn 0.1-0.5 32 13 0.80 0.013 








with the mutual inductance and provided the small 
fields necessary for the observation of the magnetic 
transitions of the superconducting metals. All metal 
joints at liquid helium temperatures were silver soldered 
to avoid the presence of undesired superconducting 
material. 

It was found that with this arrangement the rate of 
warming of the specimen at the lowest temperatures 
was moderately small, thus ensuring good conditions 
for temperature equilibrium between the salt and the 
metal. Approximately one hour was required to warm 
up from 0.3 to 1°K, corresponding to an average heat 
influx of 8 ergs per second. 

In Table I, details of the aluminum and the two zinc 
specimens are given. The aluminum used in specimen 
#2 was 30 mesh chips from Coleman and Bell having a 
purity >99.9 percent. Spectroscopic analysis showed 
that the amount of other superconducting material 
present, namely Pb, was probably less than 0.001 per- 
cent. The zinc used in specimens #4 and #5 was H-S 
spectroscopic zinc, Lab. No. 1790B supplied by Johnson, 
Matthey and Company having a stated purity of 99.999 
percent and containing less than 0.0001 percent Pb. 
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TABLE II. Observed magnetic thresholds for Al and Zn for dif- 
ference Curie temperatures. 











Al (#2) Zn (#4) Zn (#5) 
Ts*(deg) He(gauss) Ts*(deg) He(gauss) Ts*(deg) He(gauss) 
0.734 60.0 0.959 0.0 0.910 0.0 
0.688 65.4 0.865 8.8 0.845 13.2 
0.636 71.0 0.787 16.4 0.725 22:2 
0.600 76.2 0.623 31.6 0.573 37.6 
0.526 82.0 0.519 42.0 0.501 42.8 
0.454 87.4 0.511 42.2 0.377 53.0 

0.507 42.0 
0.495 44.2 
0.447 48.4 
0.383 52.0 
0.321 55.0 

55.4 


0.283 








In Table I, f denotes the filling factor, namely the 
ratio of the distributed density of the powdered salt 
to the crystalline density and A is given by 


A=cf(4x/3—N), 


where c is the Curie constant per cc and N the demag- 
netization factor of the specimen. The listed values of 
A were used in the calculation 7,*, the extrapolated 
temperature based on Curie’s law for a spherical speci- 
men.® 

In order to observe the superconducting transitions 
the specimen was allowed to warm up either in zero 
magnetic field or in a small d.c. field provided by the 
external magnetizing coil, susceptibility measurements 
being made at regular time intervals, a method pre- 
viously used successfully by Kurti and Simon‘ and by 
us.! Typical curves showing the change of the suscep- 
tibility with time are given in Fig. 1, the curve A 
showing the typical behavior in zero exterior magnetic 
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*N. Kurti and F. Simon, Phil. Mag. 26, 849 (1938). 
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TABLE III. Comparison of the values of gamma for Al and Zn 
obtained by various methods, and the value of the constant A in 
the equation for the specific heat of superconducting electrons. 











Al Zn 
vy from our experimental AS values 2.59 X1074 1.36 X10-4 
cal./mole/deg.2 _cal./mole/deg.? 
+ from Sommerfeld’s formula 2.18 X10~4 -80 X10-4 
cal./mole/deg.2 _cal./mole/deg.? 
(for m=3) (for » =2) 
y from calorimetric measurements 
Kok and Keesom* 3.48 K10-4 
cal./mole/deg.? 
Keesom and van den Ende** 1.25 X1074 
cal./mole/deg.*t 
Daunt and Silvidi*** 1.50 X 1074 
cal./mole/deg.? 
A 5.6 X1074 1074 


cal./mole/deg.4 f cal./mole/deg.4 








* See reference 14. 

** See reference 15. 

* See reference 15a. 

+ This value is obtained from Keesom and van den Ende’s measurements 
by plotting Cv/T against T? which yields a straight line the intercept of 
which on the C/T axis enables the y-value to be calculated. We are indebted 
to Mr. A. A. Silvidi for pointing this out to us. This value is somewhat 
lower than the value given by the interpretation of Burton, Grayson-Smith, 
and Wilhelm, Phenomena at the Temperature of Liquid Helium (Reinhold 
Publishing Company, New York, 1940), p. 348, of the same measurements 
of Keesom and van den Ende. 


field and the curve B in a finite applied magnetic field. 
For both curves a marked kink at the points marked 
“q”’? was observed which indicated the disappearance of 
the last remnants of superconductivity in each specimen 
at the value of field given by the strength of the applied 
exterior d.c. field. 

For measurements in zero applied magnetic field 

(curve A in Fig. 1) the specimens showed a suscepti- 
bility less than-that due to the paramagnetism of the 
salt on account of the diamagnetism of the supercon- 
ducting metal, as is shown by the difference between the 
full curve and the extrapolated dashed curve in Fig. 1. 
From this diamagnetic component of the total suscepti- 
bility it was possible to calculate that for all specimens 
the full volume of metal became superconducting. The 
transition from the superconducting state to the normal 
state was over a broad region owing to the distribution 
in shape and arrangement of the metal particles in the 
salt. 

For measurements in a finite applied magnetic field 
(curve B in Fig. 1), the same‘general features of the 
warm-up curve were evident with the addition of a 
marked ‘excess paramagnetism just before the final 
transition was completed at ‘‘a”. This excess paramag- 
netism was due to the large variations possible in the 
rate of change of susceptibility which can occur in 
multiply connected superconductors in the intermediate 
state. 

The Curie temperatures corresponding to the transi- 
tions at the points ‘“‘a” could be calculated from the 
susceptibility calibration curve for the salt specimens 
made at temperatures above the transition tempera- 
tures of the metal concerned. 


RESULTS 


The observed magnetic thresholds for aluminum and ° 
zinc are tabulated in Table II and are shown plotted 
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against the Curie temperatures, 7,,*, in Fig. 2. No sig- 
nificant difference was observed in the results for zinc 
of two different average particle size. It is estimated 
that in the temperature range concerned, the differences 
between the 7,* values and the absolute temperatures? 
are within the experimental errors which for the mag- 
netic fields are estimated to be +1 gauss and for T,* 
to be +0.008 degree for the measurements in finite 
fields. For the transition in zero field the experimental 
error in the temperature is greater, being about +0.025 
degree. Other data are given in Table III. 

In Fig. 2 the points above 1.0°K for the magnetic 
threshold curve for aluminum have been taken from 


_ Shoenberg’s work,® the temperatures having been cor- 


rected to the 1939 scale proposed by Bleaney and 
Simon.’ 

The error in the magnetic field depends primarily on 
estimating the field acting on the small pieces of super- 
conductor imbedded in the salt. The field acting on the 
interior of a small cavity will be given by 


H=Hexw+(D—N)of, 


where H,xt is the exterior applied field, NV the demag- 
netization factor for the entire specimen, D the demag- 
netization factor for the space occupied by a small super- 
conducting particle, o the magnetic moment per unit 
volume and f the filling factor. An accurate evaluation 
of (D—JN) cannot be made since the shapes of the 
particles were irregular and distributed at random. As 
long as (D—J) is of the order of unity, errors of the 
order of 1 percent at 0.5 degree and 2 percent at 0.25 
degree may be expected. In the temperature range of 
our observations therefore, it is assumed that the errors 
in estimating the magnetic field are within the errors of 
experimental observation. At lower temperatures the 
deviations would become large and it would appear that 
below 0.2 degree, it would be desirable to use particles 
of regular shape. : 


DISCUSSION 


For aluminum our measurements below 1°K together 
with those of Shoenberg® above 1°K form a satisfactory 
continuous curve, as shown in Fig. 2. 

For zinc the transition temperature of 0.95 degree 
observed by us lies somewhat higher than the value 
found by Keesom’® of 0.81-+-0.02°K (corrected to 1939 
scale).° Keesom’s measurements, however, were of the 
electrical resistance of a cold-worked sample and 
appeared to show a small resistance remaining even at 
the lowest temperatures.** 


7 See J. H. Van Vleck, J. Chem. Phys. 5, 320 (1937); M. H. Hebb 
and E. M. Purcell, J. Chem. Phys. 4 388 (1937). 

8D. Shoenberg, Proc. Camb. Phil. Soc. 36, 84 (1940). 

* B. Bleaney and F. Simon, Trans. Faraday Soc. 35, 1205 (1939). 

10W. H. Keesom, Physica 1, 123 (1934). 

** Some preliminary experiments using Zn, having a putity 
spectroscopically found to be 99.99 percent which was therefore 
less pure than the Johnson Matthey zinc of samples #4 and #5 
(see Table I), showed transition points in zero magnetic field as 
low as 0.82 degree. The magnetic measurements made with this 
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The transition temperature for zinc found by 
Shoenberg? for which the possible observation error was 
high (0.05) lies reasonably close to the value given 
here. Shoenberg’s magnetic threshold curve for zinc, 
however, differs greatly from that given in Fig. 2 due 
probably to the uncertainty in his measurements which 
he reported. A comparison of our results with the work 
on zinc by Lasarew and Esselson" is difficult since they 
based much of their calculations on the results obtained 
by Shoenberg. 

The slopes of the magnetic transition curves for both 
Al and Zn, being 136 gauss per degree for Al and 98 
gauss per degree for Zn at H=O, are small, thus 
placing these superconductors, as would be expected, 
into the group of “soft”? superconductors.” 

Following the thermodynamic theory of Gorter and 
Casimir,” the difference in entropy between the normal 
and the superconducting state is given by 


V dH, 
15=5,-Si= ) 
4r aT 





where V is the atomic volume. The AS values calculated 
from this formula using the magnetic threshold curves 
of Al and Zn shown in Fig. 2 are plotted against 7,* 
in Fig. 3. It is evident that our measurements have been 
made to temperatures sufficiently low to allow extra- 
polation towards absolute zero. As has been pointed out 
previously by Daunt and Mendelssohn? for other super- 
conductors, at sufficiently low temperatures AS will be 
proportional to T and can be identified with the total 
entropy of the electron gas in the normal state. If, 
according to Sommerfeld,'* we put the specific heat of 
the normal electron gas, C,=yT then 


dAS 
aT / r~0 


The values of y obtained in this way for Al and Zn are 
listed in Table III. For comparison with these results, 
the y-values calculated according to the simplified 
Sommerfeld formula" neglecting lattice effects are also 
listed in Table III, together with the y-values obtained 
calorimetrically by Kok and Keesom" for Al, and by 
Keesom and van den Ende, and eed and Silvidi'®* 
for Zn. 

The small differences between our oni for y and 


relatively impure zinc have not been used for thermodynamic 
calculations, as the transitions from the superconducting to the 
normal state were not reversible. 
as 7 G. Lasarew and B. N. Esselson, J. Phys. U.S.S.R. 15, 151 
2C, J. Gorter and H. G. B. Casimir, Physica 1, 305 (1934); 
Zeits. f. Tech. Physik 15, 539 (1934). 
13 A. Sommerfeld, Zeits. f. Physik 47, 1 (1928); Ann. d. Physik 
28, 1 (1937). 
iy. A. Kok and W. H. Keesom, Physica 4, 835 (1937). 
1 W.H. Keesom and J. N. van den Ende, Proc. Amst. Akad. 
Sci. 35, 143 (1932); Leiden Comm. 219b. 
6a J. G. Daunt and A. A. Silvidi, to be published shortly. 


the values according to the simplified Sommerfeld 
formula are not surprising in view of the fact that the 
latter does not take into account the detailed energy 
spectrum of the metal.!*!6 The agreement between the 
values obtained from our AS values and those obtained 
calorimetrically is satisfactory in the case of zinc, 
although some discrepancy exists for the aluminum. 
The latter may be explained however in view of the fact 
that the calorimetric values are strongly dependent on 
the interpretation of the constants for the lattice 
specific heat, whereas in the values obtained from the 
AS curves the lattice specific heat does not enter in the 
calculations. These results, together with those pre- 
viously obtained in a similar manner for other super- 
conductors,” give confidence in the reliability of this 
method of measurement of the specific heat of the 
normal electrons, and indicate that our threshold curve 
measurements represent the reversible equilibrium 
boundary between the normal and the superconducting 
states. 

As previously shown by Kok" and by Daunt and 
Mendelssohn? the specific heat of the system of super- 
conducting electrons can also be calculated from the 
magnetic threshold curves. Such a determination, 
however, involves a second differentiation of H, with 
respect to T, a process which can result in considerable 
error. On the other hand the calculation can be greatly 
simplified if it is assumed, as a first approximation, that 
the threshold curves are parabolic,” which leads to T* 
function for the specific heat of the superconducting 
electrons, given by 


2 


C..ai=AT?= cal./mole/degree, 





2aT.* 
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Fic. 3. Calculated values of the difference in entropy AS 
between the normal and the superconducting state plotted as a 
function of the Curie temperature. 


16 J. Slater, Phys. Rev. 45, 794 (1934); N. F. Mott, Proc. Roy. 
Soc. A152, 42 (1936); H. Jones and N. F. Mott, Proc. Roy. Soc. 
A162, 49 (1937) ; A. Sommerfeld and H. A. Bethe, Handbuch der 
Physik (1933), Vol. 24/2, p. 33. 

17 J. A. Kok, Physica 1, 1103 (1934). 
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where V is the atomic volume. The values of A calcu- 
lated in this way for Zn and Al are given in Table III. 
The specific heat of the superconducting electrons cal- 
culated in this way is 87 times as great as the lattice 
specific heat for Al (Debye 6=419"*) and 33 times as 
great as that for Zn (Debye 6=320"*). The accuracy of 
this interpretation of C,..1. is, of course, strongly de- 
pendent on the accuracy with which the magnetic 
threshold curve follows a parabolic law. Our results for 
Al and Zn as well as those obtained elsewhere !* show 
that the magnetic threshold curves are not exactly 
parabolic and consequently it cannot be excluded that 
for Zn and Al further approximation would lead to some 
deviation from the 7* function for Cs. e1. 


18 A. D. Misener, Proc. Roy. Soc. A166, 43 (1938). 


H. EKSTEIN 


ACKNOWLEDGMENTS 


We wish to thank Professor H. H. Nielsen for his 
support of this low temperature program in The 
Mendenhall Laboratory, and The Research Corporation 
for their grant-in-aid of research on nuclear paramag- 
netism for which this work is preliminary and for their 
establishment of a fellowship for one of us (C.V.H.). 

Our thanks are also due to the Ohio State University 
Research Foundation and the Ohio State University 
Development Fund for their aid. The later stages of 
the work were assisted by a contract between the Office 
of Naval Research and The Ohio State University 
Research Foundation. 

We also thank Mr. A. A. Silvidi for his assistance 
during the experiments. 








PHYSICAL REVIEW VOLUME 76, NUMBER 9 NOVEMBER 1, 1949 


Magnetic Interaction between Neutrons and Electrons* 


H. EkstEIn 
Armour Research Foundation, Chicago, Illinois 


(Received July 11, 1949) 


The phenomenological interaction operator between neutrons and electrons is usually assumed to be 
—us-B. (us magnetic moment of the neutron, B magnetic field of the electrons.) Bloch has pointed out that 
other operators are possible. It is shown that the class of operators considered by Bloch is equivalent with 
the form — us: (H+42CM) where M is the spin momentum density of the electrons, H=B—4:xM and C is 
an indeterminate constant. Diffraction by ferromagnetic crystals and magnetic double refraction are cal- 
culated for this interaction. Present experimental evidence excludes the value C=0. Experimental methods 





for measuring C are discussed. 


I. THE GENERALIZED INTERACTION OPERATOR 


T is commonly assumed that the magnetic interaction 
between neutrons and electrons is described by the 
interaction Hamiltonian 


Ain= — ps: B, (1) 


where yp is the neutron’s magnetic moment, s the Pauli 
spin operator acting on the neutron wave function and B 
the magnetic field of all electrons. It was pointed out 
by Bloch,' however, that other, more general forms of 
the interaction Hamiltonian are possible and that the 
decision should be left to experiment. The purpose of 
this paper is to examine the experimentally verifiable 
consequences of the class of Hamiltonians proposed by 
Bloch, to interpret the existing experimental evidence 
in this respect, and to suggest experiments which can 
give a definite decision on the interaction operator. 
The interaction of neutrons with ferromagnetic 
crystals is most likely to supply the desired information. 
For the case of thermal neutrons, inelastic scattering is 
small, and the neutron can be described by a wave 


* This work was sponsored by ONR. 
1F. Bloch, Phys. Rev. 51, 994 (1937). 





equation 
(V?+ ko?) p — (2m/h?)V (1) + (Hint)w W=0, (2) 


where (Hint)a, is the interaction operator, averaged over 
the electron wave functions of the ground state, y is the 
Pauli spinor of the neutron, ko?=2mE/h? in the usual 
notation and V(r) the nuclear “quasi-potential.” 

The magnetic field of the electrons B(r) is 


z aad 
B(r)=e >> ff go*(ri- + +r.) 
i=1 | Ge r;| . 
X aigo(ti:++4,)dr1-+-dt,. (3) 


In non-relativistic approximation, and in absence of 
orbital moments, the expectation value of the current 
ea=jis 


j=cVXM, M=> | fate Il’ in| (4) 

f=1 n=1 fy=r, 
where ®o is the Pauli spinor and @ the Pauli moment 
operator. The symbol |’ means that the integration is 
carried out with respect to the space and spin coor- 





™ FF = 2 
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dinates of all but the 7’th electron.? As usual in the 
classical theory, one can express B by 


B=47M+H, (S) 
where H is irrotational; 3 
VxH=0, (6) 
while 
v-B=0. (7) 


An interaction Hamiltonian more general than (1) is 
(Hint)w= — us: (H+42CM), (8) 


where C is an undetermined constant. If a single mag- 
netic ion interacts with the incident plane wave of 
neutrons, Born’s approximation gives for the scattered 
amplitude 


P m exp(ikor) f (iq-1) 
se exp(7q:-r 
2h? r . 





X([V(r)—us-(H+42CM) ]xodr (9) 
where xo is the constant spinor of the incident wave 
Yo= xo exp(iko-r), q=ko—k (10) 


and k is the propagation vector of the scattered wave. 
The Fourier integral 


h(q)= f H(e) exp(ia-nidr (11) 
can be expressed in terms of M as follows: Let 
_—_f Mc exp(ia-)dr=m@q), (12) 
and therefore, 


M(r) =——_ m(q) exp —iq r dq 13 
( ) ant ( ) ( ° ) ’ ( ) 
and 


H(r)= : h : 1 4 
arraa f (@) exp(—iq: r)dq. (14) 


Substitution of (13) and (14) into (5), (6) and (7) yields 


and 
q: (h+42m)=0. (16) 
Equations (15) and (16) can be solved for h: 
h=—47q(q-m)/q’. (17) 


2H. A. Kramers, Grundlagen der Quantentheorie (Akademische 
Verlagsgesellschaft, Leipzig, 1938), p. 408. 


The scattered amplitude is now, in terms of M: 


m exp(ikor) 
I f V(r) exp(iq-r)dr 


q(q-m) 
+4nus-( —cm) fre (18) 
q’ 

Equation (18) is identical with Bloch’s result.* We have 
shown that the interaction Hamiltonian (8) is equiva- 
lent to Bloch’s assumption. If, in particular, C=1, we 
obtain the result derived by Schwinger? from the 
Hamiltonian (1) whereas C=O leads to the earlier 
formula of Bloch.‘ 














II. INTERACTION WITH A FERROMAGNETIC 
LATTICE 


The wave equation of the neutron is 
2m 
CPA LT ae are eee (19) 


In a periodic lattice, V, H and M are periodic functions 
of r and can be represented by Fourier sums 


V(r)=> » exp(2z7A,-1r), (20) 
H(r)=> h, exp(277A,-1), (21) 
M(r)=>. m, exp(27iA,-r), (22) 


where A, are the reciprocal lattice vectors, and the 
summation index m is understood to mean a triplet of 
integers (123). The coefficients m, are 


j | 
m,=- | M(r) exp(—27iA,-r)dr, (23) 


T “cell 


where 7 is the volume of the unit cell, which is also the 
domain of integration. Analogous expressions give 2, 
andh,. 

Substitution of the Fourier sums into Eqs. (5), (6) 
and (7) gives 


A,: (h,+42m,) =0 (24) 
and 
Therefore, 
4rA,(An sg m,) 
A,? 


whereas hy remains indeterminate. This corresponds to 


* Bloch defines the constant C as the limit of the integral 


1 ¢ ads, 
“Eis 
as the surface S is contracted to zero; ds is the surface element. 
The value of the integral depends on the shape of S. 
3 J. S. Schwinger, Phys. Rev. 51, 544 (1937). 
4¥F. Bloch, Phys. Rev. 50, 259 (1936). 
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the physical fact that the macroscopic mean value of H 
depends on the shape of the magnet, even if it is infi- 
nitely large. 

We can now proceed as in the dynamical theory of 
x-rays.® The wave function has the form 


y=exp(ik-r)>>, cn exp(277A,- 1), (27) 


where the ¢, are constant spinors. For convenience we 
put 


2m 
w(r) oe us: (H+42CM) | 


(28) 
=>> wn exp(277A,-r), 


where according to Eqs. (20), (21), (22), and (26) 
2m 


A,(A,-m,) 
ee 
h? A,? 


n 


Substitution of the sums (27) and (28) into Eq. (19) 
yields: 


[Ro?— (K+ 27Am)? lem— don Wm—nen= 0. (30) 


When the direction k is far from a Laue reflection, only 
Co is large, and we have 


(ko? — k*)co—woco~0 (31) 
with 
us: (Hy+42CM,,) |, (32) 


"Cy 
Wo=—LVin— 
0 2 


where Vw, Ha, and Ma,=mio are the macroscopic mean 
values of the nuclear potential, the field intensity and 
the magnetization. If the z direction is chosen parallel 
to (Hw+4rCMw), the obvious solutions of Eq. (31) 
are the two eigen states of the z-component of s, i.e., 
x; and x-_, respectively. If we call the corresponding 
wave numbers k=27/i, ky and k_, respectively," we 
have from Eqs. (31) and (32): 


2m 
ky? k= rm Vatu | Ha+ 4rCMy, | }. (33) 


This result, with the special value C=1, was derived 
by Achieser and Pomeranchuk*® for neutron wave- 
lengths large in comparison to the lattice spacing. 
Equation (33) should be valid for unrestricted wave- 
lengths, except near-Laue interference directions. 

‘We have to justify the approximation made in Eq. 
(31). If all quantities but wo are neglected, we obtain 
for Cm(m#0) 

W_mCo 
Cn = . (34) 
— (k+27A_»)* 





5M. von Laue, Réntgenstrahlinterferenzen (Akademische Ver- 
lagsgesellschaft, Leipzig, 1941). 

6 A. Achieser and J. Pomeranchuk, J. Exper. and Theor. Phys. 
U.S.S.R. 18, 475 (1948). : 
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The approximation in Eq. (31) is justified if 


WrW_nlo 
3 <KCWoCo. (35) 
n #0 ky? (k+ 27A_,)? 





Since we are not interested in the nuclear forces, we 
consider only the magnetic term in w,.’ Furthermore, 
we consider only lattices with a center of symmetry so 
that m,=m_,. 

Because of the anticommutative properties of the 
Pauli matrices 


(s-a)(s-a)=a? (36) 


for any vector a. 
Equation (35) can be written 








2 m,,?(C?+-cos*¢,—2C cos? yn) 
— (k+27A_,)? 


2m 
le teal 


where ¢, is the angle between m, and A_,. Usually, 
Hx, is very small as compared to 4rmp. If C is of the 
order of one, we can neglect the first term of the second 
member. The validity of Eq. (37) depends then on the 
numerical value of the dimensionless quantity 


8am 


hho? 





| mo| =a, (38) 
and on the manner in which the function 


oem (39) 





decreases with increasing n. 

The Fourier coefficients m, of M have been estimated 
for Fe by Halpern, Hamermesh, and Johnson® and 
could be used for the estimate. However, it is easier to 
use an argument due to the analogy with the dynamical 
theory of x-rays. The quantity a is of the order of 
5-10 for neutrons, the same order as the corresponding 


quantity in x-rays. The behavior of the function f() 


is determined by the microscopic distribution of M(r) 
which is close to the electronic density of the mag- 
netically unsaturated electrons. But in x-ray theory, the 
corresponding quantity is the total electronic density 
so that the similarity of the two cases is obvious. We 
can conclude from the experimental verification of the 
dynamical theory of x-rays that our approximation is 
justified. 

However, the approximation method breaks down if 


C<1. In this case, the term m,?cos?y, in the first 


7 For the nuclear quasi-potential the approximation cannot be 
justified directly. An indirect justification has been given by 
M. L. Goldberger and F. Seitz, Phys. Rev. 71, 296 (1947). 

8 Halpern, Hamermesh, and Johnson, Phys. Rev. 59, 981 (1941). 
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member of Eq. (37) will predominate, and make the 
justification impossible. But, in this case, the entire 
effect of ‘magnetic birefringence” expressed by Eq. 
(33) will be immeasurably small, unless Hy, is made very 
large. In this latter case, i.e., when Hy, is of the order 
of mo, the above argument holds again. 

The case of Laue interference in the dynamical theory 
will not be investigated here since actual ferromagnetic 
crystals are so imperfect that they can hardly be 
expected to approach the infinite ideal crystal. 


Ill. EXPERIMENTAL POSSIBILITIES FOR DETER- 
MINING BLOCH’S CONSTANT C 


A. Laue Interference 


For a sufficiently small ferromagnetic crystal, Born’s 
approximation can be used to calculate the wave scat- 
tered from an incident plane wave of the form (10). It 
is a well-known result of the kinematic theory of x-rays 
that the scattered “integrated intensity” of an inter- 
ference maximum characterized by 


277A, =k—ko (40) 


is proportional to the square modulus of w,xo, where 
Wn is given by (29) and xo is given by the form (10). 
In general, this scattered intensity will depend on the 
spin state xo of the incident wave. This results in 
polarization effects for the beam transmitted through a 
polycrystalline magnetized plate. These effects have 
been theoretically investigated by Halpern, Hamer- 
mesh, and others*~” for the usual assumption C= 1. 
The easiest method for measuring C seems to be an 
experiment in which the magnetic term in (29) is made 
to vanish for all existing Laue maxima. In this case, no 
single transmission effect is observable. If a mono- 
energetic beam of neutrons has the longest reflecting 
wave-length for the lattice (e.g., twice the spacing of 
the 110 planes in Fe), then the incident beam is reflected 
by 180° by those crystals which are in reflecting posi- 
tion, whereas all other crystals act as a transparent 
medium. In this case, k, ky and A, have the same 
direction. If yg is the angle between the incident beam 
and the direction of magnetization M (which is parallel 
to all m,’s) then the magnetic term in (29) can be 


written 
4rpm,?s-e(C?+cos?g—2C cos*¢), (41) 


where e is a unit vector without interest for the fol- 
lowing. The magnetic interaction vanishes if 


C=1, g=0; C=0, g=2/2. ° (42) 


*0Q. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). . 
100. Halpern and T. Holstein, Phys. Rev. 59, 960 (1941). 





It should be possible to measure Bloch’s constant C 
by determining that angle g between magnetization 
and incident beam which leads to the smallest trans- 
mission effect. If the common assumption C=1 is 
correct, then the single transmission effect should 
vanish when the magnetization is parallel to the incident 
beam. 

The observations of Hughes, Wallace, and Holtzman" 
show a large single transmission effect for the case 
where the magnetization is normal to the incident 
beam, i.e., g=2/2. This seems to rule out the -possi- 
bility C=0. It is true that in these experiments the 
wave-length band covered a number of reflections, but 
the contribution of the largest lattice spacing (110) is so 
large that their results would be difficult to explain if 
this reflection did not contribute to the magnetic 
interaction. 


B. Total Reflection 


If the effective nuclear potential V4, is positive, as in 
most cases, the birefringence expressed in Eq. (33) can 
give rise to two angles of total reflection, as pointed out 
by Achieser and Pomeranchuk.’ One obtains in the 
usual way for the two glancing angles of total reflection 





2m \3 
6.= 2S [Vwtp| Hyw+4rCM,| }, (43) 


corresponding to the total reflection of neutrons with 
spin either parallel or antiparallel to the vector 
H,+42CM,. In particular, with the usual assumption 
C=1, we obtain the expression 





on= (2) cack u| Bul? a 
= woe Av 
+ —) | Ba | J (44) 


in agreement with Achieser and Pomeranchuk, but for 
unrestricted neutron wave-length. The angles 6, are 
independent of the direction of the induction By. This 
conclusion differs from opinions expressed by Halpern” 
and by Hughes and Burgy.'® 

Hughes and Burgy'* reported observation of two 
distinct angles of total reflection, in a case where the 
mean magnetic field Hy, was very small. This is an 
additional evidence against the assumption C=0. 

A precise measurement of 6, with a field H,y=0 
provides a method for measuring Bloch’s constant by 
using Eq. (43). 

1 Hughes, Wallace, and Holtzman, Phys. Rev. 73, 1277 (1948). 


120. Halpern, Phys. Rev. 75, 343 (1949). 
18 TD), J. Hughes, and M. T. Burgy, Phys. Rev. 76, 463 (1949). 
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The surface impedance of tin at 24,000 mc/sec. has been investigated in the range of temperatures from 
2°K to 300°K, including both the superconducting and normal states, by means of a resonant cavity tech- 
nique. The experimental techniques are described and the data for the normal state discussed in terms of the 
theory of the anomalous skin effect given by Reuter and Sondheimer. Agreement is found between the 
general features of the theory and the data although numerical estimates for the number of free electrons 
appear to low. The superconducting data are analyzed in terms of a theory which combines the London and 
the Reuter and Sondheimer theories. The variation of penetration depth, A, with temperature is found to be 
in agreement with other determinations. The best value for Xo, is estimated at 10~§ cm. 





INTRODUCTION 


HE work reported here represents part of a general 
program of investigation of the conductivity of 
metals at low temperatures and microwave frequencies, 
which was initiated in the Research Laboratory of 
Electronics at M.I.T. in November 1945. Preliminary 
reports'~* of some phases of this work have already been 
given elsewhere. 

One of the original aims of the investigation was to 
obtain data on the behavior of superconductors in a 
microwave range in order to see if the superconducting 
properties persisted down to wave-lengths of the order 
of a centimeter. Superconductivity in lead at 3 cm was 
successfully observed in our laboratory in early 1946. 
Later that year the bulk of the effort was shifted to 1.25 
cm. Also, since lead was not an ideal material to work on 
because of its inconveniently high transition tempera- 
ture, attention was shifted from it to tin. 

Although the initial interest was largely in the super- 
conducting properties, it became clear by the early part 
of 1947 that there was a pronounced anomaly in the r-f 
conductivity at low temperatures. This effect had been 
noted previously by London‘ at 1500 mc/sec. but was 
much greater at 24,000 mc/sec. The anomaly has also 
been reported on in some detail by Pippard.® 

Following Pippard’s observations of the anomalous r-f 
conductivity Reuter and Sondheimer developed their 
theory of the effect. A preliminary version of their paper 
was kindly made available to us in manuscript form 
in the fall of 1947, and it has since appeared in 


* This work was made possible by support extended to the Re- 
search Laboratory of Electronics by the Army Signal Corps, ONR 
and the Air Force under Signal Corps Contract No. W-36-039-56- 
SC-32037. 

** Now with the Cryogenics Section, National Bureau of 
Standards. 

*** Now with the ONR, London Branch. 

This paper is based on a thesis submitted in partial fulfillment 
of the Degree of Doctor of Philosophy at M.I.T. 

1 Bitter, Garrison, Halpern, Maxwell, Slater, and Squire, Phys. 
Rev. 70, 97 (1946). 

2 Maxwell, Marcus, and Slater, Phys. Rev. 74, 1234 (1948). 

8 Maxwell, Marcus, and Slater, Tech. Report No. 109, Research 
Laboratory of Electronics, M.I.T. (May 1, 1949). 

4H. London, Proc. Roy. Soc. A 176, 522 (1940). 

5 A. B. Pippard, Proc. Roy. Soc. A 191, 370 (1947). 


print.* It was soon realized that their theory could be 
used to derive values for the number of free electrons 
per atom by comparison with experimental data, and 
could also be applied to the behavior of the normal 
electrons in superconductors in the London theory. 


Some preliminary results of these analyses have already 


been reported.? 
SURFACE IMPEDANCE OF A METAL 


The surface impedance is the most useful way of 
characterizing the effect of a metal surface on an 
electromagnetic field at high frequencies. As pointed out 
by Pippard,® this is particularly important at low tem- 
peratures where anomalous ‘effects enter and the con- 


ductivity is no longer a precise concept. The current at a 
point in the metal is no longer proportional to just the 
field strength at that point, but is given by an integral 
over the entire field distribution in the metal, although 
still a linear function in the field amplitude. On the other 
hand, the surface impedance is always an unambiguous 
quantity and can be uniquely defined in terms of the 
field components at the metal surface. It is simply re- 
lated to the measurable quantities at high frequencies, 
namely the Q and resonant frequency of a cavity 
resonator, and therefore offers a convenient phe- 
nomenological description of the behavior of the metal. 

Consider a general radiation field impinging on a 
metal surface which is normal to the z direction. If we 
have strong damping in the z direction, then the de- 
rivative of the field with respect to z will be much larger 
than those with respect to x and y, and it can be shown 
that the field in the metal consists essentially just of x 
and y components. Let us take these as EZ, and H,. We 
define the surface impedance Z as 


4n =] 
7 c H, z=0 
E, E; 
=< dwih: (1) 
» OE, 
f J,(z)dz 
0 0z z=0 


G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc. A 195, 
336 (1948). 
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where J is the current density and k=w/c. Since the x 
and y variations are slow compared to the z variation, 
the former may be ignored in obtaining the field and Z 
from the intrinsic properties of the metal. We need only 
consider the normal incidence of a plane wave on an 
infinite metallic conducting surface. For free space Z 
becomes 
dn - 
=— Gaussian units= 1207 ohms. (2) 
c 


For a classical metal with conductivity, Z is given by 


4rk 27wd 


CK C 





(+i) = (144): (=). (3) 


« is the propagation constant in the metal and 6 is the 
ordinary skin depth. These are given by 


ce \i 
: 5= . (4b 
Cc (-—) (4) 


In the case of a wave guided by metal surfaces, the 
real and imaginary parts of the surface impedance are 
related to the attenuation and phase velocity, respect- 
ively, or in the specific case of a resonant cavity to the Q 
and resonant frequency. 

For the low temperature case (3) will not be very 
meaningful because of the impossibility of defining a 
conductivity. The surface impedance will, however, be 
useful and may be calculated from the experimentally 
observed data for attenuation and phase velocity, or Q 
and resonant frequency. We shall set down the relations 
which connect the surface impedance and the observable 
quantities both for the case of a wave guided between 
parallel plates and for the generalized cavity resonator. 
Although in practice one always uses a cavity resonator 
for these measurements, the case of the parallel plate 
line is instructive because it affords a simple picture of 
the physical problem. It is also a natural way of intro- 
ducing the concepts of resistive and inductive skin depth 
which replace the ordinary skin depth of (4b). 

Consider a wave traveling in the z direction between 
parallel metal surfaces (normal to the y direction), and 
let the field components be E,, E., and H,. The field 
components between the walls are combinations of 
exp(—ix.2+ixyy+iwl) where x,?+«x/’=h’, and are 
slightly perturbed from the wave which would exist 
with perfectly conducting walls. We then have the 
following for Z., H;, and Z. 


E,=E, sinkyye—**#*t #4, (Sa) 


ik 
H,=—E,zo coskyye~ s**t, (Sb) 


Ky 
4ap E, 4 

z-—|—] tina tan(“). (6) 
c ld, 0 cik 2 
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The walls are separated by a distance d and the origin 
of coordinates is taken at the center. 

Now x.~k, hence x,«k; further kd~1 in the micro- 
wave region so that x,d<1. It follows then that 


wZk 
ue=— - (7) 
2nd 
and 
Cc 
endl 14K -iR)+ ee } (8) 
4rkd 


The wave attenuation is then given by 
Im(k.) = Rc/4d (9) 
and the phase velocity by 


w w Xe? 
= =e( 1-— . (10) 
Re(x.) k(1+Xc/4rkd) Arwd 





In the low temperature case as distinguished from the 
classical case R and X are not in general equal. It is 
useful to substitute for the simple skin depth concept of 
(4b) the notions of resistive and inductive skin depths. 
The resistive skin depth 6 defines an equivalent skin 
depth for power dissipation and is 


CR 
baer, (11) 


This reduces to the ordinary skin depth of (4b) for the 
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Fic. 1. Schematic diagram of the experiment. 
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Fic. 2. Details of microwave plumbing for unbalanced bridge. 


classical case but is more general since it does not in- 
volve the conductivity. 

The inductive skin depth 6’ has been defined® as the 
distance the walls should be set back (and considered 
perfectly conducting) in calculating the inductance be- 
tween them, for the purpose of determining the wave 
velocity from the inductance and capacitance per unit 
length. (The capacitance is calculated using the original 
spacing.) 

The treatment of the parallel plate line may be ex- 
tended to obtain the idea of an inductive skin depth 
without resorting to the concepts of inductance and 
capacitance. Thus we may replace a layer of the metal, 
of thickness 6’ by a layer of high dielectric material 
having zero conductivity. The tangential magnetic field 
can penetrate this layer but not normal electric field. 
We set up fields in 6’ like those of (5), replacing k by 
ka/e, and match impedances at the surface y=d/2. We 


then find 
2k25’ 


d 


6’ 
= (1+—) (13) 
d 


analagous to (8). Comparing (12) with (10) we obtain 





(12) 


ae 
mead 


analogous to (7) and 


Xc* 
6’ =—_. (14) 


47w 





Another approach would be to define 6’ such that the 
magnetic energy stored in a layer of thickness 6’ (be- 
tween the plates) is equal to the magnetic energy stored 
in the metal. It is easily verified that this definition also 
leads to (14). 

For a resonant cavity, the relation between the sur- 
face conductivity and the Q and resonant frequency has 
been given by Slater,’ pp. 473-475, especially ITI-59. 
Generalizing his formula to the case of an arbitrary sur- 
face impedance (and changing units) gives 


1 Aw c(R+1X) ) 
-—2i—= ———. fx, *da (15) 
Q Wa 4trwa 





Lt Slater, Rev. Mod. Phys. 18, 441 (1946). 
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where w,= the unperturbed resonant frequency, Ha= the 
magnetic field of the mode with volume integral over the 
cavity normalized to unity. Aw is the frequency shift or 
perturbation due to the finite surface reactance and the 
integral is over the surface area of the cavity. 

The integral /H,’-da is a constant for a given cavity 
geometry and a given mode. Knowing what this con- 
stant is we may evaluate R from the Q and in principle 
we could evaluate X from the dimensions of the cavity 
(which would give wa) and the measured value of w 
(which is the perturbed frequency). In practice this is 
difficult because it involves knowing the cavity dimen- 
sions very accurately including those of the coupling 
orifice. It is also difficult to evaluate changes in X with 
temperature (which would be sufficient, since at room 
temperatures R and X should be equal) and it is only 
possible below about 20°K, where the frequency shift 
due to thermal contraction is very small and does not 
mask the effect due to changing surface reactance. This 
means that the only information on surface reactance 
which can be readily obtained is the change which 
occurs in the superconducting state. The absolute value 
is not evaluated by direct measurement. 


EXPERIMENTAL DETAILS AND MEASUREMENT 
TECHNIQUES 


The low temperatures were obtained with a Collins 
Liquid Helium Cryostat with the resonant cavities 
mounted directly in the experimental chamber. This 
made it possible to take measurements at all tempera- 
tures from room temperature down through the liquid 
helium range, but only those in the liquid helium region 
could be stabilized and measured with any precision. In 
the liquid helium region temperature measurements were 
made with a vapor pressure thermometer using the 
Leiden 1937 scale, while at other temperatures a con- 
stant volume gas thermometer was used. 

The cavities were rectangular cavities operating in the 
TE;02 mode and were made by cold pressing two 
identical halves (of tin or lead) with a steel die. The 
halves were soldered together on the outside seam and 
to the wave guide. The parting plane was a section of no 
transverse current flow so contact difficulties were 
eliminated. The cavities were continuously evacuated 
during operation to a pressure of about 10-> mm by 
pumping through the wave guide which was sealed off 


he 
h; | 
Fic. 3. Oscilloscope deflection pattern for unbalanced bridge. 


Vertical coordinate is amplitude; horizontal coordinate is 
frequency. 
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**** Lead from M.I.T. Ph.D. thesis of J. B. Garrison, 1947. 





with a mica disk. Reflections from the disk were tuned 
out with an inductive iris clamped to the disk itself. 

Surface resistance data were obtained from Q meas- 
urements, while the change in surface reactance in the 
superconducting state was found by measuring the shift 
in resonant frequency. The Q measurements were made 
with an unbalanced magic-tee bridge. Most of the meas- 
urements were relative measurements made by ob- 
serving the reflection coefficient at resonance by means 
of the arrangement of Figs. 1 and 2. A frequency 
modulated klystron was used as the power source and 
the power reflected from the cavity was displayed 
oscillographically as a function of frequency, as in Fig. 3. 
The solid curve shows the cavity resonance and the 
dotted line indicates the pattern observed when the 
klystron center frequency was tuned somewhat off reso- 
nance. The ratio /;/he gives the power reflection coeffi- 
cient at resonance, which determines the VSWR; the 
VSWR is equal to the ratio of window Q to unloaded Q 
and hence gives a number directly proportional to the 
surface resistance. 

To fix the absolute value of the surface resistance, or 
the unloaded Q, complete resonance curves were taken 
at 300°K and 4.2°K using a stable c.w. oscillator of 
variable frequency. The arrangement used is shown 
schematically in the block diagram of Fig. 4. A 2K-33 
klystron was stabilized to a resonant cavity, and a 
working, or slave oscillator, which was a 2K-50, was tied 
to the 2K-33 by means of an i.f. link which consisted of a 
commercial Hallicrafters VHF receiver. The operating 
frequency of the 2K-50 was varied by tuning the re- 
ceiver. The over-all stability was about 50 kc. This appa- 
ratus was also used to measure the shift in resonant 
frequency of the cavity while in the superconducting 
state. 

The estimated uncertainties in the measurements are 
as follows. For the relative measurements in the normal 
state these range from 10 percent at a VSWR of 10 to 
about 6 percent at a VSWR of 1.5. For a normalized 
VSWR in the superconducting state (ratio of the V3WR 
at the given temperature to the VSWR at the transition 
temperature) these are of the order of 10 percent at 
3.7°K and 20 percent at 2.1°K. A detailed discussion of 
these and other experimental matters has been given 
elsewhere.’ 


NORMAL STATE 
I. Results 


The results of the measurements on tin and lead**** 
are given in Fig. 5 and the numerical data for tin in 
Table I. These figures compare the measured value of 
the surface resistance at 24,000 mc/sec. with the value 
calculated from the classical formula of Eq. (3) using the 
measured value of the d.c. resistivity. It is seen that 
even at room temperatures there is a divergence of 10 or 
15 percent between the measured and calculated values. 
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Fic. 4. Block diagram of master and slave oscillator arrangement. 


This sort of behavior has been observed before and is 
presumably due to a condition of surface roughness. 
Down to about 30°K the two curves continue parallel 
but below 30°K anomalous behavior sets in rapidly. 
This phenomenon is of course the mean free path effect. 


II. Analysis 


London‘ was the first to suggest that the surface 
resistance at low temperature would depend on the 
mean free path. Pippard® made use of this idea in an 
approximate way which revealed much of the general 
physical behavior. Reuter and Sondheimer® derived the 
integro-differential equation for the field which follows 
precisely for this model and solved two limiting cases 
rigorously. Their treatment made use of a Boltzmann 
equation for the distribution function and applied it to 
calculate the current in terms of the field. 

Pippard? indicated a kinetic derivation of an integral 
equation which differed somewhat from Reuter’s and 
Sondheimer’s equation, and Harrison® independently 
developed a kinetic approach to the problem. The 
kinetic method is a useful alternative to the distribution 
function method because it gives a clearer physical 
picture of the various contributions to the current at a 
point in the metal. The kinetic point of view of Harrison 
or Pippard can be used to derive the integral equations 
of Reuter and Sondheimer, and such a treatment has 
been given in Technical Report 109 of the M.LT. Re- 
search Laboratory of Electronics (henceforth referred to 
as R.L.E. 109). 

The calculations are based on the familiar simple 
model of the electrons in a metal as forming a degenerate 
Fermi gas. Equilibrium is maintained by collisions with 
the lattice of positive ions (actually lattice vibrations 
and irregularities). The energy of an electron is pro- 
portional to the velocity squared, but the mass is not 
necessarily the free electron mass. In the presence of an 
electric field, electrons acquire small drift velocities in 
the direction of the field between collisions. The average 
drift velocity at a point determines the electric current 
there. Two basic constants determine electron behavior, 
n the number of free electrons per cm*, and / the mean 
free path for electrons at the edge of the Fermi distribu- 
tion; /=7Tvm where 0 is the maximum velocity of the 


8 R. J. Harrison, Quarterly Progress Report, Research Labora- 
tory of Electronics, M.I.T., p. 29 (January 15th, 1948). 
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TABLE I. Smoothed values of the surface resistance of Sn in the 
normal state at 24,000 mce/sec. 








R (ohms) 


0.1217 
0.0995 
0.0801 
0.0636 
0.0532 
0.0478 
0.0420 
0.0358 
0.0293 
0.0260 
0.0227 
0.0198 
0.0180 
0.0175 
0.0175 
0.0175 
0.0175 











Fermi distribution, 7 is the mean time between colli- 
sions, and the relaxation time of the electron distri- 
bution. 
» The kinetic treatment derives the expression which 
follows from the free electron model for the current in a 
metal in terms of the electric field, and combines it with 
Maxwell’s equations to yield an integro-differential 
equation for the field. The solution of this equation 
yields the field in the metal, and the derivative at the 
surface yields the surface impedance of the metal. In the 
low temperature region, the surface resistance at high 
frequencies deviates from the predictions of ‘ordinary 
skin depth theory in the observed manner. 

In the theory of Reuter and Sondheimer, and in the 
equivalent treatment of R.L.E. 109, the expression for 
the surface impedance is finally given in the form 


_ Arial LO 
2 70) 


where f(x) gives the field distribution in the metal and, 
f’ (x) its derivative. Only the values of these functions at 
the surface are involved. In addition to 1, l, %m and 1, it 
is useful to introduce the following parameters. 


€ 2x? 
o=--—n'1, 


h 3 


244/838 
a= ewnil, 


(16a) 
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o and 6 are the ordinary d.c. conductivity and classical 
skin depth, respectively, ¢ is the electronic charge, h and 
c have their customary meanings. 

In terms of these other parameters, Z may be written 


7 ‘10 
8 f0 

Z= i(-) Aat—_. 

3 f') 

Reuter and Sondheimer show the form of this function 

in Fig. 1 of their paper.® In Fig. 6b we have re-plotted 

the function R/A to logarithmic coordinates. The two 

cases p=0 and p=1 correspond respectively to diffuse 

and specular reflection at the surface of the conductor. 

For very low temperatures Z takes the limiting forms 


Z=0.4291A(1+v3i); p=0, (21a) 
Z&0.4827A(1+V3i); p=1. (21b) 


At room temperatures Z is given by the classical formula 


(16b) 


* (22) 


good for both p=0 and p=1. 

One expects / to depend on the temperature 7, in- 
creasing as 7 decreases until the region of residual 
resistance is reached, but ” should be independent of T. 
At a given frequency A depends only on n, hence should 
not depend on 7. 

The data consists of o(T), R(T) (surface resistance, 
ReZ) at known frequency. Equation (17) then gives a 
relation between and /; (21a) or (21b) give A from the 
limiting low temperature value of R hence a value of n 
from (19). Thus ” and 1(T) may be deduced without 
using a value for the electron mass m, or equivalently 
the maximum Fermi velocity 2. The latter is required 
to deduce the relaxation time r. 
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Fic. 5. Surface resistance of Sn and Pb in the normal state at 
24,000 mc/sec., Pb measurements by J. B. Garrison. 
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The theory predicts the dependence of R/A on a. 
Hence plotting 1/R vs. o} on a log-log scale gives an 
experimental curve of the same shape but displaced 
from the universal curve of A/R vs. a/® (which is pro- 
portional to o*). Thus an over-all check of the theory can 
be obtained. The best position of fit of the two curves 
gives an average value of m from the displacement of the 
scales. (R=(22w/c?c)!, which follows from Eq. (22), 
must hold between R and o? at high temperatures.) 

It is possible that the theory is accurate at high 
temperatures (classical region) and very low tempera- 
tures (residual resistance region), in both of which the 
idea of a mean free path is valid, but is not accurate at 
intermediate temperatures. Only these regions can be 
expected to match then, and we can determine 
essentially only from the limiting value of R. 

In Fig. 6a the data for tin have been plotted in the 
form of 1/R, vs. (¢/o300)' in logarithmic coordinates. 
These are to be compared with Fig. 6b, the theoretical 
curves of Reuter and Sondheimer. The experimental and 
theoretical curves are of generally similar shape, but of 
course any theory which predicts that the surface re- 
sistance at low temperatures becomes independent of 
the d.c. resistivity, will give a curve of the same shape. 

As mentioned above, by matching the experimental 
to the theoretical curves we should be able to derive a 
value for m, the number of free electrons. In practice this 
amounts to simultaneously superposing the asymptotic 
and the initial linear portions of the curves, inasmuch as 
the curves do not match very well in the bends (probably 
for the reasons quoted). This procedure demands that 
the measured surface resistivity and d.c. conductivity be 
consistent at room temperature, or in other words that 


. the curves of Figs. 6a and 6b coincide at room tempera- 


ture. The procedure adopted here has been to decrease 
the measured surface resistance data so as to bring it 
into agreement, at room temperature, with the figure 
computed from the d.c. conductivity. This seems 
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Fic. 6a. Surface resistance data for Sn plotted in form for 
comparison with theory (1/R vs. (¢/o300)#). Johnson-Matthey 
2135 Sn. 
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TABLE II. Number of free electrons per atom calculated 
from surface resistance. 








n (per atom) 
0 R 





Metal Authority Frequency p= = 
Sn Pippard 1200 mc/sec. 1.1 0.67 
Sn Our data 24,000 0.20 0.12 
Pb Garrison 24,000 0.19 0.12 
Hg Pippard 1200 0.57 
Al Pippard 1200 0.70 0.41 
Cu Pippard 1200 0.11 0.07 
Ag Pippard 1200 0.066 0.038 
Au Pippard 1200 0.021 0.011 








reasonable“ since the microscopic parameters of the 
metal which we seek to determine by this process are 
related to the true d.c. conductivity and not to geo- 
metrical form of the surface. 

The results of this analysis of our data and Pippard’s® 
data are given in Table II. 

Two facts are at once apparent. First, our data for Sn 
give results that are considerably lower than Pippard’s. 
Second, most of the values given are low. One might 
expect m to be of the order of one. With the exception of 
the figures derived from Pippard’s data for Sn, Hg, and 
Al, the numbers are considerably smaller than 1. The 
numbers for Au, Ag, and Cu are especially low. For these 
metals Mott and Jones® give an estimate of about 0.8 
free electrons per atom. 

It should also be noted that the number obtained by 
the fitting process is sensitive to very small changes in 
the fitting (apart from the uncertainty in ), due to the 
fact that the constants evaluated in the matching 
process have to be raised to the 9/2 power in the calcula- 
tion process. These uncertainties, however, hardly seem 
adequate to account for the discrepancies noted; even 
after taking this into account, the numbers seem low. 

A possible explanation for the low values of m may be 
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Fic. 6b. A/R as function of parameter a/* following Reuter and 
Sondheimer theory; logarithmic plot. 


44 Tf this correction is not made, then the values for m for our tin 
data are 0.14 for p=0 and 0.09 for p=1; for Garrison’s Pb data 
the corresponding figures are 0.12 for p=0 and 0.08 for p=1. 

9N. F. Mott and H. Jones, The Theory of the Properties of Metals 
and Alloys (Oxford University Press, New York, 1936). 
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TABLE III. Smoothed values of R/R:—normalized surface resist- 
ance of Sn in superconducting state at 24,000 mc/sec. 








R/R: 


1.000 
0.932 
0.860 
0.806 
0.749 
0.702 





SSSSSESSSS2288eNes: 








that at low temperatures the surface roughness is more 
important than at high temperatures.444 At low temper- 
atures the mean free path (in bulk metal) may be con- 
siderably larger than the surface irregularities. Hence 
the latter may reduce the effective mean free path. This 
effect would reduce the values of ” obtained. 

Another aspect of this discrepancy hinges on the value 
of the d.c. resistivity. The resistivity of our tin as de- 
termined by measurements on extruded wires was 
13.7X10-* ohm cm as compared with the figure of 
11.5X10-* ohm cm given by Onnes and Tuyn for pure 
tin in the International Critical Tables. The reason for 
our high resistivity is not known but it was checked on a 
number of different annealed samples. Pippard ap- 
parently did not measure the absolute resistivity of his 
samples but assumed the values given in the tables. 
Furthermore he used these values to establish the pro- 
portionality between Q and the surface resistance of his 
resonators. However even making full allowance for this 
difference in the d.c. resistivities, this could at most 
account for a factor of about 2 whereas the actual 
discrepancy is about 5. 

It is interesting further, to compare the asymptotic 
values of the surface resistance reached at low tempera- 
tures in our experiments with those found by Pippard. 
The surface resistance of Sn was 0.0175 ohms at 23,910 
mc/sec. as against 0.00147 at 1180 mc/sec. in Pippard’s 
case. According to the Reuter and Sondheimer theory 
this quantity should go as w! and consequently the 
surface resistance should be 7.4 times as great at the 
higher frequency. The actual ratio is 11.9. Part of this 
discrepancy may be due to the difference in the d.c. 
resistivities at room temperature discussed in the previ- 
ous paragraph. To eliminate this factor we can multiply 
our figure of 11.9 by (11.5/13.7)! which has the effect of 


444 This appears to be in accord with some recent results of 
am Nowak at M.I.T. See W. B. Nowak, M.I.T. Ph.D. thesis, 
1949. 


making our room temperature surface resistance con- 
sistent with those of Pippard and brings the ratio down 
to 10. The discrepancy is still large. 

The corrections for relaxation effects, according to the 
Reuter and Sondheimer theory are quite small, as previ- 
ously noted. For the case of tin the theoretical value of 
the asymptotic surface resistance should be decreased by 
about 5 percent in our case, which is incidentally, in the 
wrong direction to rectify the descrepancies noted in the 
values found for m, and in the frequency dependence of 
the low temperature surface resistance. 


SUPERCONDUCTING STATE 
I. Surface Resistance Data 


The variation of surface resistance with temperature 
for the tin-cavities is shown in Fig. 7. This figure in- 
cludes three separate runs on cavity L as well as points 
from successful runs on cavities M and H. A set of 
smoothed values of R/R; is given in Table III. The 
transition-temperature, as nearly as can be judged is 
3.751°K. This is somewhat higher than that reported by 
others and may be due to residual strains. 

The surface resistance is still appreciable at 2.1°K, the 
lowest temperature reached, and apparently is not 
headed for zero at 0°K, but approaches a value of about 
0.09. This same sort of behavior was noted by Pippard® 
at 1200 mc/sec. The numerical value of R/R; at 2.1°K 
reported by him was 0.009. Later work’® of Pippard’s, at 
9200 mc/sec. does, however, seem to indicate that the 
surface resistance may approach zero at 0°K, so these 
discrepancies are still to be resolved. 

The residual surface resistance may result from two 
separate mechanisms. First the presence of impurities in 
the cavity may increase the apparent loss and second, 
there is a possibility that a new type of absorption effect 
enters at these high frequencies, in which the electro- 
magnetic quanta are large enough to induce some 
electronic transitions from the superconducting to the 


1.0; _— 























0 | 
20 25 30 35 40 
TEMP. °K. 





Fic. 7. Surface resistance of Sn in the superconducting state. 
Data for Johnson-Matthey 2135 Sn. 
© Cavity L 
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10 A. B. Pippard, Nature 162, 68 (1948). 
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normal state. These transitions would substitute normal 
for superconducting electrons and thus introduce losses 
by absorbing energy for the transition and by the 
creation of additional normal electrons which could lose 
energy to the lattice by collisions. This ‘‘photoelectric”’ 
absorption would of course be more effective at higher 
frequencies. 

Either or both of these mechanisms may be operative 
in these experiments. In Pippard’s 1200 mc/sec. experi- 
ments he used dielectric spacers to support his resonator 
wires, and although he made corrections for the dielectric 
loss, it is conceivable that it was not entirely accounted 
for. The report of his work at 9200 mc/sec. contains no 
reference to such corrections; we do not know whether 
they played any part in those experiments. In our ex- 
periments no dielectrics were inserted in the cavity but 
it is possible that some contamination of the metal may 
have occurred in the process of fabrication. 

Such absorption effects, whether by the pure metal 
itself, or by normal inclusions within the cavity, are not 
included in the theories presented earlier in this chapter, 
and for the purpose of reducing the data by the tech- 
niques described, these effects should be subtracted out. 
If the absorption effects are due to foreign bodies, the 
corrections are simple to make and can be done by 
merely subtracting out the value of R/R, approached at 
0°K, together with an appropriate change of scale. If the 
absorption is caused by electronic transitions, then it is 
not clear how to make this correction since the number 
of transitions per second may depend on the tempera- 
ture. Since no other way of making the correction ap- 
pears to be clearly indicated, we have subtracted out the 
constant amount of 0.09 from R/R; for the purpose of 
making our calculations. 

Further experiments are evidently necessary to decide 
whether or not the finite residual resistance is really due 
to the edge of an absorption band. These experiments 
should be extended to include measurements at higher 
frequencies, lower temperatures, and other materials, 
and should include control of the specimen purity. It is 
of some interest to compare the behavior of these tin 
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Fic. 8. Shift in resonant frequency of Sn cavity as a function of 
temperature. 
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Fic. 9. Data on initial slopes of transition curves as 
a function of frequency. 


cavities with some earlier results obtained with Hilger 
lead cavities in this laboratory, also at a frequency of 
24,000 mc/sec. In those experiments it was not possible 
to observe the transition region with an accuracy due to 
the fact that the transition occurs at 7.2°K, just above 
the liquid helium range. Between 4.2° and 2.0°K, how- 
ever, measurements were possible, and of course the 
surface resistance could be determined fairly well just 
above the transition temperature. These measurements 
indicate a total change in surface resistance for lead of 
about 70 to 1 between 7.2°K and 2°K, about seven 
times as great as was observed with tin. This conforms 
to the expectation that the metal with the lower transi- 
tion temperature should have an absorption band ex- 
tending to lower frequencies. 


II. Shift in Resonant Frequency of Cavity 


The shift of resonant frequency of the cavity as a 
function of temperature is plotted in Fig. 8 for two 
different cavities. The reason for the differences in the 
two curves is not known. For purposes of calculation the 
two curves were averaged. 


III. Interpretation 


The usual way of treating a superconductor in which 
normal as well as superconducting electrons are present 
is to consider the total current as consisting of two com- 
ponents which are separately identified with the two 
kinds of electrons. The superconducting electron current 
density is related to the electric field strength by the 
London theory and the normal electron density by 
either Ohm’s law or whatever modification is deemed 
appropriate. Thus H. London‘ assumed the validity of 
Ohm’s law in his treatment but used an effective value 
for the a.c. conductivity much lower than the d.c. con- 
ductivity ; Pippard® used the “‘ineffectiveness concept.” 
In our treatment, however, we use the theory of Reuter 
and Sondheimer‘ to give the relation between the normal 
current density and the electric field. The Reuter and 


t Obtained by J. B. Garrison. 
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Fic. 10. Static penetration depth d calculated from data by 
various methods. 


A Reuter and Sondheimer theory, 
p=0, Ao= 10-5 cm. 
Reuter and Sondheimer theory, 
p=1, Ao=10-* cm. 
Reuter and Sondheimer theory, 
p=1, o=7.5X 10-6 cm. 
Pippard theory 
London theory 


Sondheimer treatment is then modified by the addition 
of a term for the supercurrent and the integral equations 
may be solved by the same general techniques. The sur- 
face resistance and reactance of the superconductor may 
then be expressed in terms of three parameters, 5,;, the 
resistive skin depth just above the transition, \(T), the 
static field penetration depth, and the fraction of normal 
electrons at any temperature, f,(7). If we assume a 
relation between f,(7) and (7), such for example that 
the sum of normal and superconducting electrons is 
constant, then we can determine both. They may both 
be related to A»=A(0). By combining the information 
given by both the surface resistance measurements and 
the shift in resonant frequency of the cavity (which is 
related to the surface reactance) Xo is evaluated. 

The details of this treatment are given in Appendix A. 
We have also derived the formulas given by London and 
Pippard in terms of the same three parameters in order 
to exhibit the differences among these three modes of 
handling the problem. 


IV. Initial Slopes 


According to the theory given in Appendix A the. 


initial slope of the R/R; curve should go as w~!. Figure 9 
is a logarithmic plot of the initial slope (d/dT)(R/R;) vs. 
the frequency, on which we have plotted Pippard’s re- 
sults at 1200 and 9200 mc/sec. and ours at 23,910 
mc/sec. and fitted the best straight line. It is seen that 
the observed frequency variation is more nearly w~-48 or 
w rather than w~!, 

Equation (A77) of Appendix A, for the initial slope of 
the inductive skin depth, indicates an initial negative 
slope. Further, since the inductive skin depth ap- 


proaches Xo as the temperature goes toward zero, the 
curve must have a maximum in the neighborhood of 
T=T;. However, the data are not good enough to detect 
any detailed structure in this region. 


Penetration Depths 


In Fig. 10 we have plotted curves of \ vs. T for our 
data on tin, calculated according to the data reduction 
techniques described in Appendix A. Taking \9»= 10-5 
cm, two curves are shown for the cases p=0 and p=1, 
using the extended R. S. method as herein expounded. 
For \o=7.5X 10-6 cm, we show three curves, one for the 
extended B. S. method using p=1, one for Pippard’s 
method, and one for London’s method. It is seen that 
the three methods are in fair agreement at lower temper- 
atures, and that London’s and Pippard’s methods are in 
good agreement near the transition temperature. How- 
ever, these two methods yield a greater slope near the 
transition temperature than does the extended Reuter 
and Sondheimer theory. 

The best choice of Xo is determined by comparing the 
curves AN’, the change in inductive skin depth,}T as de- 
termined from the shift in cavity resonant frequency, 
with these calculated from the R/R; curve for different 
Ao’s. The calculated curves for Ay=7.5X10-* and 
Ao= 10~* are given in Fig. 11 together with that obtained 
from the frequency shift data. It is seen that \y=10-° 
cm, provides a fairly good fit. Pippard’s best determi- 
nation of Ao, on the other hand, was 7.510-* cm. 

In Fig. 12 we compare our results for \ with those 
found by other experimenters.*'4" The comparison is 
made on the basis of AX, the change in penetration depth 
referred to 2.1°K. Pippard’s data‘ are derived from his 
1200 mc/sec. frequency shift data while the other two 
sets of data were obtained from magnetic susceptibility 
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Fic. 11. Change in inductive skin depth AX’ as a function of 
temperature as derived from R/R; data and from frequency shift 
data. 

A—from R/R:, \o=7.5X 10-8 cm. 
B—from R/R:, \o=10-5 cm. 
C—Experimental 


tt The quantity »’ is the same as 6’ defined phenomenologically 
in Eq. (14). 
ass Desirant and D. Shoenberg, Proc. Phys. Soc. 60, 413 
2 F, Laurmann and D. Shoenberg, Nature 160, 747 (1947). 
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measurements. Our results appear to agree fairly well 
with Desirant and Shoenberg" and Laurmann and 
Shoenberg” at “high” temperatures and are somewhat 
closer to Pippard’s at low temperatures. Within the 
specified limits of error of the data they are consistent 
with Desirant and Shoenberg’s results over the entire 
range. No precision indices are available for Pippard’s 
and Laurmann and Shoenberg’s measurements. 

Our data for AX as determined from R/R; are con- 
sistent with the calculations of AX, determined from the 
cavity resonant frequency shift and therefore may be 
regarded as calculated directly from the frequency shift. 
From Eqs. (A37) and (A43) of Appendix A it is seen that 
this involves principally assuming the London Theory 
with the theory for the normal electrons entering as a 
second order correction. Thus, as has been pointed out," 
high frequency measurements do not furnish informa- 
tion about independently of some assumption con- 
cerning the London equations. 

We are greatly indebted to many of our colleagues for 
assistance and helpful suggestions in the course of this 
work. We particularly wish to acknowledge the work of 
Dr. John B. Garrison (now at the University of Chicago) 
who is jointly responsible with one of us for the de- 
velopment of many of the experimental techniques 
described and who obtained the data given for lead, and 
to Mr. Ralph J. Harrison of the Research Laboratory of 
Electronics (M.I.T.) for many valuable and illuminating 
discussions. We are grateful for the use of the facilities 
of the Research Laboratory of Electronics and the 
enthusiastic support of Professor J. A. Stratton and the 
members of the staff, particularly Messrs. R. P. 
Cavileer, P. Nicholas, W. B. Nowak, and E.C. Ingraham. 


APPENDIX A. THE SURFACE IMPEDANCE OF METALS 
IN THE SUPERCONDUCTING STATE 


I. Introduction 


The measurements of surface resistance and change of 
surface reactance are related to the physical charac- 
teristics of the superconducting state by introducing the 
current of superconducting electrons (London current) 
into the electrodynamic equations governing the normal 
state. A certain number of normal electrons are assumed 
to be present at each temperature. The normal electrons 
in the superconductor contribute to the current ac- 
cording to Eq. (14) of reference 6, the supercurrent adds 
a term to this. Maxwell’s equations yield a new integral 
equation for the field. The surface resistance and re- 
actance then depend on three parameters—the resistive 
skin depth just above the transition 6,; and two quanti- 
ties characteristic of the superconducting state, the 
static field penetration depth A(T) and the fraction of 
normal electrons which remain at any temperature, 
fr(T). Assumptions about the relation between the 
latter two parameters lead to their evaluation from the 


( 138 Daunt, Miller, Pippard, and Shoenberg, Phys. Rev. 74, 842 
1948). 
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_ Fic. 12. Comparison of our data for AX, the change in penetra- 
tion depth referred to 2.1°K, with other determinations. 


A. Desirant and Shoenberg 
xX  Pippard 
© Laurmann and Shoenberg 


Solid curve from our data for R/R, vs. temperature; dotted curves 
correspond to estimated uncertainties in our measurements. 


data. In particular they may both be related to single 
constant Ay=A(0). The best value of Xo is found by 
computing the expected change in surface reactance 
from the surface resistance curve as a function of 7, and 
choosing Xo to give best agreement with observed values 
of the reactance change. Tables of the numerical values 
of the integrals which are needed to carry out these 


- calculations have been given elsewhere.* 


It is also of interest to reduce the formulas used by 
London and those used by Pippard to depend on the 
same three parameters and thus exhibit their differences. 
The normal electrons were treated by different physical 
assumptions in their work, hence comparison of the 
calculated values of \(7) on each theory reveals the 
validity of their assumptions insofar as they approxi- 
mate to the more accurate and more elaborate treatment _ 
given here. 


II. Electrodynamic Equations for Superconductors 


The field equations lead (in this one-dimensional case) 
to the electric field-current equation 


O7E, And 
=—., (Al) 
02? Cc 





J=Jn+J, (neglecting displacement current), 
J=total current at depth z in the metal, 
(A2) 
Jy=current of normal electrons, 
J,=current of superconducting electrons. 


Put 


(A3) 
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Jn= tented» f E(t) ye(—) a 
ies 2—t 
+(1—p) f Bon —)at] (Ad) 


E.(z, t)= E(z)e*** (A5) 


and k(u) is definedt{f in reference 6, Eq. (15). 

\(T)=the static magnetic field penetration depth 
into the superconductor. Equation (A3) may be inter- 
preted as an acceleration equation for the supercon- 
ducting electrons which do not collide with the lattice 
but accelerate under the action of the electric field in the 
metal at a rate determined by their inertia. When a 
static magnetic field is introduced, the induced electric 
field does the accelerating leaving behind a permanent 
eddy current when the steady static value is reached. 
This picture leads to \*=m,c?/4an,e, but (A3) is as- 
sumed to be more general than this specific model in 
which the mass and number of electrons m, and n, are 
uncertain. 

Equation (A4) treats the normal electrons in the same 
way as the normal metal treatment of reference 6, but 
on, the equivalent d.c. conductivity associated with the 
normal electrons will take account of the temperature 
dependence of the number of normal electrons. 

From Eq. (29) of Appendix I, R.L.E. 109, or me (19) 
and (20) of reference 6, 


where 


myel e 2x 
on= =—-—hyl. (A6) 
mim h 3 





Putting (A2), (A3), and (A4) into (A1) and replacing 
E(z) by f(x) where x=2// gives the integro-differential 
equation for the field involving three parameters 


"(fa)= axl 9 f S(y)k(x—y)dy 


+a-p) f flo)m(o—y)dy-+a' (a) (a7) 


3 a c 4 
a = in=( ) ’ (A8) 
2 §2” 2rwon 


a’ =—, (A9) 





Equation (A7) can be solved in the two limiting cases 
p=1 and p=0 by a slight variation of the procedure in 
Reuter’s and Sondheimer’s paper.® 


ttf This is not the wave number & used in the section on Surface 
Impedance of a Metal. 
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III. Case p=1 


f'(ehte f f(y)ke—y)dy-ta’f(y).  (A10) 


Take the Fourier transform of (A10) with respect to x, 
employing the Faltung theorem on the product of 
Fourier transforms and introduce a discontinuity in 
f'(x) at x=0; f(x) has been taken even in x. 





 —2n—P6(t) =iand(t)x(t)+ a’ d(t) (A11) 
wherejt{t 
w= f'(+0)=—f'(—0), (A12) 
6i)= f fadear, (A13a) 
» 2 
in f k(x)e-'*dx=—{(148) tan-4—t}. (A124) 
ae Le 
(A11) gives 
wt Ds 
o(t)= ; (A13b) 
2+ a’+iank(t) 
Inverting the Fourier transform; using (A14) 
1 . 
fy=— f woe 
2u ” cosxtdt 
=—— (A15) 





rv, P+ a'+iayk(t) 


The surface impedance of the superconductor is given by 











8\} 0 Arw f(0 
z--i(-) Aya Jl = —t Pl (A16) 
| SO 2 FO 
where (A15) gives 
f(0) oF gs dt 
. Al7 
f’ (0) ra J P+ a’+iayx(t) aii 


Since ay is very large at superconducting temperatures 
(10° to 10%), it is useful to develop (A17) in inverse 
powers of ay, (actually ay!). The first two terms are: 


f(0) | 1 f ydy 
f'(0). (rayiJSy y+By+i 
4i o dy 1 
a +0(—)] A18) 
@(may)i J (y?+ By+1) TON ' 


’ 
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B= . (A19) 
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Tttt « is not the wave number used in the formulas of the section 
on Surface Impedance but is defined here in Eq. (A14). 














where 





W 


SURFACE IMPEDANCE 
The integrals in (A18) are evaluated by partial fraction expansions to give 
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where a is the largest root of the cubic x**—8x—1=0, and is given explicitly in terms of 6 by: 


a= (*) cs cos-(-) | pk8 1.89, 
3 B 44 

a= (=) cos 3 cosht(-) | aii 1.89. 
3 B 43 


The next order term in (A18) is given by 
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At the transition temperature, A= ©, B=0, a=1, and from (A20, A24) 


and (A16), (A18) give 
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which agrees with results of reference 6 and Eq. (24), 
Appendix I of R.L.E. 109. 

As T—>0, if all electrons become superconducting, i.e., 
my—0, then dy—0, B-->”, a, ay—0. Approxima- 
tions to the limiting forms of R, and X, may be obtained 
from the first term of (A25). This gives 








4rwX'! an 
R,= —(3 Inf—1), (A29) 
ec F- 
4rwr a 
X,= (1-<+—--). (A30) 
‘ 2 Bt 8B 


Equation (A30) gives the correct limiting form of X, as 
T—0 if all electrons become superconducting. 
Putting 
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(which is the effective resistive skin depth at the 
transition temperature) and using 


an nyi 
—=—= fri (A33) 
Qt ne 


so that (A31), (A32) give 
ay 64 fyi 








B 8+ 3h be? 
and 
=— —) =— (A35) 
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then (A29), (A30) become, using (A32) and;(A34), as 
T—0, 





R, M fyi 27 A? fv'l? 
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More generally note that (A25) gives: 


R, 1 Iml(8) X, 1X, 1 RelA) ia 
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® It is assumed that a;!>>1 and hence the second-order terms in 
(A28) may be dropped. 





Similar expressions will now be derived for the case 
p=0 and for London’s and Pippard’s treatments. 


IV. Case p=0 
f''(«) = ant if f(y)k(@w—y)dy+a’ f(x). (A39) 


The more complicated manipulation which leads to a 
solution of this Wiener-Hopf type integral equation is 
given by Reuter and Sondheimer and is too long to 
outline here. The procedure, which follows that of 
Wiener and Hopf, introduces a function equal to the 
difference of the two sides of (A39) for x<0, but zero for 
x~0, takes the Laplace Transform of this function again 
using the Faltung theorem, discusses the regions of 
existence of the various transforms and separates the 
transform equation into a side which is regular in the 
left-half plane and a side regular in the right-half plane 
with an overlapping region of regularity. The two sides 
therefore determine an integral function; determining 
the asymptotic behavior of this integral function 
identifies the integral function and thence the transform 
of f(x). The ratio f(0)/f’(0) is then expressed in terms 
of the transform and found explicitly. The modification 
introduced by the term a’ f(x) in (A39) is to alter the 
characteristic equation whose roots must be located to 
separate the transform equation properly. We now find 
for a’ >1, the characteristic equation has no roots in the 
strip 1< Re s<1 for all x. 


( sis the transform variable and F(s) = f enf(a)de), 


We finally find the quantity of interest in the form 








mf 
0) v1 
f'(0) + (A40) 
am f “in (ee a 
T “9 +1 
where , | 
x(t) “7 (1+?) tan-4#—?#}. (A41) 


Integrate (A40) by parts, put «(¢)~7/t and get, 


37 a’ 


Ziay f® 2¢t tay 3i(ayn)? 
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From (A16), (A40), (A42) we get 


4rwl 1 
Z.= .  (A43) 
c? 3(maw)* [Jo(8) —34811(8) ] 


(Equation (A43) corresponds to the first term of (25).) 
At T=T,, B=0, using (A26), (A43) becomes 




















2rw 1 3+ 
2.3"=— =~ —(1+3%) ; ; p=0. (A44) 
Cc? a? 2r 4 
Again as in the case of (A29) and (A30), as T-0, b> 
31lnB 7 
I,(8)—- —_—-—. (A45) 
28 26 
Then (A45) in (A43) with (A19) and (A9) give, as 7-0 
Anwar 1 
L7-—_ - 
c? 3(may)t| 2 
on aionen 
3 28 
4riwn | 1 Anmiwdr 
 @ (ray) pt? 
which agrees with (A30). 
Note that (A44), and (A32) lead to 
; 2 
bee=—* phage (A47) 
ri 2n* 
hence as in (A35), using (A33) 
4 Set 0 A48) 
~ Neadfy ll? Gl 3 Nefytl® pial, 
and, as in (A34), 
l 2r 4 Set 
seven (A49) 


V. Pippard’s Treatment 


This differs from the above in treating the current due 
to the normal electrons by means of an effective 
conductivity derived from the ‘‘ineffectiveness concept.” 


A4nriw E(0) 
Z=-— (equivalent to (A16)). (A50) 
c dE(0) 


0z 











From (A1), (A2) 


VE 4nf _ CE 
tomes: mihatnien +o.E. (A51) 
022? 4rd? 





The effective conductivity 


bs 
oe= _ (A52) 


is assumed to be a fraction 6,// smaller than the d.c. 
conductivity of the normal electrons (using the “in- 
effectiveness concept”). Here 6, is the penetration depth 
of the field into the superconductor. 

Since J(z) is now proportional to E(z) (for harmonic 
time dependence e*) (A51) leads to a wave equation 
for E. We have 





E(z) = Eye~** (A53) 
bd Phas 
e=— ——)- =— (—+-). (A54) 
Therefore 
K=Krp+1k; 


aD) 


ar 
qan-j| — 
AN 2 


= (1+4)4/6.4)4) 


(A55) 





From (A50), (A53), (A55) 


cate ty) a 


Now 


man Gee Girne ane sone (AS7) 


This assumes / is constant, i.e., the d.c. conductivity 
in presence of a magnetic field greater than critical is 
constant. Hence using (A55) 


i ae +1\'7q?-1\! 
ful wn“. (§ VE ) (AS8a) 
bet be 62 82 AN 2 2n2 


8A5 fy“ 





or 





(q+1)(¢?—-1)= (AS8b) 


et 


As T—0, g—1 and (A58) may be solved for g as an 
expansion in powers of 2\°fv/5.:°. Then any function of 
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q may be expanded similarly. Thus 


(=) 4rwr dP fyi 
2q? ge 5° 


bX 6 X 12 
x{1-3(—) fuar-+13(— fu®!8 
bet bet 
X 18 
-64(— fn’: 
Set 


2rwbe: 
R,= , (A60) 


c2 


aa 1-3( Ape) +13( per)” 
-64(— je") oe J! (A61) 

_4rwh (So ) —, 3 *( - fut) 
+ (A pen) —S(<sen) | (A62) 


It is of interest to compare (A61) with the approxi- 
mate expression obtained by Pippard 


awa 

= sce ci , = 2(~) 1 
owt) 

x[1-3(— ie) + A (=i) 


135 e . sii 
2 ‘tal ) | 


Also the correction factor for normal electrons in 
(A62), which Pippard evaluates in terms of the ratio 


r=R,/R:, may be rigorously expanded in terms of r 
and fy. 





c2 


; | (A59) 
Noting 








(A64) 


q+1\! 
(=) = 1—0.5304 fvir!—0.1094 fytr*- - - 
q 


Pippard takes fvy=1, since the terms.in r are small when 
fw#1, but near the transition where the correction 
factor differs from 1, fy=1. (Note that fy here differs 
from Pippard because he takes the conductivity pro- 
portional to my whereas we use my! corresponding to a 
degenerate Fermi gas of electrons.) 


MARCUS, AND SLATER 


VI. London’s Treatment 


The normal electrons are now treated as having an 
effective a.c. conductivity (smaller than the d.c. con- 
ductivity) which is assumed to vary as my! but not with 
the penetration depth of the field i.e. no “‘ineffective- 
ness concept” is used. As in Pippard’ streatment Eqs. 
(A50), (A51), (A53), (A54), (A55), (A56) hold but not 
(A52) or (A57). Instead we have 


6.” Cet 1 
=—=—, (A65) 


be? Oe tnt 


(0) (oR) 


R, eae 2). 2r8fxd 
"i 52° 


fesceyneey 


~“()- 4rwh 
 @ \ 29 Cc? 
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VII. Calculation procedures 


(A66) 





--/ (A67) 





(A68) 


The experimental data consist of R,/R; as a function 
of 7, the absolute value of R;, and the change in X, 
from the transition temperature down. The theory can 
be applied to the data in several ways. \ can be found as 
a function of T if fy(T) is known, or if a relation is 
assumed between fy and A. The most reasonable relation 
in the light of present theories relates fy and ) but 
introduces the constant Ao, the value of \ when all 
electrons are superconducting. By using the AX,(T) 
data also, \» can then be fixed. In addition the theory 
gives some simple quantitative relations which can be 
checked on the data; namely the frequency dependence 
of the initial slope of the resistance curve and of the 
resistance at temperatures well below the transition, 
and the slope of the reactance curve (or inductive skin 
depth curve) at T:. 

To relate fy and A, put 


(A69) 


(where m is number of normal electrons at the transition 
temperature). 


Mn+N,=MNo 


Xe No 


do? te 
Equations (A69) and (A70) give 
nN Ns Ao? 


fur=—=1-—=1-—. 
No N 2 


(A70) 
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Equation (A69) is part of the “two fluid” assumption 
about electrons in superconductors, the constant total is 
divided between superconducting and normal electrons 
which behave independently. Equation (A70) is based 
on the acceleration picture of superconducting electrons 
with inertia but no resistance; then \?=m,c?/42n,é’. 
The mass m, is unknown; even though superconducting 
electrons do not interact with lattice vibrations, there is 
no reason to think the potential field of the crystal does 
not affect the mass. 

Calculation of A(T) using the extended theory of 
Reuter and Sondheimer to treat the normal electrons 
for the case p=0 is based on the following equations. 


R. 1 ImI,(8) Ao?) 


N 
R, ~ fy? ImI,(0)’ 2 
27 Set” cfR; 


tat 5-:2=— 


~ 16 r2fyeld? 2rw 
x, . 


41rw 


Rel,(8) 
"2 fy?!®ReI,(0) 





Jd 


The procedure is to choose Xo, calculate fy(A), B(A), 
using the known value of R, to find 5.:, (R,/R:)(A) using 
tables® of ImI,(8), hence from (R,/R:)(T) find X(T). 
From tables of ReJ,(8), the inductive skin depth 
cX,(A)/4aw is found, hence X,(T)/4aw from X(T). 
The values of (c?/4rw)[X.(T)—X.(T) ] are compared 
with experimental values found from the frequency shift 
of the cavity. Xo is adjusted for best fit of the reactance 
data. 

For the case p=0, we use the following relations. 


Re 1 ReI3(8)|I3(0)|? 
R, fy?! ReI3(0)|J3(8) 
T3(8) =Io(8)— 3461, (6), 
4 5.4? Ry 


_— . =e 


3 2fysl9 ; 
= ImI (8) 
“2 ImI 30) 





(A73) 


lane 


I;(0) |? 
1;(8)| 


Calculations based on Pippard’s equations use 


R, »/2(q-1)\3 eo?) 
R; Set ¢’ d? 


BrSfyt!® 1 


5e1® q+ 1 


> Tables of these integrals as well as those appearing in Eq. 
(A73) have been given in R.L.E. 109. 


c*X, 





4rw 


(A74) 





g=1+ 
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As above Xo is chosen, n(X) found, g(A) found by 
solving the cubic for g using the known value of 8,;. 
Hence we find (R,/R,)(A) and then from (R,/R,)(T), 
\(T) is found. The (7) and g(A) then lead to 2X,/42w. 
The cubic in g is quickly solved by tabulating or 
plotting the root as a function of the single parameter, 
Newton’s rule can be used to improve a first guess. (The 
desired root is unity when fy=0). Various \o’s may then 
be tried to fit the reactance data best. 

Calculations on London’s equations use the same 
equations as above except for the one giving g. This 


becomes 
4n4 ; 
= (1+) ‘ 
bec! 


Initial Slopes 


The frequency dependence of the initial slope is found 
from (A38), (A20), (A35). (For the case p= 1) 


(T) 
ee = 
T=T; 9 T, \dT /T=?7, 
+ 1 <(—)" 
fw?!® dB\ ImI,(0) By. 
2 27 33 b2\ 1 sdn, 
EE) an 
9 16 Ao? No dT T=T; 
—(~)=- 1 dn, 
to aT 


dfy d fro? dp 27 dsl 
~ -—(~) {eames —(-). (A78) 
dT dT X\ »? dT 16 dT 
The 2/9 term in (A76) is only a few percent of the 
other term in the case of interest and since dn,/dT <0, 
(d/dT)(R./R:)(T)>0. Since 6.:=(4/3'x')(1/a,#) and 
a= (214/334/hc*) @wn'iP, the frequency dependence of the ~ 
initial slope is closely w~?. 
The initial slope of the inductive skin depth 2X ,/41w 
is similarly found to be 
~(~) 
T=T; 


which is negative. Since c?X,/4w at lower temperatures 
decreases to Xo, the curve goes through a maximum near 
T,. At higher frequencies, however; we may have 
5e¢< Ao and the character of the curve will change. 

Well below the transition, the limiting value of R,/R; 
has the form given by Eq. (A36). 


(A75) 


d R, 


———e 
aT R, 





(A77) 


and 


d c*X, ee 


dT jens: 


(A79) 
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The scattering cross section for gamma-rays in aluminum was measured by two independent methods at 


the three energies 1.11, 1.71, and 2.76 Mev. The results 0.156, 0.125, and 0.0996 cm™, respectively, for the 
three energies are in agreement with the predictions of theory within the experimental error of +1 percent. 
The essential features of the measurements are: (1) Choice of gamma-ray energies and absorbing material 
such that Compton scattering is the only important process. (2) Use of a geometry which effectively 
eliminates single and multiple scattering and permits an accurate determination of the background. (3) 
Elimination of errors due to the other gamma-ray energies emitted by the source. (4) Determination of cor- 
rections for absorber impurities, counter deadtime, and random fluctuations in the counters and counter 
circuits. The two methods of measurement differ primarily in the way in which the errors due to the other 


gamma-rays emitted by the source are removed. 








INTRODUCTION 


URING the course of the last twenty years, many 
attempts have been made to verify experimentally 
the Klein-Nishina formula! which predicts the angular 
distribution and total cross section for scattering of 
gamma-rays. Meitner and Hupfeld,? Chao,* and 
Tarrant! measured the cross section for carbon using 
the 2.6-Mev gamma-rays of ThC” by the straight ab- 
sorption method. Their results were in agreement with 
the theory within their experimental accuracy of ap- 
proximately 5 percent. The cross section in carbon and 
aluminum in the region from 0.04 to 0.6 Mev was inves- 
tigated by Hewlett,® Allen,® and Read and Lauritsen’ 
using Coolidge x-ray tubes and crystal spectrometers as 
a source of monochromatic radiation. Their results were 
in reasonable agreement with theory although it was 
necessary to make large corrections for the photo- 
electric cross section. Numerous measurements® were 
made in the region from 0.6 to 2.6 Mev with results 
deviating as much as 20 percent from the theory. The 
large variation in results in the intermediate region led 
the author to review the methods of measurement with 
a view toward making a more accurate determination 
of the validity of the formula. 

A check of the Klein-Nishina formula is provided by a 
measurement either of the angular distribution of the 
scattered gamma-rays or of the total scattering cross 
section. In order to determine the total cross section 


10. Klein and Y. Nishina, Zeits. f. Physik 52, 853 (1929). 

2 L. Meitner and H. Hupfeld, Zeits. f. Physik 67, 147 (1930). 

3C. Y. Chao, Phys. Rev. 36, 1519 (1930). 

4G. T. B. Tarrant, Proc. Roy. Soc. 128, 345 (1930). 

5C. W. Hewlett, Phys. Rev. 17, 284 (1921). 

6S. J. M. Allen, Phys. Rev. 27, 266 (1926). 

7J. Read and C. C. Lauritsen, Phys. Rev. 45, 433 (1934). 

8 W. Genter lists the references for many. of the earlier papers 
in J. de phys. et rad. 6, 274 (1935). Some of the later papers are: 
C. C. Lauritsen and J. R. Oppenheimer, Phys. Rev. 46, 80 (1934) ; 
G. Groetzinger and L. Smith, yg Rev. 67, 53 (1945) ; J. M. Cork 
and R. W. Pidd, Phys. Rev. 66, 227 (1944); J. M. Cork, Phys. 
Rev. 67, 53 (1945) ; C. L. Cowan, Phys. Rev. 74, 1841 (1948) ; and, 
C. L. Davisson and R. D. Evans, Phys. Rev. 73, 1239 (1948). The 
results of the last two papers are in reasonably good agreement 
with the predictions of theory. 
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with reasonable accuracy, several sources of error must 
be considered. First, it is necessary to eliminate or at 
least take accurate account of the other two of the three 
principal processes by which gamma-rays are absorbed ; 
namely, the photoelectric effect and pair formation. 
Since it is extremely difficult experimentally to dis- 
tinguish reliably between the three, it is essential that 
the measurements be made in the energy region from 
one to three Mev, where, for elements of low atomic 
number, the photoelectric and pair formation cross 
sections are very small compared to that of the Compton 
process. An additional factor which undoubtedly con- 
tributed to the variations in the results of the earlier 
investigators is single and multiple scattering. For- 
tunately, the strong sources now available through the 
facilities of the Atomic Energy Commission make pos- 
sible the use of a geometry which effectively eliminates 
this difficulty, as may be verified both by calculation 
and by measurement. However, the use of such sources 
introduces a third source of error which is demonstrated 
very strikingly in the case of Sb'™, for which until the 
recent work of Kern? and co-workers, only two gamma- 
rays were reported. It is now apparent that gamma-rays 
of five different energies are emitted. Therefore, it is 
necessary that the methods employed for the measure- 
ment be capable of selecting one energy of the several 
emitted by the source so that the final measurements 
can be made with essentially monoenergetic radiation. 
Other factors which may introduce errors are the im- 
purity of the absorber, bremsstrahlung of the beta-rays 
and secondary electrons, and instability in the measur- 
ing equipment. 


METHODS OF MEASUREMENT 


Four methods of measurement were investigated but, 
of these, two were ultimately rejected as being un- 
suitable for producing accurate results. The first, which’ 
utilized the proportional properties of the crystal 
counter as a means of separating in energy the various 


gamma-rays emitted by the source, was discarded 


* Kern, Zaffarano, and Mitchell, Phys. Rev. 73, 1142 (1948). 


























ABSORPTION OF GAMMA-RAYS 


because of polarization effects in the crystal. The 
second, in which a beta-ray spectrometer was used to 
distinguish between the gamma-rays by selecting the 
secondary electrons ejected from a thin lead target, was 
rejected primarily because of the low counting rate ob- 
tained with a geometry suitable for eliminating errors 
due to scattering. The two methods actually used are 
termed the “filter” and the “coincidence” methods. 


The Filter Method 


This method, which for the ideal case of a mono- 
energetic source would be the most straightforward, is 
the one employed by the majority of the earlier inves- 
tigators. The geometrical arrangement is shown in 
Fig. 1. The measured absorption coefficient is defined 
through the relation 7,=(1/x) logNo/N where x is the 
thickness of the absorbing material and NV and Np are 
the true counting rates, proportional to the number of 
quanta transmitted unscattered, with and without the 
absorber in the beam, respectively. For a mono- 
energetic source 7» is the true value of the absorption 
coefficient for the material of the absorber. In the 
actual case in which more than one energy of gamma- 
rays is emitted, it may be shown that by filtering the 
radiation, say through lead, the measured coefficient 
approaches the true value for that energy which has 
the least absorption in the filter. A check on the theory 
is obtained by plotting 7» as a function of the filter 
thickness and comparing these data with the curve cal- 
culated using the theoretical values of the coefficients. 

The principal features of the geometry are, first, the 
small solid angle subtended by the counter and, second, 
the method of determining the background counting 
rate. The background was measured for each filter 
thickness both with and without the absorber in the 
path by filling the axial hole in the collimator with lead. 
It was shown that this eliminated all the radiation 
reaching the counter through the collimator. Hence, the 
background includes all scattered radiation reaching 
the counter by paths other than through the collimator, 
and this is independent of whether a measurement is 
being made of the actual counting rate or of the back- 
ground associated with it. Therefore, the only error in 
the measurement due to background is that due to 
single and multiple scattering occurring within the slit 
of the collimator. This was shown to be less than one 
percent by measuring the absorption coefficient as a 
function of the distance of the counter from the col- 
limator. The results are in good agreement with cal- 
culations which show that the total error due to scat- 
tering’® should be less than 0.2 percent. 


The Coincidence Method 


The coincidence method was essentially that used by 
Groetzinger and Smith." The geometrical arrangement 


10 T am indebted to Dr. E. S. Lennox for makin 7 this calculation. 
1 G, Groetzinger and L. Smith, Phys. Rev. 67, 53 (1945). 
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Fic. 1, Geometrical arrangement of the source S, absorber A, 


collimator C, and Geiger gamma-ray counter G, for the filter 
method. F= filter, H=source holder, P=lead shield. : 
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was the same as that in Fig. 1, with the exception that 
the filter was omitted and the single counter was re- 
placed by two beta-counters with their thin mica 
windows facing each other. An aluminum filter placed 
between the counters was just thick enough to stop 
completely the beta-rays ejected from the first counter 
by the lower energy gamma-rays. The coincidence 
counting rate was then determined with and without 
the absorber in the collimated beam. The background, 
due mainly to accidental coincidences, was determined 
with an aluminum absorber between the counters just 
thick enough to stop completely the electrons ejected 
from the first counter by the highest energy gamma-rays. 
These data then permitted a determination of the ab- 
sorption coefficient for the highest energy line emitted 
by the source, 


INSTRUMENTATION 


Although the only instrumentation involved in the 
final measurements was usual counting equipment, a 
detailed knowledge of the operating characteristics was 
necessary for accurate measurements. The regulated 
high voltage supply for the Geiger counters was stable 
to better than 1 percent for large fluctuations in the line 
voltage. A scale of 64 counting circuit was constructed 
having a resolving time of about 20 microseconds, suf- 
ficiently fast considering the deadtime of the counters. 
The coincidence circuit was a modified Rossi type, with 
a resolving time of 1.6 microseconds, again sufficient 
for the relatively low counting rates used. The counting 
time was determined by two synchronous electric 
clocks connected in parallel, a precaution found to be 
necessary for the particular type of clock used. 

The Geiger counters were constructed especially for 
the measurements. The gamma-ray counters were made 
from brass tubing four inches long and one inch in 
diameter fitted with an eight-mil central wire. The beta- 
counters were the end-fire type, one inch in diameter 
with mica windows approximately one mil thick. One 
counter was two inches long but the other, placed 
nearest the collimator was only 1% inches long. The 
reason for such small length to width ratio is clear on 
consideration of the angle of scattering versus energy 
of the secondary Compton electrons. 

All the counters were subjected to periodic tests. 
Whenever the slope of the plateau curve became 
greater than 3 percent per 100 volts for the gamma- 
counters and 5 percent per 100 volts for the beta- 
counters, or whenever the length of the plateau became 
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less than 150 volts, the counters were refilled. An alcohol- 
argon mixture at 11 cm pressure was used. Because of 
their short length and large mica window, the beta- 
counters showed considerable hysteresis, thus care was 
taken not to reduce the applied voltage during the 
period of measurement. Statistical checks were made 
occasionally to be sure that multiple counts were not 
occurring. Because of the difference in counting rates 
with and without the absorber in the beam, it was 
necessary to correct for the counting losses due to the 
counter deadtime. For low counting rates it is difficult 
to measure the counting losses with accuracy. There- 
fore, the corrections were based on the measured value 
of the deadtime. Because the deadtime is a sensitive 
function of the voltage above the threshold, the counters 
were always operated 100 volts above the threshold. 


EXPERIMENTAL PROCEDURE AND RESULTS 


In order to reduce the errors due to random varia- 
tions, a definite procedure was followed in taking the 
data. The equipment was allowed to warm up for ap- 
proximately twenty minutes. The four counting rates 
necessary to calculate r,, were determined in the fol- 
lowing time sequence: (1) without absorber in. the 
beam, 100 seconds, (2) with the absorber, 300 seconds, 
(3) background with absorber, 100 seconds, and (4) 
background without absorber, 100 seconds. This 
sequence was repeated many times so that in one set 
of data variations of the counters, circuits, natural 
background, or decay of the source would average out. 
The thickness of the aluminum absorber was adjusted 
so that the counting rate with the absorber in the beam 
was approximately one-third that without the ab- 
sorber. The optimum thickness (to obtain the greatest 
statistical accuracy in a given time) is a function of the 
ratio of the counting rate to the background.” With the 


WNCHES OF LEAD FULTER 


Fic. 2. The measured absorption coefficient versus thickness of 
lead filter for Sb. The vertical lines through each point represent 
the standard deviation based on the total number of counts. The 
solid curve was calculated using the theoretical values of the 
absorption coefficients. The dotted curve was obtained by ad- 
justing slightly the values of k and 7 in lead, holding fixed the 
value of 7 in aluminum. 


12 This calculation was an extension of one of the cases treated 
by R. Peierls, Proc. Roy. Soc. A149, 467 (1935). More recently 
M. E. Rose and M. M. Shapiro, Phys. Rev. 74, 1853 (1948), have 
treated this and additional cases in some detail. 


low counting rates sometimes prevailing in these 
measurements, the ratio was relatively small; hence, 
the absorber thickness was optimized for this condition. 
For the filter method, each point plotted on the filter 
curve is an average of two or three such sets, while at 
least ten sets were obtained at each energy by the coin- 
cidence method. 

The three sources employed in these measurements 
were Zn®, Sb, and Na™. The energies of the gamma- 
rays emitted were taken from the latest published data." 
The first two sources were obtained from Oak Ridge, 
while the Na™* was made in the Michigan cyclotron by 
bombarding sodium meta-borate with deuterons. The 
source was allowed to stand 24 hours before being used 
for the filter method to allow decay of the short half-life 
impurities which could exist. Tests were made which 
indicated there were no impurities present of energies 
comparable with those of Na™ at the time of measure- 
ment. 

A filter curve was obtained for two of the three 
sources. It was not feasible in the case of Zn® because 
of the low intensity of the annihilation radiation com- 
pared to the intensity of 1.11-Mev line. To obtain a 
curve required such thickness of filter that the counting 
rates were reduced below practical values. Plots of the 
experimental data for Sb! and Na” are given in Figs. 
2 and 3, respectively, along with the calculated filter 
curves. The short vertical lines represent the standard 
deviation for each point based on the total number of 
counts. 

The results of the coincidence measurements for the 
three sources are given in Table I. The data include 
certain corrections which are discussed below. The 
theoretical values of the absorption coefficients were 
calculated from the formulas given in Heitler,“ using 
the latest values of the fundamental constants. 


DISCUSSION OF RESULTS 


The filter curves (solid curves in Figs. 2 and 3) were 
calculated using the theoretical values of the absorption 
coefficients by the relation 


1 [1+>> Rel) 21 | 
Tm= TH°-+— log f 
Xe f1+>- Ryelrie—ti) 1¢(49— 135) 22] 


where the subscripts 1 and 2 refer to lead and alu- 
minum, respectively, and the letter superscripts refer 
to a particular gamma-ray energy. Thus, 72% indicates 
the total absorption coefficient in aluminum for the 
gamma-ray of energy a. k'=e;No'/e,No*, where e¢ is 
the counter efficiency for energy i, and No‘ is the 
number of gamma-rays emitted by the source per 





8 Kern, Zaffarano, and Mitchell, reference 9; C. Sharp Cook 
and L. M. Langer, Phys. Rev. 73, 1149 (1948); Jensen, Laslett, 
and Pratt, Phys. Rev. 73, 529 (1948) ; K. Siegbahn, Phys. Rev. 70, 
127 (1946). 

“W. Heitler, The Quantum Theory of Radiation (Clarendon 
Press, Oxford, 1944). 
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second of energy i. Thus, to obtain the curve, it is 
necessary to know the energies and the intensities of all 
the gamma-rays emitted by the source, as well as the 
efficiency of the counter for the various rays. For the 
sources used in these measurements, the energies are 
believed known to about 1 percent and the intensities 
to perhaps 5 percent. The efficiency of a Geiger counter 
for the various cathode materials as a function of 
energy was determined by Bradt and co-workers. A 
check on the consistency of these data was made for 
Na*™, which emits two lines of equal intensity, by 
plotting the usual absorption curve. From this curve 
the ratio k may be determined and compared with the 
calculated value. 

A comparison of the data with the calculated filter 
curve for Sb™ might be considered as indicating a dis- 
crepancy of approximately 2 percent in view of the fact 
that the shapes of the curves agree very well. By 
increasing the value of 72* by 2 percent, the curves may 
be brought into very good agreement. However, this 
indicates clearly the difficulty of the method, particu- 
larly when so many energies are emitted by the source 
that it is not feasible to check the consistency of the data 
as indicated above. The value of k depends on the 
efficiency of the counter and the intensities of the lines. 
The efficiency depends somewhat on the geometry of 
the counter and thus the values taken from Bradt 
should not be considered accurate unless his geometry is 
reproduced.'® Likewise, the intensities are not known 
with certainty. In addition, although the energies of the 
gamma-rays are known to 1 percent, the values of the 
total absorption coefficients in lead for the various 
energies are not known with that accuracy. The dotted 
curve which fits the data very well was obtained by 
adjusting slightly the values of & and 7 in lead, holding 
fixed the value of 7 in aluminum, which depends only 
on the Compton cross section. It might be pointed out 
that for the data available’’ prior to Kern’s, no reason- 
able fit was possible. 

The case for Na” is less open to question as only two 
lines are believed to exist. The calculated curve is about 
0.5 percent low. A slight change in the coefficients for 
lead and in k, well within their uncertainty, gives very 
good agreement as is indicated by the dotted curve. 
There is apparently some very low energy radiation 
present which is rapidly filtered out. 

Although a filter curve was not obtained for Zn®, a 
measurement was made of the apparent coefficient 
without any filter. When corrected for the three to five 
percent annihilation radiation emitted,'* the measured 
value becomes 0.1567 cm=, which is in good agreement 
with the theoretical value of 0.1572 cm7. 


16H, Bradt et al., Helv. Phys. Acta 19, 77 (1946). 
16 5 Siegbahn also indicates a discrepancy, Phys. Rev. 70, 127 
1946). 
ase is ot Meyerhof and G. Scharff-Goldhaber, Phys. Rev. 72, 
273 (1947). 
18 W. M. Good and W. C. Peacock, Phys. Rev. 69, 680 (1946) ; 
E. N. Jensen (private communication). 
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Fic. 3. The filter curve for Na™. 


The results of the coincidence method are less sus- 
ceptible to these uncertain errors, and the measured 
values show agreement with the theoretical values 
within the standard deviation of the data. Of the three 
energy values for which the coefficient was measured 
in aluminum, perhaps the most reliable is that at 1.11 
Mev. The photoelectric and pair cross sections are com- 
pletely negligible at this energy, and the source is the 
most ideal of the three, the only other energy emitted 
being the annihilation radiation which is sufficiently 
far removed to allow good filtering of the secondary 
electrons. Perhaps the least reliable is antimony. At the 
time of measurement, it was believed that the highest 
energy emitted was 1.71 Mev. The subsequent values 
listed by Kern indicated a weak gamma-ray at 2.04 
Mey, with an intensity of 3 percent. It would, therefore, 
be expected that the data would be slightly lower than 
the theoretical value for 1.71 Mev. 

As was indicated previously, certain corrections were 
applied to the original data. The solid angle subtended 
by the counter was such that radiation scattered 
through slightly less than 1° would reach the counter. 
On the basis of the differential cross section, this 
amounts to an error of about 0.2 percent in the counting 
rate with the absorber in the beam. A second correction 
is the loss of true counts due to the deadtime of the 
counter. For the counting rates used, the correction to r 
amounted to less than 0.5 percent for the filter method 
and approximately 0.9 percent for the coincidence 
method. An additional correction of 0.3 percent was 
made for the impurity of the absorber. The aluminum 
was analyzed by quantitative spectroscopic means and 
was found to contain iron as the major impurity. The 
error due to bremsstrahlung of the beta-rays emitted 
by the source was completely negligible. 

A check on the stability of the circuits was furnished 
by comparing the standard deviation calculated from 
the number of counts with the standard deviation cal- 
culated from the deviation of the individual sets from 
the mean. These were in close agreement for zinc and 
sodium indicating no large random fluctuations. How- 
ever, for antimony, the first energy measured, there 
was an appreciable difference. This was later found to 




















be due to fluctuations in the counter supply and the 
coincidence circuit, and were subsequently eliminated. 
The standard deviation given in Table I for antimony 
was calculated from the deviation of the individual sets 
from the mean. 

The measured values for the total cross section are in 
very good agreement (approximately 1 percent) with 
the predictions of theory (Table I and Figs. 2 and 3). 
Any attempt to obtain a closer check at the present 
time would have little meaning inasmuch as the energies 
of the gamma-rays are known only to about 1 percent. 
The results of this investigation indicate, therefore, 
that the Klein-Nishina formula is in agreement with 
experiment in the energy range one to three Mev for 
aluminum. 
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TABLE I. Absorption coefficients for aluminum (cm~). 






















Theoretical 
Energy Photo- Measured 
Mev Compton electric Pair Total value 
1.11 0.1572 0.0001 —_— 0.157 0.156+-0.001 
1.708 0.1253 — 0.0009 0.126 0.125-+-0.002 
2.76 0.0949 —— 0.0042 0.0991 0.0996+-0.0008 
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PHYSICAL REVIEW 





The calculation of the coefficients of fractional parentage and of the energy matrices for the configurations 
f” is simplified very much by the use of the theory of groups. Tables of results are given. 


1. INTRODUCTION 


T was shown in two previous papers! that the cal- 
culations on complex spectra may be simplified by 
the introduction of tensor operators and coefficients of 
fractional parentage. These coefficients may be cal- 
culated by Eqs. (9) of III and (11) of III, but it 
appears that for the configurations /" Eqs. (11) of III 
are too cumbersome for practical use. 

By considering the meaning and the properties of the 
coefficients of fractional parentage from the standpoint 
of the theory of groups, we shall see that these cal- 
culations may be somewhat simplified and that a very 
fortunate and important simplification takes place 
exactly for the configurations /*. 

In Section 4 we shall classify the states of f* as the 
basis of some group representations and in Section 5 
we shall find some properties of the coefficients of 
fractional parentage which will avoid the use of Eqs. 
(11) of III; the results of the calculations will be given 
in Tables III and IV. The energy matrices will be cal- 


1G. Racah, Phys. Rev. 62, 438 (1942) and 63, 367 (1943) 
(which will be referred to as II and III. We refer to these papers 
for definitions and notations. 
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culated in Section 6, and also these calculations will be 
simplified by group-theoretical considerations. 

Before treating the very argument of this paper, we 
shall give in Section 2 a formula which should have its 
natural place in Section 5 of III, but was unfortunately 
obtained only after the publication of that paper, and 
we shall prove in Section 3 a corollary of Schur’s lemma, 
which will be very useful in the following calculations. 


2. THE, MATRIX OF SYMMETRIC SCALAR 
OPERATORS 

The matrix components between two states of J" of 
the scalar operator (30) of III were calculated in (33a) 
of III by taking only the last term of the summation 
and then multiplying the result by 3u(n—1). It appears, 
on the contrary, more convenient to limit the sum of 
(30) of III to the first m—1 electrons and then to 
multiply by x/(n—2). Thus, we obtain easily 


(aSL|G|I"a’SL) 
=[n/(n—2)] X (aSL{|l—(a,SL,)ISL) 


oran’SiL1 


XxX (a,S,L;| G| 1™—1q'S;L1) 
X (*-(a/SiLi)ISL| }l"a'SL). (1). 


























an 


bi 

















This formula advantageously replaces (33a) of III, 
since it does not need the use of (32) of III. Moreover, 
if it is used for operators the eigenvalues of which are 
already known, it gives a great number of equations 
between the coefficients of fractional parentage. 
Operators of this type are not only the operator Q 
defined by (34) of III and the operator R which will be 
defined by (23), but, first of all, the operators 


Lh) =(LZ+1)—nl(+-1))/2 (2) 


i<j 


X (si 83) =35(S+1)—3n/8. -(3) 


i<j 


and 


3. A LEMMA 


The irreducible representations (a|Ua(s)|a’) of a 
group g are generally reducible as representations of a 
subgroup § of q; i.e., a constant matrix R, exists, so 
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that for every element ¢ of 5, 
X (Bb | Ra-|a)(a| Va(0)|a’)(0"| Ral 6°B's") 
= (b| Va(#)|5’)5(BB’)3(68"), (4) 


where the (5| Vs(t)|6’) are the irreducible representa- 
tions of }. Instead of the representations U4(s), we 
shall always consider the equivalent representations 
(“reduced with respect to ’”’), 


(8Bb| W a(s)| 6’B’O’) 
= (8Bb| Ra*U a(s)Ra|6'B'S’); (5) 


it follows from (4) and (5) that for every element ¢ of b, 
(8Bb| W a(t) | 6’B’b’) = (b| Va(t)|b’)6(BB’)8(68’). (6) 


The external (Kronecker’s) product of two irre- 
ducible representations of g is generally reducible, i.e., 
a constant matrix S exists, so that 


(A1A2a@A BBb| S| A181B1b1; A282B2b2)(81B1b1| W41(s) | B1'By’by’) 


6:Bibi82B2b2B1’ Bi’bi' Bo’ Bab’ 


Also the external product of two irreducible representa- 
tions of f is generally reducible and a constant matrix T 
exists, so that 


pi (B,BzyBb| T—| B,b, Bebe) (b,| VB, (t) | b,’) 


bibabi’be’ 


XK (be| VB2(t) | be’) (Byby' Bob,’ | T| B,Bzy'B'd’) 
= (b| Va(t)|o’)5(BB’)i(yv’). (8) 
From (8), (6), and (7) we obtain 


E (| Velt)|b”)(B,ByyBb” | T-*| Byb:Babs) 
bibob” 


X (A181Bibi; A2B82Bob2| S| A1A 202A BB’D’) 


= >> (B,B2yBb| T-!| Bib: Bebe) 
bibeb”’ 


X (A181Bib1; A2B2Bobe| S| A1A 202A BB’b’’) 
x (b’|Va-(t)|5’), (9) 


and it follows from the lemma of Schur that the con- 
stant matrix 7—'S is diagonal with respect to B and b 
and is independent of b: ; 


be (B,BzyBb| 7 | B,b,B2b2) 
bibs 
X (A181B1b1; A2B2Bob2| S| A1A22A BB'S’) 
= (A181B1+A282B2| X_| eA BB)5(BB’)5(bb’). (10) 


Multiplying from the left by T we have, finally, 
(A181Bibi; A2B2Bob2| S| A1A20A BBO) 
=> ,(B1b:B2b2| T | Bi BsyBb) 
X (418:Bi+A262B2| X,|aA6B); (11) 





xX (B2Beb2| Wa2(s) | Bo’ Bo’ ba’) (A 181’ By'by’; A282’ Bo'be’ | S| A 1A oat’ A ’B’B’b’) = (BBb| Wa (s) | B’B’b’)5(AA’)8(aa’). (7) 









this formula will be very useful for practical calcula- 
tions, since it expresses the dependence of the matrix 
S on ;, be, and 6 by means of the simpler matrices T. 


4. THE GROUP-THEORETICAL CLASSIFICATION 
OF THE TERMS OF i* 


1. The Spin and the Orbital Momentum 


4l+-2 


The configuration /" has ( ee independent states 


which may be characterized by a set of quantum 
numbers I’; if the 4/+-2 eigenfunctions ¢(m,m,) of the 
individual electrons undergo a linear unimodular trans- 
formation, 


¢ (m,'m;') = >> o(m.m;,)c(m,m,; m,'m;'), (12) 


the eigenfunctions ¥(/", I) undergo the linear trans- 
formation which is induced by (12) on the ansitym- 
metrical tensors of degree m in the (4/+-2)-dimensional 
space; i.e., the W(/", 7) are the basis of the antisym- 
metrical representation {C4:42}" of the linear uni- 
modular group C442. The rows and columns of this 
representation are characterized by the quantum 
numbers I. 

If we limit C4142 to the subgroup (2X C241 defined by 


c(m,m,; m,'m,') = (mm, )c(mym,'), (13) 


where vy and ¢ are two independent linear unimodular 
transformations, the representation {(442}" breaks up 
into irreducible representations of C2XC2141, each of 
which is the external product of a representation Ds 
of C2 and a representation Oy, s of C2741. It is well known 
that the symmetry schemes of Ds and H,,s must be 
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TABLE I. Reduction of Sw as representation of Ge. 


Table II. Reduction of Cy as representation of d3. 








Values of S and v 
I II 


Ss S 


e 
e 





0 
1/2 
1 
0 
3/2 
1/2 
1 
Q 
1/2 
0 


7/2 
3 
5/2 
5/2 
2 
2 
3/2 
3/2 
1 
1/2 


(20) 
(21) 
(20) (21) (30) 
(22) 
(221) (20) (21) (30) (31) 
(222) (20) (30) (40) 


ANP PRWWNHNHRO 
NANUAP IO 








dual; since the scheme of Dz has two lines, the lengths 
of which are, respectively, (n/2)+S and (/2)—S, the 
scheme of §,,s will have two columns of these lengths. 
The basis of these representations of (2XCo141 are the 
functions W(/"SMsA); the quantum number Ms 
characterizes the rows and columns of Dg, the quantum 
numbers A those of §,, s. 

If we limit ¢2,;1 to its subgroup composed by the 
elements of the representation D, of order 2/+-1 of the 
three-dimensional rotation group }s3, the representation 
©n,s breaks up into representations Dz of ds, the basis 
of which are the functions V(/"aSLMsM,). The 
quantum number (or set of quantum numbers) a must 
be introduced in order to distinguish the different 
equivalent representations of }3 which may appear in 
the reduction of §,, 5, i.e., the different terms of the 
same kind which are allowed in /”. 

In order to classify in a suitable way these different 
terms, it is convenient to perform the passage from 
C2141 to D3 by successive steps. 


2. The Seniority Number 


As a first step, we limit C2241 to the orthogonal sub- 
group D241 which leaves invariant the quadratic form 


Ea(—1)"9(m)o(—m), (14) 


and the representations ,,s then break up into irre- 
ducible representations Bw of D241; since the group 
Doi41 is of rank J, each Bw is characterized by a set W 
of / integral numbers 


Wi >W2> +++ 2wWi20, (15) 


and since in the symmetry scheme of $,, 5 no row has 
a length greater than 2, also the w, will not be greater 
than 2 and it will be 


Wi="'' =We=2, Wayi=':* =Ways=I, 
Warbsi= "= wi =0. (16) 


It is known from the theory of tensors that the 
passage from the linear to the metric space (or from 
C, to d,) allows the decomposition of tensors by trace 
operation or contraction, i.e., some linear combinations 


12g(U) 





PDFFGHHIIKKLMNO 
SDFGGHIITKLLMNQ 








of the components of tensors of degree m transform 
themselves as components of tensors of degree n—2; 
the classification of the terms of J" according to the 
representations of d2:4: will therefore introduce a cor- 
respondence between some of them and the terms of 
I”. It is easy to see that this correspondence is the 
same which was introduced in Section 6, Subsection 2 
of IIT i.e., that the separation of the terms with Q~0 
from those with Q=0 is equivalent to the decomposi- 
tion of a tensor by trace operation. 

If we subtract (54), III, from (37), III, and add (52), 
III, we get 


l 
gis= —4-2(8;-8)—2 D(A 1)(uY -wsA-Y); (17) 
1 


owing to (38) of III and to (3) we have, for Q, the 
expression 


l 
Q=jn(4l+-4—n)—S(S+1)—L(4t—-1)UC-", (18) 
1 
and it may be shown that 
1 
> (4¢—1)U @-)* = (2/—1)G (D241), (19) 
- ; 


where G(d2141) is Casimir’s? operator G for the group 
Deri 

It may also be shown that the numbers a and 8, which 
characterize the representations Bw according to (16), 
are connected to the spin and the seniority number by 
the relations 


a=(v/2)—S, b=min(2S, 2/+1-—»). (20) 


The basis of the representations Bw are the functions 
W(l"avSLM 5M ;). 

The seniority number could also be introduced before 
the spin number, by limiting C4242 to its symplectic 
subgroup which leaves invariant the bilinear antisym- 
metric form 


"ae 
2m dm 1)™*+™i-4g:(m,mi)2(—m., —m). (21) 


*H. Casimir, Proc. Roy. Acad. Amsterdam 34, 844 (1931). 
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TaBLe IIIa. (WU|W’U’+f) for W’ = (000), (100), (110), (200), (111), (210). 








(000) (100) (110) (200) 
W U _ (00) (10) (10) (11) (20) 








wv’ 
(111) (210) 
(00) (10) (20) (11) (20) (21) 











1 0 0 





0 








(100) (10) 1 0 (1/3) (2/3)4 1 
10 0 1 0 0 0 
(110) tt) 0 1 0 0 0 
(200) (20) 0 1 0 0 0 
(00) 1 0 0 
(111) (10) (2/3) —(1/3)4 0 
(20) (2/9) —(7/9)8 0 
(11) 1 0 1 
(210) (20) (7/9)4 (2/9) 1 
(21) 0 1 1 

(10) 

(11) 

(211) (20) 

(21) 

(30) 

(20) 


(220) (21) 








(3/35)# = (2/5)#_— (18/35)4 (2/5)# —(3/5)8 0 
0  —(1/10)' —(9/10)4 0 (3/35)# —(32/35)4 
0 0 0 (2/15)# — (9/35)# (64/105)4 
0 —1 0 0 0 0 
—(1/7)+ —(3/8)' (27/56)4 0 0 0 
0 (1/8) —(7/8)4 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
(27/35)* —(9/40)# (1/280)! = —(3/5)# —(2/5)4 0 
0 (9/10)# +—(1/10)4 0 (32/35) —(3/35)8 
0 (7/8)# = (1/8) (1/3)# = (2/7)*_ —(8/21)4 
0 0 1 (3/16)* —(25/112)# (33/56)4 
0 0 1 0 (1/7)! = (6/7)4 


—(16/35)# (1/105)4 


(8/15) 
(27/56)! (11 28) 


—(1/8)4 
0 














3. The Special Case of f* 


It was remarked in Section 6 of III that the seniority 
number suffices to distinguish the different terms of the 
same kind in d”, but not for greater /; for />3°we must 
therefore seek for a subgroup of 24:1 which contains 
,, and it is a very fortunate chance that such a sub- 
group exists exactly for /=3: it is the subgroup of 
which leaves invariant the trilinear antisymmetric 
form 


DX V(333; mm'm"’)di(m)b2(m')os(m"), (22) 
where V (abc; aB) is defined by (17’) of II. This group 
is the first of the five simple groups which exist besides 
the four great classes of simple groups, and is usually 
denoted as Go. 

If we limit D7 to its subgroup G2, the representations 
Bw break up into irreducible representations Cy of 
G2; since Ge is of rank 2, the Gy are characterized by a 
set U=(uu2) of two integral numbers. If we limit G2 
to its subgroup composed by the elements of the repre- 
sentation D; of ds, the Gy also break up into repre- 
sentations Dz of d3, the basis of which are the functions 
W(f"aUvSLM sM z), and these functions will form our 
definitive system of eigenfunctions of f*. 

The law of reduction of Bw as representation of Ge is 
given in Table I, that of Cy as representation of 0; is 
given in Table II; we see from this last table that the 
quantum number a must be maintained only for 
U=(31) and U=(40). 

Also the quantum numbers U could be introduced 
in a similar way as the seniority number in Section 6 






TaBLeE IIIb. (WU|(211)U’+/). 











vu’ 
Ww U N (10) (11) (20) (21) (30) 
(00) 1 1 0 0 0 0 
(111) (10) 24-4 —1 8} 154 0 0 
(20) 5832-4 1 —56# 135% 2560! 3080! 
(11) 42-4 —7 0 15¢ 20 0 
(210) (20) 1701-% 98 448! 270! —S00# 385! 
(21) 672-4 0 —7! —60! 220! 3854 
(10) 72-4 —5i' 40! —27) 0 0 
(11) 126-4 354 0 —27' 64! 0 
(211) (20)  2520-*  —245! —280! —867! —512! 616! 
(21) 315-4 0 354 —274 —1764 77% 
(30) 315-4 0 0 274 64+ —2244 








of III, by classifying the terms of f" according to the 
eigenvalues of 


R=) fii, (23) 


i<j 
where the scalar operator r;; is defined by the relation 
(PLM |1;;|fPLM)=68(L, 3); (24) 


the equations which correspond to (17), (18), and (19) 
are 


‘j= —2 8;° 8; —?2 sj 18 u;-u;) 
j= —2( 2435 ( "466(u,-u,®), (25) 


R=1n(n+26)—S(S+1)—20—9U?—33U(°)*, (26) 


and 
9U2+433U2= 12G(G:); (27) 
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Taste IVa. (UL|U’L’'+f) for U’=(00), (10), (11), (20). 
U'L’ 
(00) (10) (11) (20) 
U i 2 F P H D G I 
(00) Ss 0 =f 0 0 0 0 0 
(10) F 1 1 (3/14)4 (11/14)3 —(5/27)8 —(1/3)#  —(13/27)8 
(11) P 0 1 0 0 (10/21) —(11/21)3 0 
H 0 1 0 0 (20/189)8 (65/231)# ©—(182/297)% 
D 0 1 —(27/49)t  —(22/49)3 —4/7 (33/49)4 0 
(20) G 0 i (33/98)  —(65/98)4 (55/147)! © —(125/539)4 (13/33)4 
I 0 1 0 1 0 (3/11) (8/11) 
D —(22/49)4 (27/49)8 (33/49)8 4/7 0 
F —(11/14)4 (3/14)3 —(55/126)# —(8/77)3 (91/198) 
(21) G (65/98)4 (33/98)4 (13/882)4 (104/147)8 (5/18) 
H 0 1 (13/27)3 — (16/33) | —(10/297)4 
K 0 1 0 (16/33)  —(17/33)4 
L 0 1 0 0 1 
P (11/21)? (10/21)4 0 
F (143/378)# | —(130/231) (35/594)4 
G (11/18)4 (2/33)  —(65/198)4 
(30) H (26/63) (18/77)4 (35/99)3 
I 0 (8/11) —(3/11)3 
K 0 (17/33)4 (16/33) 
M 0 0 1 
TABLE IVb. (UL|(21)L’+/). 
L’ 
U i N D F G H K L 
(11) P 1344-4 2208 —5394 —585% 0 0 0 
H 4928-4 —270! 1474 —2973 1078 14708 — 1666+ 
D 3136074 8910! 8085+ 3513 — 140143 0 0 
(20) G 4312-4 3308 1473 12874 1078? — 1470! 0 
I 18304-4 0 19113 14858 2208 4590 10098! 
D 5390-4 3758 19608 —11448 19114 0 0 
F 154-4 — 40} 7 —65+ 0 0 0 
(21) G 63063074 —743603 455 2269413 —517444 705608 ~=—i(itéi 
H 1573074 —2535} 0 1056 —31798 72603 1700 
K 2860-4 0 0 —192! 968 —85t 1615! 
L 572-4 0 0 0 —498 —2858 2473 
P 2688-4 34 —2453 12873 0 0 0 
F 112-4 —394 0 243 7 0 0 
: 7920-4 1375} 24503 —858! 16174 16203 0 
(30) H 64064074 —422503 —455 39718 2619548 490 1249508 
I 9152-4 0 12743 27508 13208 2125 — 1683+ 
K 1040-4 0 0 —2044 — 1368 605 953 
M 64-4 0 0 . 0 —158 —7 
S 1 0 1 0 0 0 0 
D 640-4 —1304 1953 2978 18% 0 0 
G 5148074 18590 65 —4294 —238264 —44108 0 
(22) H 6160-4 980! — 24508 1078 — 132% 245% —12758 
I 18304-4 0 1105 9163+ —22441 — 4802! 9908 
L 364-4 0 0 0 1524 —147 —654 
N 16-4 0 0 0 0 =f 113 








it may also be shown® that the eigenvalues of G(G2) are. 


g(U) =g(urte2) = (ur? 4142+ 42?-+-5u,+4u2)/12, (28) 
Although this method of introducing the quantum 
numbers U avoids the explicit use of the theory of 


* The general expression of the eigenvalues of Casimir’s operator 
G for every semisimple group will be published elsewhere. 


groups, the group-theoretical definition appeared this 
time more convenient, since the properties of the coef- 
ficients of fractional parentage and of the energy ma- 
trices, which are connected with this classification and 
will be obtained in the next sections, could be demon- 
strated only with the use of the theory of groups. 
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TaBLeE IVc. (UL|(30)L’+f). 











I 


L’ 














U L N P F G H I K M 
— D 490-4 — 54+ —91 1894 — 1564 0 0 0 
(20) G 5929-4 —3308 9104 1264 — 5944 2184 — 17854 0 
I 2202274 0 — 245% — 17554 — 23108 — 2106! —43203 — 112864 
27)4 
D 2695-4 —s7st 10928 700} 3258 0 0 0 
F 1694-4 — 554 0 — 560+ —7154 — 364} 0 0 
97)4 (21) G 630630-+ — 836554 — 873603 — 56784! —3971 2275004 1713604 0 
H 55055-4 0 127404 — 7644} 187114 — 78004 — 8160+ 0 
K 165165-+ 0 0 — 16848! 774 — 276254 798604 —40755+ 
33) L 17017-+ 0 0 0 —17853 — 19894 — 1140 121034 
1 
P 16-4 0 133 33 0 0 0 0 
F 1232-4 429% —774 2734 —334 —4208 0 0 
98)4 G 5544074 —34654 —95554 7203 277974 1300+ — 6120 0 
18)4 (30) H 1144074 0 — 1953 — 4693+ 1232 2600! 27208 0 
97)4 I 32032-+ 0 5880+ 5204 — 6160! —1911% 15680! — 1881 
33)4 K 51051074 0 0 338134 890124 — 216580! 8085! 1630204 
M 3808-4 0 0 0 0 153+ 9604 26954 
)4)4 ' ¢ 
at 5. THE on by FRACTIONAL For the particular case /=3, owing to the existence 
= ARE f of the intermediate group G2, the coefficients of frac- 
of 1. General Properties tional parentage are the product of three factors: 
The eigenfunctions of /*, which are the basis of 
a {C4142}", may be obtained by reduction of the repre- f(a’ ‘V'S'L') fSL| } fra’ oSL) ; 
sentation {¢s+2}"—X (Car42): = (U'd'L’+f|Ual)(W U'+f| WU) 
= X(frv’S’+f| }frvS), (34) 
W(l"avSLM sM 1) 
ae => W(/"“'0'S'L'M s'Mz')o(mem) and the orthogonality relations (33) break up into 
2 X (I"“1a'0'S’L'M s'M 1’, lmym,|l"avSLM 5M x); (29) 
. Cv (WU|W'U'+f)(W'U'+f|W"U)=5(WW") (35) 
owing to the particular choice of the scheme which was ) 
° made in the preceding section, it follows from thelemma and 
8 (11) that the coefficients of this transformation break 
up in a product of different factors, each of which UealL|U'e'L! Ua L'+f\U"al'L 
depends only from a smaller number of variables: pai aL|U'a'L'+ f)(U'a'L'+ f| U"a''L) 
") 
54 (l—“e'0'S’L'M s'M x’, lm.m,|l"avSLM sM x) =6(UU")8(aa"’). (36) 
“a = (S’4M s'm.|S'$SM s)(L'IM 1'm,| L'ILM x) 





(Wa L'+1| WaL)(I"—v'S’+1| }1"0S). (30) 


Confronting this expression with (10) of III, we see 
that the coefficients of fractional parentage are the 
product of two factors: 


(I--\(a'v'S’L)ISL| }l"evSL) 
= (W'a'L'+1|WaL)(I"—v'S’+1] }l"vS); (31) 


the relations (58) of III are particular cases of this 
result. Owing to the unitary of all our transformations, 
the factors of (31) satisfy the orthogonality relations 


¥ (dra { J*-10'S’+1)(I"—1v'S’41| }l"S)=1 (32) 


v’S’ 
and 


> (Wal! W'a'L'+1)(W'e'L'+1|W" aL) 
aL! 
=5(WW")5(aa’’). (33) 


In order to find also relations of the type (61) of ITI, 
we consider now the identical representations of D241 
which appears in the reduction of BwixXBwe. Such 
representations may only appear if Wi1=Ws2, and since 
the tensors of odd degree are diagonal with respect to VW 
(see (70) of III), we obtain in the same way as in 
Section 6 of IT that 


(W10L:+W earls! (00- ? .0)0) 
=[(2L1+1)/gy,}'6(WiW2)5(ara2)6(LiL2), (37) 


where gy, is the order of the representation Omi. 
Owing to the value (16’) of II of (LLMM’|LL00), we 


get also 


(W10,L1M1, W202L2M2|WiW2, (00- - -0)00) 
= wm 1)1-15(WW2)5(aya2) 
X6(LiL2)5(Mi, ~M2). (38) 
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TABLE V. c(UU’(40)). 








(00) (10) (11) (20) (21) (30) (22) (31) (40) 





8 

~ 
moOooooocoo 
-- ORS OOCCO 
NNR Re KK OOO 
NWNNNHNHK OO 
NOR NNK KK O 
NNRK KOK OOO 
WUANWWNHERO 
WQWwWNNNNH Re 








If, in the general formula,‘ 
f (Wia,L1M,|R| W01'L1'M7’) 
X (Wea2l2M2| R| Wea2'L2'M2’) 
X(WaLM|R|Wa'L'M')*dR 
= gwo'(Wia1L1M1, Wea2L2M2|WiW2, WaLM) 


x (WiW,, Wa'L'M’| Wia;'L)'My, W eae’ Le’ M2’) 
Xx f dR, (39) 


we consider the special case W= (00- - -0) and introduce 





(38), we get 
f (Wa,L1M;| R| Won’ Ly’'My’) 
X (Wea2L2M2| R| Ween’ Ls'My/)dR 
= gy-}(— 1) beta’ Ma—-0'5 (Ws) 
X 5(a1a2)8(LL2)8(M1, —Ms) 
X 5(c’ce2")8(Ly’Ls’)8(M,', — My’) f dR, (40) 


and confronting this result with the orthogonality 
relation® 


f (WonL1M;| R| Wrey'Ly/My’)* 
X(WsaL2M | R| W201’ Ly’My')dR 
= gyy,28(WsWs)8(cxras)8(LaL2)3(M Ms) 
X5(a1/as")5(L1'Ls’)8(My'My’) f dR, (41) 


we obtain from the well-known corollary of Schwarz’s 
inequality that 


(WaLM|R|Wa'L'M’)* 
= (—1)/+2’-M-M'(WoL—M|R|Wa'L’—M’). (42) 


Applying this result to the first and third factor in the 
left side of (39), we have 


(W10,L,\M ly W rarl.M 2| WW, WaLM (WW, Wa'L'’M ’| Way'L,'M. is Wee! Le! M: 2’) 
= (—1) Eth MMH Lili + Mt (g /¢w,) (WaL—M, Wa2L2M2|WW2, WierLi— M1) 
xX (WW2, Wia;'L;'—M}' | Wa’'L’— M’, W 202’ Lo’ M2’), (43) 


and since, owing to (16’) of II and (19a) of II, 
(L,L2M ,M,| L,L2LM) 
= (—1)4tM—My (2L+1)/(2L1+1)]}! 


X(LL2—-MM,|LL2Li—M;), (44) 
we have also 


(Wyo,L,+ Wea2ls| WaL) (Wa'L’ | Wiay'L'+ Weare’ Le’) 
— (-— 1)2tb2-LitL’+L2’—Ly/ 

[(2L1+1)(2Ly'+1)/(2L+1)(2L'+1) }¥(gw/gy,) 

»4 (WaL+ W 202L2| W101) 

x (Wycy'Ly'| Wa'L'+ W eae’ L 2’). (45) 
This equation may be satisfied only if 
(WaL+W aL. | Wa,L;) 
= (1) ht (224+ 1gw,/(2L1+1)gw}? 


X(WiarLi+Wrorls|WaL), (46) 


“See E. Wigner, Gruppentheorie (Friedrich Vieweg and Sohn, 
Braunschweig, 1931), p. 204, Eq. (22). 





where x is independent of the Z and depends only on 
the W. The value of x is to a some extent arbitrary, 
since it depends from our choice of phases. For the 
particular case W.=(10- - -0)=/, which is important for 
us, we put x=/= Lp, and therefore, 
(WaL+1|W’'a'L’)=(—1)2-"’ 

X[(2L+1)gw-/(2L'+1)gw](W'a'L’+1|WaL); (47) 
the relation (61) of III is a particular case of this result. 

It is easy to see that for /=3 the relation (47) breaks 

up into 


(WU+|W'U')= (gugw/gu:gw)(W'U'+f|WU) (48) 
and 
(UaL+f| U’a'L’)=(—1)2-"’ 
X((2L+1)gu:/(2L’+1)gu }(U'a'L'+f|UaL). (49) 
2. The Calculation of (1"—!v’S’+1| }*vS) 


Applying (1) to (3) and owing to (31) and (33), we 
have 


5 Reference 4, p. 110, Eq. (11). 
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(U\x|U’) S P D F G H I K L M N 
(20] x| 20) 0 0 143 0 —130 0 35 0 0 0 0 
(11] x} 21) 0 0 0 0 0 1 0 0 0 0 0 
(20] x| 21) 0 0 —39v2 0 4(65)* 0 0 0 0 0 0 
(21] x1|21) 0 0 377 455 —561 49 0 —315 245 0 0 
(21} x2| 21) 0 0 13 —65 55 —75 0 133 —75 0 0 
(10] x | 30) 0 0 0 1 0 0 0 0 0 0 0 
(11 x| 30) 0 —13(11)# 0 0 0 (39) 0 0 0 0 0 
(20] x| 30) 0 0 0 0 —13(5)3 0 30 0 0 0 0 
(21| x|30) 0 0 0 12(195)3 8(143)+ 11(42)3 0 —4(17)} 0 0 0 
(30| x | 30) 0 —52 0 38 —52 88 25 —94 0 25 0 
(20| x| 22) 0 0 3(429) 0 —38(65)* 0 21(85)+ 0 0 0 0 
(21| x| 22) 0 0 45(78)4 0 12(11) — 12(546)* 0 0 —8(665)! 0 0 
(22| x| 22) 260 0 —25 0 94 104 —181 0 —36 0 40 
TABLE VIb. (U|x(Z)|31). 

L (10| x|31) (11| x31) (20| x|31) (21| x31) (30| x|31) (31| x|31) 

P 0 11(330)! 0 0 76(143)4 —— 

D 0 0 —8(78)4 —60(39/7) 0 

F 0 0 0 —312(5)3 —48(39) . | 4420 Ke 

F’ 1 0 0 12(715)+ —98(33)! ees —902 

G 0 0 5(65) 2024/(7)3 20(1001)# 

H 0 11(85)4 0 31(1309/3)4 —20(374)3 } — 2024 om -5(6545)4 

H’ 0 —25(77)3 0 103(5/3)3 —44(70)? —48(6545)? 2680 

I 0 0 10(21)4 0 —57(33)4 | —12661/5 — 3366(34)!/5 
I’ 0 0 0 0 18(1122)4 —3366(34)2/5 17336/5 

K 0 0 0 —52(323/23)! —494(19/23)3 123506/23 4 13189/2) 
K’ 0 0 0 —336(66/23)! 73(1122/23) re, —85096/23 

L 0 0 0 —24(190)3 0 —4712 

M 0 0 0 0 —21(385)3 —473 

N 0 0 0 0 0 1672 

O 0 0 0 0 0 220 

TABLE Vic. (U| x(L)|40). 

L (00| x|40) (10] x|40) (20| x|40) (30| x|40) (40| x| 40) 

S 1 0 0 0 — 1408 

D 0 0 —88(13)4 0 —_ 

F 0 1 0 90(11)3 

G 0 0 53(715/27)3 — 16(1001)4 ! — 6720/9" eae 
G’ 0 0 7(15470/27) 64(442)+ ae | 10942/9 

H 0 0 0 —72(462)* 

I 0 0 34(1045/31) —9(21945/31)4 ! — 2453/31 ey 
I’ 0 0 —12(1785/31)* 756(85/31)3 eee 36088 /31 
K 0 0 0 —84(33)! 

L 0 0 0 0 | ~ 4268/31. aemie 
EF 0 0 0 0 ere 11770/31 
M 0 0 0 —99(15)# 

N 0 0 0 0 = 
Q 0 0 0 0 22 








S(S+1)—3n/4 
=[n/(n-2)]E L9'S'+1)-3(0-1)/4] 
X (I"“ln/S’-+1] }d"0S)?; 


since S’ may have only the two values S—} and S+3, 
we obtain from (32) and (50) that 


Ler (I v'S— 4 +1] las)? 
= (n+2S+2)S/n(2S+1), 

Lv (I"—v’S+3 +1| }l0S)? 
= (n—2S)(S+1)/n(2S+1). 


(50) 


(51) 


Since, for n=1, v’ may have only the value »—1, we get 


(e—ty—1 S—4 41] }l"0S)*= (v + 2S+2)S/0(2S+1), 
(v—ty—1 S+4 +41] }l°0S)2= (v—2S)(S+1)/v(2S+1), 


and owing to (58) of III, 


(p—1y—1 S—4 +] }lvS)? 
= (41+4—n—v)(v+2S+2)S/ 
2n(21+2—v)(2S+1), 
(In—'y—1 S+4 +1| }lvS)? 
= (41+4—n—v)(v—2S)(S+1)/ 
2n(21+-2—v)(2S+1) ; 


(52a) 
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TABLE VII. x((210), UU’). 








(11) (20) (21) 


0 0 12(455)! 
—6/7 6(66)3/7 
6(66)!/7 3/7, 0 





0 
12(455)# 








TaBLeE VIII. x((211), UU’). 








(11) (20) (21) (30) 


(10) 0 0 0  —20(143)3 
(11) 0 0 0 —- 10(182)4 10 
(20) 0 0 —8/7 4(33)3/7  4N3 
(21) 0 10(182)# 4(33)8/7 4/7, 3 2 
(30)  —20(143)3 10 4v3 2 2 











subtracting (52a) from (51) we also get 


(-—19+1 S—} +1] }/vS)? 

= (n—v)(4l+-6—0+2S)S/2n(21+-2—1)(2S+1), 

(-—19+1 S+4 +/| }/*0S)? 

= (n—v)(4l+4—v—2S)(S+1)/ 
2n(21+-2—0)(2S-+1). 


(52b) 


The phases of (/"-v'S’+/| }/"0S) are independent of 
n and will be denoted by e(v’S’| }vS); they are arbitrary 
as long as the phases of (W’a’L’+1|WaL) are not fixed. 
The latter are partially fixed by (47), and, comparing it 
with (61) of III, we have 


e(v+15’| }oS)=(—1)'+S-S’+e(oS| }v+-15”), 
or, in a more general form, 
e(v’S’| }oS) = (— 1)'+8-8’+(’—)/2¢(y$| } 0S’). (53) 


Another partial limitation in the choice of e(v’S’| }aS) 
is given by the fact that, according to (20), every value 
of W corresponds to two couples of v and S, which are 
related by the equations, 


M+2S2=02+25,=2/+1; (54) 
it may be shown that from this fact follows the relation 
e(vx—2 S,| }v1—1 S1—F)e(v1 — 1 S1— 3 | } 04S) 
€(v1—2 Si] }ri—1 Si+})e(01— 1 S144] }orS1) 

€(V2S2+1| }ve+1 Sot})e(v2+1 S2+}| } 0252) 
© eooSet1| Joe 1 St He(O2—1 Se 4] }952)” 





(55) 





when 2, Si, v2, and S2 satify (54). 
In order to satisfy (53) and (55), the following choice 
of phases was made for /=3: 


e(v'S’| }oS) = (—1)*’ for v odd, 


(56) 
e(v'S’| }uS)=(—1)8’+’-)/2 for v even. 
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3. The Calculation of (W’U’+f| WU) and 
(U'L'+f| UL) 


The coefficients of fractional parentage of f and f? are 
equal to unity; those of f* were calculated from (9) of 
III, and, in the cases where two doublets with the same 
L were allowed, (f?(*F)f L| }f*a L) was put equal to 0 
in one of them, since for doublets of f* with U=(21) 
the eigenvalue of R vanishes according to (26), (27), 
and (28). 

From the coefficients of fractional parentage of /, 
f?, and f*, several elements of (W’U’+f|WU) and 
(U’L’+f/|UL) were obtained and are given in Tables 
III and IV. These tables were then extended by using 
(48), (49), (35), (36), and also (1) as it was pointed out 
in Section 2. In the very few cases where these equations 
were not sufficient for the determination of some ele- 
ments, additional equations were obtained from (23) of 
III by requiring that (f"UvSL||U||f*U'v'SL’) should 
vanish unless v=’ and U=U’, since the tensor U 
commutes with Q and R. 

Owing to the present status of the experimental clas- 
sification of the spectra of the rare earths, the terms of 
lower multiplicity are not yet interesting; we limited 
therefore Tables III and IV to those elements which are 
of use in the calculation of the coefficients of fractional 
parentage for f* and for the two highest multiplicities of 


f*, f*, and f’. 
6. THE SPECTRA OF f* 
1. The Choice of the Parameters 


In Section 4 of II we considered the coefficients of 
Slater’s integrals F* as scalar products of tensors in the 
three-dimensional space; we shall now show that they 
may also be considered as particular components of 
tensors in the (2/+-1)-dimensional space. 

In full analogy to Section 3 of II it is possible to 
define as an irreducible tensor of the “type” W in the 
(2/+-1)-dimensional space each operator whose com- 
ponents transform by a (2/+-1)-dimensional rotation as 
the elements of the basis of the representation Ow 
of Dorit. 

In the three-dimensional space u“) was a tensor, 
and its components u,“*) transformed as the spherical 
harmonics Y(kg); in the (2/+1)-dimensional space 
u“) alone is no longer a tensor, but it may be shown 
that the quantities (2k+1)!w,“) transform as the 
functions ¥((20---0)kq) if & is even, and as the func- 
tions ¥((110---0)kq) if & is odd, i.e., all the quantities 
(4t+-1)4u,@) or (44—1)3u,@) for 1<¢</ are together 
the components of a sole tensor. 


TABLE IX. x((220), UU’). 








(20) (21) (22) 





(20) 3/14 3(55)#/7 - —3(5/28)4 
(21) 3(55)#/7 —6/7, —3 3/(7)8 
(22) —3(5/28)+ 3/(7)4 3/2 











( 
( 
( 
( 
( 
( 
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TABLE X. x((221), UU’). 











(10) (11) (20) (21) (30) (31) 
(10) 0 0 0 0 5(143)4 — 15(429)4 
(11) 0 0 0 14(910/11)4 2(10) 2(39)#/11 
(20) 0 0 2/7 —10(6)#/7 v3 9(3/7)4 
(21) 0 14(910/11)! —10(6)#/7 —1/7, 12/11 5(2/11)3 3v2/11 
(30) 5(143)4 2(10)+ v3 5(2/11)4 —1/2 3/2(11)4 
(31) —15(429)4 2(39)4/11 9(3/7)* 3v2/11 3/2(11)4 1/22 








Taste XI. x((222), UU’). 











(00) (10) (20) (30) (40) 
(00) 0 0 0 0 —30(143)3 
(10) 0 0 0 —3(1430) 9(1430)! 
(20) 0 0 6/11  —3(42/11)# 9v2/11 
(30) 0  —3(1430)! —3(42/11))  —3 1/(11)4 
(40) —30(143)# 9(1430)#  9v2/11 —1/(11)! 3/11 








In the seven-dimensional space the quantities 
DX [(2k+1)(2k’+1) Jo gue, 
kgk’q’ 
X ((200)(20)kq, (200)(20)k’g’|WUKQ) (S57) 


will transform as ¥(WUKQ), and, in particular, the 
quantities 


¥ (2k+1) uy 2 _.(kkqg—q| kROO) 
. X ((200) (20)+ (200) (20)k| W U0) 
=> .(2k+1)3(u, - a.) 
X ((200)(20)&+ (200)(20)k|WU0) (58) 


will have the tensorial properties of Y(WUS). 
Since, according to (45) of II, 


fil PL) = (PLM | (C,-C,)| PLM), 


or also 
fi(PL)= (3||C||3)°P°LM | (ui -u2)| PLM), (59) 
we shall substitute to the f; the linear combinations 
Ni D(2k+1)4(3||C||3) 7 f, 
X ((200)(20)k+-(200)(20)k|W US), (60) 
where the J; are convenient normalization factors and 


WiU\= (000) (00), 
W2U2= (400) (40), (61) 
W3U3= (220)(22). 


Since the only parents of the functions ¥((000)(00)S), 
¥((400)(40).S), and ¥((220)(22)S) are, respectively, the 
functions 


¥((100)(10)F), 


the coefficients 
((200)(20)&+ (200) (20)&| WU 3S) 


¥((300)(30)F), and ¥((210)(21)F), 


will be proportional to ((20)k+/|(10)F), ((20)zk 
+f|(30)F) and ((20)k+/|(21)F), which are given in 
Table IV. Taking the values of (3||C||3) from (51) of 
II and remembering that 


ft=Difi, (62) 


where the D, are the denominators of Table II® of 
TAS,* we define for the configurations /*, 


eo= f°=n(n—1)/2, 
e2= 143f?/42—130//77-+35 8/462, 
és= 11f?/42+-4f4/77—7f?/462; 


the term 9f°/7 was added for convenience in e; without 
changing its tensorial properties, since both f° and e; 
are scalars in the seven-dimensional space. 

The general expression of the energy matrices of f” 
will be 


eok?+ e,E!+ e2F*+ e3E* (64) 
instead of 
fPot fF ot+ f'h it fF; (65) 


the E’ are linear combinations of Slater’s parameters, 
which are, however, different from those adopted em- 
pirically in (96) of II: 


E°= F,—10F2—33F 4—286F¢, 
E'= (70F2+231F 4+2002F,)/9, (66) 
P= (Fo—3F4+7F¢)/9, 

E*= (5F,+6F,—91F¢)/3; 


TaBLeE XII. c(WW’(220)). 








(000) (100) (110) (200) (111) (210) (211) (220) (221) (222) 





om 8 @ @ & © & & 4 O48 
- + @¢ © & 2 t a oe 
a Se or ae oe oe ee Ge 
— © & @ ££. -@ 2c 2 ae 
i a a er et, ie Gee ee FE 
ae. & 2 £83 2 2) eee 
na 2s. & € @ 2s) 2.2 ae 
ne 2 ££ 4... & oe £., ooo 
ae @: &. & OR Se Ba eee 
on £. ¢ @.3..& ¢ 148 a2 








* FE. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, London, 1935). 
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TABLE XIII. c(UU’(22)). 
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is therefore diagonal in the vUSL scheme, and its 
eigenvalues are independent of Z and U. We have from 


(00) (10) (11) (20) 1) 0) @2)_— 1)“ 4) 67) that 

a 2s 2 SS Ss ei(f*SL) = gis +3 — 281-82), (68) 
1 0 . . 3 

ti} 0 Oo 1 0 O 1 1 1 0 and owing to (50) of III and (3) we obtain that, in 
(20) a, Bee Se. 1 1 1 1 1 general, the eigenvalues of e; are 
(21) a Se. Ae aa “ee eg 
(30) ; ; ; : : : : : e1(f"vU SL) = 9(n—v)/2+0(v+2)/4—S(S+1). (69) 
(31) 0 1 1 1 2 2 1 3 2 The matrices ¢: and es; are particular components of 
(40) 0 0 O 1 2 14 1 2 2 tensors in the seven-dimensional space. The dependence 








the formulas for f? assume now the form 


of their elements on U and L will be analogous to (28) 
of II, but the result is somewhat more complicated, 
since, in the decomposition of the external product of 


oS = F°+9E! two irreducible representations of d;, some representa- 
2° P= F°+33E' tion may appear more than once. We now have 

D=F°+ 2E!+ 286F?— 11E? , . (fwWUSL| e;| f"v'W’U'SL) 

I1G= E°+2E'— 260F°—4E? alii (67) =P A.(W'U'L+WUsS|aWUL); (70) 
°H = E°—9E3 or, owing to an obvious extension of (46), 


2] = E°+2E'+70E’+7E* 


For n> 2, the e; are matrices whose order equals the 
number of allowed states for a given SL; the elements 
of these matrices may be calculated by means of (1), 
but most of the calculations may be avoided by con- 
sidering the tensorial properties of the e;. 

é; is a scalar also in the seven-dimensional space; it 


(fwWUSL|e;| frv’'W’U'SL) 

= Ls Bs(WUL+W'U'L| BWU;S)/(2L+1)*. (71) 
The number of values which may be assumed by a and 
8 equals the number of times that the representation 
Bw; appears in the decomposition of BwXBw- and 
will be denoted by c(WW’W;,). A method for calculating 
these numbers is given by Weyl.® 


TABLE XIVa. (U|¢(L)|U’) for U, U’ (31), (40). 






































(U U’) S od D F G H I K 3 M N 
(11| g] 11) 0 mer 0 0 0 3 0 0 0 0 0 
(20] ¢| 20) 0 0 SS 0 nil 0 7 0 0 0 0 
(10] g| 21) 0 0 0 1 0 0 0 0 0 0 0 
(20| g| 21) 0 0 6v2 0 (65)! 0 0 0 0 0 0 
(21| ¢| 21) 0 0 =$7 63 55 —105 0 —14 42 0 0 
(11| | 30) 0 (11)4 0 0 (39)8 0 0 0 0 0 
(20] g| 30) 0 0 0 0 2(5)8 0 3 0 0 0 0 
(21| ¢| 30) 0 0 0 (195)! —(143)#  —2(42)8 0 —4(17)3 0 0 0 
(30] ¢| 30) 0 83 0 —72 20 —15 42 —28 0 6 0 
(00} ¢| 22) 1 0 0 0 0 0 0 0 0 0 0 
(20! g| 22) 0 0 3(429)3 0 4(65)3 0 3(85)3 0 0 0 0 
(22| g| 22) 144 0 69 0 —148 72 39 0 —~6 ¢ 

TABLE XIVb. (U|(Z)|31). 
L (10| | 31) (11| ¢131) (21| e]31) (30| ¢|31) (31| g|31) 
P 0 (330)3 0 17(143)} 209 
D 0 0 12(273)! 0 —200 
F 1 0 —36(5)! —16(39)4 | 624 —80(143) | 
F’ 0 0 —3(715)3 24(33)8 —80(143)} —616 
G 0 0 11(7)3 4(1001)3 
H 0 (85)3 —2(1309/3)# (187/2)4 |_ ~1353/2 >> © | 5(6545)4/2 
H!’ 0 (77)4 —74(5/3)! 31(35/2)3 —5(6545)!/2 703/2 
I 0 0 0 30(33)! | —2662/5 528(34)!/5 
I’ 0 0 0 0 528(34)3/5  —88/5 
K 0 0 —28(323/23)! 4(437)3 6652/23 va) (25) 
K’ 0 0 42(66/23)! 0 96(21318)3/23  —5456/23 
L 0 0 —6(190)! 0 = 
M 0 0 0 —6(385)! 814 
N 0 0 0 0 —616 
O 0 0 0 0 352 








°H. Weyl, The Classical Groups (Princeton University Press, Princeton, New Jersey, 1939), p. 229. 
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TABLE XVI. y(f4, 3U, 3U’). 






































=b(nvS)(WUL+WU’L| (400) (40)S)/(2Z+-1)4. (72) 


By considerations which are very similar to the 
method used in Section 7 of II for calculating the energy 
matrices of d” (and in particular for the proof that the 
relative positions of the quartets and sextets of d® 
are exactly opposed to those of the terms of d? with the 
same L), it may be shown that b(nvS) is independent of 
n and that for two values of » and S which correspond 
to the same value of W the b(mvS) differ only in the 
sign. We can therefore write 


(f*vUSL| es| fvU’SL)=+(WUL|e2|WU'L), (73) 


where the upper sign holds for the values of v and S 
which appear in the first column of Table I, and the 
lower sign for the second column. 

The actual calculation of (WUL|e2|WU’'L) is sim- 
plified by the lemma (11): introducing it in (72) we 
have that 


(WUL|e2|WU'L) =X y x(W, UU')(U| x,(Z)| UV’), (74) 


where x, is independent of LZ and x,(Z) is inde- 

pendent of W; the maximal number of independent 

(U|x(Z)|U’) is c(UU’(40)) and is given in Table V. 
Not only (WUL|e2|WU’L), but also 


D1.(UL| U2L2+f)(U2| Xy2(L2) | U2’) 
X (Uy Le+f|U'L) (75) 
































b (20| ¢| 40) (21| @|40) (22| | 40) #(10) (11) 43(20) (21) (30) 
S 0 0 2(2145)* 2°(10) 0 0 0 —12(33/5)4 0 
D 11(13)4 —6(26)! 9(33)+ 2(11) 0 6/5 0 0 6 
F 0 3(455)* 0 
G —4(715/27)3 —131(11/27)3 —4(11/27)+ (10) 0 0 0 8(11/15)4 0 
G’ (15470/27)+ 17(238/27)4 —17(238/27)*  43(11) 0 mis. ti‘(‘@G 0 —1/3 
H 0 —12(21)* 3(286)+ (20) 0 0,;4™” 6/7 —8(11/147)! 4/3 
I 7(1045/31)4 0 3(3553/31)+ (21) 8(11/15)? 0 —8(11/147) —2/21 —4/3 
I' 3(1785/31)+ 0 75(21/31)4 (30) 0 —1/3 4/v3 —4/3 1/3 
K 0 —2(119)+ 0 
L 0 22(105/31)4 Br fol 
; : — maT TABLE XVII. y(f4, 1U, #U’). 
#(20) #(21) «1(22) 
TABLE XV. y(f?, *U, 20’). :'(00) 0 0 —12(22)4 
2(11) #2(20) 2°(21) 2!(20) 3(3/175)! —4(33/35)! — (3/5)! 
12(10) 0 0 —6(22)3 (20) 221/140 8(11/245)+ — (7/80)+ 
(21) 8(11/245)+ 2/7 0 
3°(11) 2 0 0 4!(22) — (7/80) 0 1/4 
37(20) 0 10/7 2(66)*/7 
3°(21) 0 2(66)3/7 2/7 
TABLE XVIII. y(f*, AU, sU’). 
2. The Calculation of e; (10) (11) s*(20) (21) s*(30) 
For the values of W and W’ which satisfy (16), 99) 0 0 0 0 0 
c(WW’'(400)) equals unity if W=W’ and w:=2, and _ ;4(10) 0 0 0 9(11)+ 0 
vanishes in any other case; it follows that é2 is diagonal *“(20) 0 0 3/(7)3 (33/7)# = —2(21)4 
with respect to v and vanishes for »=2S, and also that __ (10) 0 0 0 —(55/3)3 0 
— for v>2S . * sf(11) 0 —1/3 0 0 —5/3 
’ “a 65/3) 0 STN! aD aps 
(foWUSL| e2| f*xoWU'SL) 130) ,: _5/3 ang 473 “13 








is expressible as linear combination of the (U| x(L)| U’); 
it is therefore convenient to calculate at first the ex- 
pressions (75), and then to assemble the results in the 
summation (1), where the coefficients of fractional 
parentage have the form (34). It is also possible to 
avoid at all the summations (75) for most of the values 
of L, after the different (U|x,(L)|U’) allowed by 
Table V are obtained from few simple x,2(Z2). 

Although almost all the allowed x, appear in the 
expressions (75), the linear combinations (74) are 
generally proportional to each other, and it is therefore 
possible to express the results by means of one x(L) for 
every couple UU’, with the sole exception of U=U’ 
=(21), where both x,(Z) allowed by Table V are 
necessary for expressing the different e2(W). The func- 
tions (U|x(Z)|U’) are tabulated in Tables VI, the 
values of x(W, UU’) in Tables VII-XI. 


3. The Calculation of e; 
Together with e; it is useful to consider the operator 
= — 462! > .(2k+1)#U“" 


 ((110)(11)k+ (110) (11)%] (220) (22)S) 
= 33(00— U?), (76) 
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TABLE XIX. y(f*, 2U, 2U’). 








5*(10) 5*(20) 


s*(21) 5(31) 





0 0 
0 0 
0 0 
3(33/10)! 0 


0 0 0 
0 —5/6 0 
0 


0 11/7 
— 
4v3 


0 
—5(5/72)4 
—(13/48)4 


3/7 
—3(33/98)4 


~11/7(6) 
4X8 


—36v2 
a 
3/2(22)! 


36/(5)# 0 
3(5)4/2 
—4v3 


0 
—11(6)4/7 
—3/2v2 


3/7(11)* 
43/(30)4 
0 


—11/7(6) 
25/231 
29/6(22)# 
1/22v2 


4v3 
Wa aad 


1/22v2 
1/4(11)3 
1/44 


0 
—5(5/72)4 
4/v3 


29/6(22)4 
—1/12 
1/4(11)! 








TABLE XX. y(f*, U, &U’). 








(11) 6°(20) 65(21) 


(00) 0 0 


(10) 0 0 
45(20) 0 —2(2/7)4 





0 
—6(11)4 
2(33/7)4 








which has the same tensorial properties as es; from (24) 
of III and (27) we have 


Q=4L(L+1)—12GG:), (77) 


and therefore its matrix is diagonal in the UL scheme 
and has the eigenvalues 


w(U, L)=3L(L+1)—12g(V). 
We have from (67) that 
ex(f? 8L) = —3w, 


(78) 


(79) 
and since for every 


2=66 + ((u;-u,;)— (a; -u;)), 


i<j 


(80) 


we obtain that for every term of {" with maximal spin 
e3(f* *1L) = —3w(U, L). (81) 


The values of c(WW’(220)) are given in Table XIT’ 
but the results are much simpler than could be expected 
from that table. The calculations show that 


(foU SL| es+Q| f0U’SL) 
=a(n, v)(f°oUSL|es+Q| f*vU’SL), (82) 


(f° Ll est+Q| f° 6L)=(f" Ll es+Q| f77L)=0; (83) 


for n<7 it is 
a(v+2, »)=(1—2)/(7—»), 
a(v+4, v) = —4/(7—), 


and it may be noted that these equations satisfy the 
relation 


(84) 


14—0 
Lal f*0U SL] es+Q| frvU’SL)=0. 


(85) 


The fact that a(m,v) depends on v but not on S$ 
suggests that Eqs. (82) to (85) are connected with the 
properties of the symplectic group which leaves in- 
variant the form (21), but the investigation of these 
properties is beyond the scope of this paper. 

For vv’ we found also 


(f° PL|es| f® eZ) =(2/5)8(f* 2L| es| f* PL), 
(f6 bL| es| f* tL) = (9/5)*(f* ol L| es| f* aL), 
(f6 oL| es| f° «L) = (1/6)*(f* 2L| es| f* aL), 
(f7 2L| es| f7 2L) = (3/2)*(f* 2L| es| f® ZL). 


The values of c(UU’(22)) are given in Table XIII, 
but the calculations show that also when c(UU’(22))>1 
we can write without any exception 


(86) 


(foUSL| es+Q| frv’U'SL) 


=y(f*, oSU, v'SU’)(U| p(L)|U"’). (87) 


The functions (U| ¢(L)|U’) are tabulated in Tables 
XIV, the values of y(f*, xSU,v'SU’) which do not 
follow from (81), (82), (83), or (86) are given in Tables 
XV-XXIV. 


TABLE XXI. y(f*, 2U, &U’). 








(11) (20) 


(21) 6(31) 





0 0 
(6/5)3 0 


0 0 
11/3(5)§ 0 
0 


—6v2/7 
(22/147) 
4(2/3)8 


0 
—(5)4/3 


—48(2/5)3 —36 

0 3(13/10)8 
—8(6)3 
(13/60)! 


1/(22)3 
—1/(22)4 


46/(15)4 
0 


—22/7v3 
—16/21(11)4 
4/3(11)4 
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TABLE XXII. y(f*, 3U, @U’). 


TABLE XXIV. y(f7, 2U, 7U’). 
































#!(00) (10) (20) #(30) #1(40) 700) —*(10) 72(20) 7*(30) 72(40) 
2(20) 4 0 0 6/(55)3 2(42/5)# 6(2/55)4 #(11) 0 0 0 2(10)4 0 
3°(20) 0 0 —16/(77)4 —2(6)3 6(2/77)* 
2(20) 0 0  —61/(770)t 8(3/5)# —6/(385)* #(21) 0 —(66)8 (6/7)4 1 (3/7) 
#(21) 0 3(22)#+ — (2/7)4 —v3 1/(7)* 
#(22) —4(33/5)4 0 —1/(22)3 0 2/(11)# 
From (71) and from the orthogonality between the 
tenis sash tae atte — ¥((00)S), ¥((40)S), and ¥((22)S) follow the 
74(20) 14(21) (22) D1(2L+1)(U| x(Z)| U) 
=L1(2L+1)(U| ¢(Z)|U)=0 (88) 
ar : 64 .. r - — and 
+420) —(5/7)s 2(11/7)8 —1 Y1(2L+1)(U|x(Z)| U’)(U"| ¢(Z)| U)=0, (89) 








which were useful for checking Tables VI and XIV. 
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The Moment of Inertia and Electric Dipole Moment of CsF from Radiofrequency Spectra* 


. W. TriscuKxa** 
Columbia University, New York, New York 


(Received July 1, 1949) 


The electric resonance method of molecular beam spectroscopy was used to obtain spectra resulting from 
induced changes in the space-quantization of the rotational state J = 1 of CsF in a homogeneous electric field. 
An analysis of the spectra for several values of the field intensity and for two different vibrational states gave 
the following molecular constants, 7.= (151+6)10~* g cm?, we=(7.88+0.17)10— e.s.u., Be=(1857)10 
cm7}, ae= (1.85+0.19)10-3 cm=!, re= (2.34+0.05)10-* cm, we=270+30 cm=. J; is the moment of inertia, 
ue is the electric dipole moment, B, and a are rotational constants, r- is the internuclear distance and we is 


the vibrational constant. 


HE molecular beam electric resonance method! 
yields spectra in the radiofrequency region re- 
sulting from changes in the space-quantization of a 
single rotational state of the molecule when the molecule 
passes through a homogeneous electric field, upon which 
is superposed a weak, transverse, oscillating field. In 
previous experiments with CsF determinations were 
made of the moment of inertia and electric dipole 
moment,! and of several nuclear-molecular interaction 
constants.” In this paper the results of further experi- 
ments with CsF under the high resolution conditions 
described in reference 2 are presented. The moment of 
inertia and electric dipole moment are redetermined 
with considerably greater accuracy and additional 
constants are obtained from a study of the vibrational 
effects. 
The apparatus has been described in detail else- 
where.? The spectra were observed by fixing the fre- 
quency of the oscillating electric field and varying the 


* Publication assisted by the Ernest Kempton Adams Fund for 
Physical Research of Columbia University. 

** Now at Syracuse University, Syracuse, New York. 

1H. K. Hughes, Phys. Rev. 72, 614 (1947). 

2 J. W. Trischka, Phys. Rev. 74, 718 (1948). 


magnitude of the steady, homogeneous field, a valid 
method of observation if the electric field intensity is 
sufficiently strong,? as was the case in the present 
experiments. Frequency was measured to 1 part in 
10,000 with a General Radio Type 624A heterodyne 
frequency meter, which had been checked against 
standard frequencies broadcast by WWV. The electric 
field intensity in the homogeneous field was calculated 
from the potential drop across the field and the distance 
between the parallel plates forming the field boundaries.* 
““B” batteries were used as a voltage supply. A Type K 
potentiometer, connected to a calibrated volt box, was 
used to measure voltage to 1 part in 5000. The standard 
cell of the potentiometer was checked with another cell 
recently calibrated at the Bureau of Standards. No 
effects due to thermal e.m.f.’s were observed. 

All voltage readings were corrected for the contact 
potential difference between the plates of the homo- 
geneous field. This quantity was measured by making 
a run with the applied field intensity in one direction, 


3 There is a typographical error in the value of the field gap 
reported in reference 2. The distance between the plates was 
0.4931+0.0004 cm. 
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TABLE I. Quantities required for the calculation of u and J 
for the first two vibrational states. 








v (mc/sec.) E (volts/cm) E?X10-4 v/E? 





v=0 
4.2498 
10.412 
22.238 
44.956 
71.200 
v=1 
4.1121 
21.698 
69.502 


427.78+0.39 
427.01+0.35 
425.04+0.41 
421.59+0.32 
417.65+0.31 


438.24+0.34 
435.62+0.38 
427.86+0.30 


206.15 
322.67 
471.57 
670.49 
843.80 


202.78 
465.81 
833.68 


18.180 

44.460 

94.520 
189.53 
297.37 


18.021 
94.520 
297.37 








then a second run with the field in the opposite direction. 
The contact potential difference found as a result of 
several such runs at several different applied field in- 
tensities was 0.07+0.01 volt. 


LINE POSITIONS 


The transitions observed for CsF with the electric 
resonance apparatus at strong field intensities were 
between the states my=0 and my=-+1 for the rota- 
tional state J =1. The nature and theory of the spectra 
have been discussed in detail in references 1 and 2. For 
the purposes of the present paper the positions of the 
spectral lines may be represented by 


pv =v+yn, 


where v is the frequency corresponding to the transi- 
tions between states given by the uw-E term in the 
Hamiltonian, and », is the shift from v produced by the 
nuclear-molecular interactions. u is the electric dipole 
moment and E is the electric field intensity. If the 
electric field intensity is such that 


Cg OK? / KI (J+1) (7/20), (1) 


v, is, within present experimental error, independent 
of the field intensity. e’g’Q is a measure of the nuclear 
quadrupole interaction, J is the moment of inertia, and 
A= pE/(h?/21). 

In order to calculate » and J it is necessary first to 
determine v. Since v, is known for the CsF spectra,’ 
this calculation is hindered only by the fact that the 
fine-structure produced by »v, is unresolved at the 
values of E required for an accurate determination. 
Thus, for the transition (1, 0)—>(1, +1), a single line is 
observed for molecules in a given vibrational state. In 
the absence of an exact knowledge of the shape of the 
spectral window the shape of this line could not be 
accurately predicted from the known fine-structure. 
Fortunately, an accurate prediction was not necessary 
because of the relatively small extent, 500 kc/sec., of 
the fine-structure. Therefore, tw6 extreme estimates of 
the line shape were made, one estimate based on a 
rectangular spectral window, the other on a triangular 
window. With these estimates as a guide the following 
scheme was decided on as the best one for finding the 
position of v: the outermost lines of the fine structure 


TRISCHKA 


were assumed to be equidistant from the sides of the 
experimental line at one-third its maximum intensity, 

Since the experimental lines were actually a result 
of the variation of beam intensity with changes in E’, 
while the frequency was held constant, the quantity 
actually found by the above procedure was E. This 
required no essential change in the scheme described 
above because the extent of the fine-structure was 
always small compared with the frequencies at which 
observations were made. 

Table I shows the calculated values of E and the 
corresponding frequencies. The determination of the 
value of E at 18 mc/sec. was made by a method dif- 
ferent from that described above. At this frequency 
there was sufficient resolution to use one of the fine- 
structure lines as a basis for finding ». Calculations 
were made to insure that the observations met the con- 
ditions specified by Eq. (1).‘ 


CALCULATION OF uw AND I 


The best representation of the data in Table I is in 
a plot of v/E? versus E*. Such a plot of the data results 
in the straight line 


»/E’=a—bE’. (2) 


This corresponds in form to Brouwer’s theoretical 
formula," *° but closer study reveals that for the values 
of \ covered in these experiments Lamb’s exact formula! 
must be employed. Since the experimental results are 
best summarized by Eq. (2), the following, linear, 
least-squares approximation to Lamb’s curve was made 
for the range A=0.1 to A=0.6. 


Ae/d?=0.14998—0.010312?, (3) 


where e=hv/(h?/2I) and Ae=€1,9—€1, 4:1.° 

The values of the constants in Eq. (2) and of the 
molecular constants obtained by use of Eqs. (2) and 
(3) are given in Table II.” The values of a and b were 
determined from the least-squares line fitting the data 
in Table I. 


TABLE II. Molecular constants for the first two vibrational states. 








9. 0 1 


, 10- g cm? 152+6 152+7 
, 1078 e.s.u. 7.89+0.17 7.98+0.18 
, 10-6 9443+-28 9674+30 
428.48+0.26 438.98+0.30 
10-5 1.52+0.06 1.60-+0.07 











4 The author wishes to thank Dr. M. Slotnick for making these 


calculations. 

5 F. Brouwer, dissertation (Amsterdam, 1930). 

6 Hughes has recently made a detailed comparison of the Lamb 
and Brouwer formulas for the transition (1, 0)—>(1, +1). See 
H. K. Hughes, to be submitted for publication in Phys. Rev. 

7 The field intensity in Table I is in international volts/cm. It 
was necessary, therefore, to convert to absolute volts, using the 
relation: 1 international volt=1.00034 absolute volts (Circular 
C459 of the National Bureau of Standards, 1947). The conversion 
formula 1 statvolt= 299.796 absolute volts was also used. 
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EFFECT OF VIBRATION 


The values of J, w and yJ in Table II must be inter- 
preted as the result of averaging over the vibration.’ 
This means that for a given vibrational state J and yu 
should be denoted by J, and yw», where® 


I,=m/(1/r?)m, (4) 
and, to a first approximation 
by= Cott(?) av. (5) 


ris the internuclear distance at any instant during the 
vibration, and ég¢¢ is, by definition, the effective charge. 

Knowing /, and y, for two vibrational states it should 
be possible to calculate J, and y-, the values of J and u 
for the hypothetical state of no vibration. In addition, 
the small constant, a, could then be computed from the 
equation® 


B,=B,.—a.(v+3), (6) 


where B is the rotational constant. Finally, it should 
then be possible to calculate the coefficient, g, of the 
cubic term in the potential function from’? 


a. =24B3r3¢/w2—6B2/ we. (7) 


At present g can be found with an accuracy of about 
+40 percent because of the poor accuracy of w,, the 
vibrational constant.? 

An examination of Table II shows that the errors in 
wy and J, are too large to allow their use in a direct 
calculation of 7., ue, a. or g. Therefore, the calculation 
of these quantities must proceed in a more roundabout 
way from the values of J, and y,, and from the dif- 
ference between po’Jo and p;7/1. 

Because "J, involves the averaging over a vibration 
of both uw and J it is not at once clear what will be the 
individual contributions of u and J in the process. To 
clarify this question we can state to a first approxima- 
tion that 

Au l»/polo= 2Ape/ Met Al,/I-, (8) 


where the A symbolizes the difference between the 
values of a quantity for »=1 and v=0. From Eggs. (4) 
and (5) we deduce 


Apy/ be = A(r— Te)w/Tey (9) 
and, approximately, 
AI,/IT-=A(1/r?)n/(1/r2). (10) 


‘From Eqs. (6) and (10) we can then conclude that, 


approximately, 
AI ,/Ie= ae/ Be= 2A(r—1e)m/te— 3M (r—1e)*»w/re2. (11) 
But this is the basis for the calculations leading to 


8 Gerhard Herzberg, Molecular Spectra and Molecular Structure 
(Prentice-Hall, Inc., New York, 1939), p. 113. 

® G. Herzberg, reference 8, p. 114. 

10 E. Teller, Hand-u Jahrb. d. chem. Phys. 9, II, 43 (1934). 
The formula is reprinted in Herzberg, reference 8, p. 116. 





MOMENT OF INERTIA OF CsF 












TABLE III. Moecular constants of CsF. 











Quantity Value 
I., 10-* g cm? 151+6 
we, 10718 e.5.u. 7.88+0.17 
B., 10-° cm 185+7 
a, 10-§ cm™ 1.85+0.19 
te, 10-§ cm 2.34+0.05 
We, cm! 270+30 








Eq. 7. Hence, from Eqs. (7), (8), (9) and (11), we obtain 
ae/Be= Apel y/2uelo—3B./we. (12) 


Substituting Bo for B, in Eq. (12), a first approximation 
to a, results. Using this value the errors introduced by 
the various approximations can be corrected and a 
final value of a, achieved. From this point on the cal- 
culation of the other constants for the “state” of no 
vibration is simple. 

Table III shows the constants deduced from the CsF 
spectra. The value of w,, already reported in reference 2, 
is included for completeness. Results computed from 
the two vibrational states were averaged to give the 
values in the table. 


EXPERIMENTAL ERRORS 


The experimental errors in the quantities reported in 
Tables I, II, and III arise from two kinds of errors, 
systematic errors and random errors. The separation of 
errors into these two categories was made on the fol- 
lowing basis. Errors which were common to all the 
values of v/E? in Table I were called systematic errors, 
since they could be taken into account after a and b 
were determined. Errors which did not have this 
property were called random errors. 

The most important systematic error was that in the 
magnitude of the field gap. This error was conserva- 
tively considered as the sum of the error in the length 
of the spacers separating the plates of the field, +0.04 
percent, and the deviation from planeness of the plates, 
+0.05 percent. The error in the contact potential dif- 
ference between the plates of the homogeneous field was 
considered to be a systematic error for the vibrational 
state v=1 and a random error for »=0. This situation 
occurred because the applied field intensities were in 
the same direction for all of the measurements for »= 1, 
whereas, this was not the case for »=0. 

The random errors were the error in the voltage 
measurement, +0.02 percent, the error in frequency 
measurement, +0.01 percent, and the error in the 
estimation of line position, +0.01 percent on the 
average. 

The errors given for v/E* in Table I are the sum of 
the propagated random errors. No errors in E’ are 
shown since the errors in this quantity have a neg- 
ligible effect on the values of a and b. The errors in @ 
and b in Table II were computed by applying the least- 
squares law of propagation of errors to the least-squares 
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formulas for the slope and intercept of a straight line. 
The error in J in Table II came entirely from the errors 
in a and 3, since the absolute value of the field intensity 
is not required to find J. The error in yu in this table 
includes errors in a and ) and the error in the field gap. 
The error in pJ is a result of the propagation of the 
errors in @, in the field gap, and in Planck’s constant, h." 

In Table III, r, and B, are derived from J, and their 
errors result only from the error in this quantity. The 
errors in J, and yu, are the same as the errors in J, and 
HM», since negligible error is introduced by the error in 
a,. The errror in a, is a result of the propagation of the 
errors in B,, w., and Ayu?I/o?J. In computing the error 
in the last mentioned quantity only random errors need 
be taken into account. Furthermore, the error in the 
volt box, which produces part of the random error in 
pI, will not appear here since the data for both vibra- 
tional states was taken with the same setting of the 
volt-box. Hence, Ap?J/uo?Jo>=231+46. An error com- 
parable to this is introduced in a./B, by the term 
3B./w., so that a./B.=(10.0+0.6)10-. Multiplication 
of this quantity by B, gives ae. 


DISCUSSION 


The constant r, in Table III is of considerable interest 
because it is at such wide variance with the value 2.67A 
computed from the empirical formula of Schomaker and 
Stevenson.'” Since their formula gives agreement 
within a few percent with the experimental values for 
other alkali halides, including some Caesium halides,” 


11 The value of / used in all calculations was (6.6234+-0.0011) 
X 10-7 erg sec. [see J. W. M. DuMond and E. R. Cohen, Rev. 
Mod. Phys. 20, 82 (1948) ]. 

12 Schomaker and Stevenson, J. Am. Chem. Soc. 63, 37 (1941). 

18 Maxwell, Hendricks, and Mosley, Phys. Rev. 52, 968 (1937). 


W. TRISCHKA 


CsF appears to be a striking exception. The peculiar 
nature of CsF is made more emphatic by the fact that 
its interatomic distance is less than that for CsH," for 
which r,=2.49A. 

A rough check on the present experiments can be 
obtained by a comparison with the results of Hughes, § 
who found r=2.55+0.16A. Because of his low resolu- 
tion his value corresponds to a distance somewhere 
between the interatomic distances for the first and 
second vibrational states, for which r»>=2.35A and 
r,=2.36A, according to the present experiments. There 
is, then, agreement within experimental error. 

In view of the seemingly anomalous value of r, and 
the small overlapping with Hughes’ value the work 
reported here was very carefully reviewed for errors, 
and several additional runs were made to check the 
data. The evidence for the correct identification of the 
rotational state has already been presented.” The value 
of I., from which r, is computed, depends only on rela- 
tive values of the electric field intensity. Hence, any 
systematic errors in E drop out. 

As a check on the assumptions made in the theory of 
the experiment, order of magnitude calculations were 
made for the effect of distortion of the molecular elec- 
trons by the electric field and for the effect of the field 
on the vibrational states. Both effects were found to 
be entirely negligible. 

The amount of ionic character, defined by u/r., ¢ 
being the electronic charge, is 70 percent. 

The author is indebted to Professor I. I. Rabi for his 
helpful interest in these experiments. The help of 
Messrs. L. Grabner and S. Jacobson in the laboratory 
is gratefully acknowledged. 


14 G. M. Almy and M. P. Rassweiler, Phys. Rev. 53, 890 (1938). 
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The formal prescription for the regularization of divergent 
expressions in quantum electrodynamics which has been recently 
suggested by Pauli implies very strongly that these same diver- 
gences may be similarly canceled in a realistic theory wherein one 
has a mixture of fields in the manner of Pais and Sakata. Indeed, 
it may be readily seen that the Pauli regulator scheme corresponds 
field-theoretically to a family of spinor fields interacting with a 
family of neutral vector meson fields; the formalism is mathemati- 
cally consistent (at least to the second order in the coupling con- 
stants) but physically unsound owing to the appearance of 
imaginary coupling constants. An attempt to remedy this defect 
by considering the most general mixture which is possible within 


the framework of ordinary field theory also leads to failure. 
Specifically, the current density which is induced in the vacuum 
by an external electromagnetic field is calculated to order e for a 
variety of situations but it turns out that no combination of 
charged scalar, spinor and vector fields—with or without anoma- 
lous magnetic moments—leads to a full compensation of the 
divergences although the photon self-energy by itself may be made 
to vanish. It is concluded that, although the notion of a realistic 
approach to the theory of elementary particles remains an 
attractive one, the usual linear field theories do not in themselves 
seem to be adequate for this purpose; there is also always the 
possibility that it is the perturbation theory which is at fault. 





1, FORMALISTIC VS. REALISTIC THEORIES 


N a recent critique of some of the current procedures 
in quantum electrodynamics, Pauli! has emphasized 
that the present theory involves the handling of di- 
vergent and conditionally convergent integrals the 
evaluations of which cannot be inferred in an unam- 
biguous way from the theory but must be defined in 
each instance. Pending the development of new con- 
cepts, he has suggested that one handle the divergences 
of the theory in a purely formal way by first regularizing 
all singular expressions and then performing a limiting 
process. Specifically, if f(x, m) is a singular function 
depending on the space-time coordinate x, and the mass 
m, the regularized function fr(x) may be defined by the 
formula 


fr(x) = Zeif(x, Mi) (1) 


with co=1, Mo=m. The coefficients c; are subjected to 
the restrictions 
26;= 0,. (2) 


~¢.M?7=0, (2’) 


and the limiting process consists in letting the auxiliary 
masses M; (i=1, 2, ---) tend to infinity. The conditions 
(2) and (2’) are sufficient to insure that the functions Az 
and Ar are free of singularities on the light cone unlike 
their unregularized counterparts.? These conditions are 
also enough to lead to convergent expressions for the 
electron self-energy and the polarization of the vacuum 
by an external electromagnetic field (with a corre- 
spondingly vanishing photon self-energy) provided one 
additional rule is added, viz., these expressions must be 
regularized as a whole and not in parts. Upon performing 
the final limiting process, logarithmic divergences reap- 
pear in the unobservable charge and mass renormaliza- 


* AEC Postdoctoral Research Fellow. 

1W. Pauli, unpublished letter to J. Schwinger; W. Pauli and 
F. Villars, Rev. Mod. Phys. 21, 434 (1949). 

2 The A, A and A® functions which we use in this paper are as 
tabulated in the Appendix of reference 5. 


tion factors for the electron (unless new conditions are 
imposed on the ¢,’s). 

The above procedure constitutes, in the terminology 
of Pauli and Villars, a “formalistic theory” wherein a 
purely formal recipe for the performance of calculations 
is given, in contrast to a “realistic theory” in which the 
mathematical device which effects convergence—in the 
case at hand, it is the introduction of the auxiliary 
masses—is not an ad hoc affair but rather a consequence 
of physical concepts. By a “realistic theory” we shall 
mean, in particular, one which attempts to take into 
account all of the interactions of the elementary par- 
ticles with one another. It is the aim of this paper to 
determine whether or not a realistic (though semi- 
phenomenological) description of elementary particles 
can be obtained within the domain of ordinary field 
theory. It is perhaps not surprising that the result will 
turn out to be negative. 


The term “ordinary field theory” as we use it in this work is 
meant to denote the canonical formalism of Heisenberg and Pauli 
as applied to the quantization of the scalar Klein-Gordon equa- 
tion, the Dirac equation and the Maxwell-Proca equations leading 
to a description of particles with spin zero, one-half and one 
respectively and with assorted masses and charges. In treating 
the interaction of these fields with one another, one must add to 
the vacuum Lagrangians additional terms which are required to 
be in accord with the general principles of relativistic and gauge 
invariance. For simplicity, however, one also imposes on the 
interaction terms the more special restrictions that they involve 
no derivatives of spinor field variables, no derivatives higher than 
the first of Bose field variables and, in either case, that they 
contain the field variables which characterize any one field no 
more than bilinearly. It need hardly be stressed that, in view of 
the divergent nature of these theories, all computations must be 
carried through in a manifestly covariant way; this is feasible at 
the present time only if the coupling between fields is assumed to 
be weak. 


2. A FIELD-THEORETICAL INTERPRETATION OF 
THE REGULARIZATION PROCEDURE 


In actual fact, the need for a realistic approach to 
quantum electrodynamics per se is much less acute than 
it seemed two years ago since the present theory works 
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well and the modifications to be expected of a future 
correct theory will surely be of an ultra-relativistic 
nature. On the other hand, it appears very unlikely 
that the corresponding problem of the interaction of 


nucleons and mesons can be solved except within a. 


realistic framework and we assume, with Pais* and 
Sakata,‘ that only in a theory which takes into account 
the mutual interactions of all the elementary particles 
can one hope to eliminate the divergences; the essential 
limitation of the present investigation is contained in 
the fact that we have restricted ourselves to mixtures 
of ordinary type fields. 

It is perhaps interesting to consider first a field- 
theoretical model which seems to be the most literal 
transcription of the Pauli regulator scheme but which 
contains important difficulties in its physical inter- 
pretation and hence cannot be taken too seriously from 
a realistic point of view. It has, on the other hand, the 
virtue of being mathematically consistent and com- 
pletely convergent (at least to the second order in the 
coupling constants) and does seem to explain the ap- 
parent arbitrariness of the regularization procedure. 

It is most natural to regard the auxiliary masses 
which are involved in the regulator functions and which 
accordingly play a mathematical role only as being 
associated with real additional fields; we consider, 
therefore, the case of a family of spinor fields (including 
the electron field) interacting with a family of neutral 
vector Bose fields (including the photon field) with 
vector coupling linking each spinor and Bose field, One 
then finds, to the second order in the coupling con- 
stants, that all the particle self-energies converge as 
well as the current densities induced in the vacuum by 
external electromagnetic and mesonic fields provided 
certain simple relations exist among the masses and 
coupling constants which bear a close resemblance to 
conditions (2) and (2’). The photon self-energy is zero. 

For simplicity, let us assume that we have, besides 
the electron field, two additional spinor fields and, 
besides the photon field, one additional Bose field. Let 
€:, gi and m; denote the electric charge, mesonic charge 
and mass of the ith spinor field and let u be the mass 
of the Bose particles. It then follows in a trivial way 
from the results of Schwinger’ that one has for the 
current density induced in the vacuum by an external 
electromagnetic field described by the potential A,(x),® 


5j,(x)=4/2- f du’ + e(x— x’) 


XE Ciala, m), jlo’, my ole) (3) 


i=0 


3 A. Pais, “On the theory of elementary particles,” Verh. Kon. 
Ac. Amsterdam, Vol. 19 (1947). 

4S. Sakata, Prog. Theor. Phys. 2, 145 (1947). 

5 J. Schwinger, Phys. Rev. 75, 651 (1949), 

6 We employ natural units throughout with h=c=1. The 
symbol (F)y denotes the vacuum expectation value of F. 
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with 
julx, mi) =ie;/2-[ (x, mi)yu(x, mi) 
— (x, mi) vu’ (x, m;)]; 


here, v(x, mi), V(x, mi) and v(x, mi), V (x, mi) are the 
field variables which describe the ith spinor and charge 
conjugate spinor fields respectively, dw’ is the four- 
dimensional element of volume and ¢(x—z’) is, as 
usual, +1 or —1 according as the space-like surface 
associated with x lies in the future or the past with 
respect to the corresponding surface associated with x’. 
It is then a consequence of the sufficiency of the regu- 
lator conditions (2) and (2’) that 67,(x) will converge 
and the photon self-energy will vanish provided 


ee ter+e2=0, eo2mo’+e2m+e2m2=0. ~ (4) 


In a similar way, for the mesonic current density in- 
duced in the vacuum by an external mesonic potential 
U,(x) one finds 


5S (x) =1/2 f dw’ + e(x— x’) 


XL (Lule, ms), Jo(x’, mi) ])oU (x) (3') 


i=0 


with 


J u(x, mi) = igs/2-[Y(x, mi)yup(x, mi) 
—V' (x, mi) yu’ (x, mi) ]. 


Both 6/,(x) and correspondingly the self-energy of the 
neutral vector meson will converge if 


go t+ grt ge =0, £o°mo+ gi-my+ go"me =0. (4’) 


Finally, for the self-energy density operator of the ith 
spinor particle 3¢“, one has 


5) =1/2-[P(x)x(x)+-charge conjugate], (5) 
where (0,=0/0x,) 


x(x) 
=e# fda! {Dee 2)rn0x+2m)A (ea, ma) 
+D(x—2)(,+-2m)K (ea, m2) YC) 
+92 fda! {Be—2!, w)rndxt2m)A (a2, me) 


+A (x— 2’, uw?) (¥9x+ 2m) 
XA(a— a’, m2) P(x’). (5’) 
This converges if 
e?+g7=0, (6) 
whence it is clear that one may set 


(6’) 


gi=1e; 












ir- 
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which is fully compatible with the earlier restrictions 
(4) and (4’). We wish also to remark that: the self- 
stress of the ith spinor particle vanishes in this for- 
malism; one gets for S= f'T,:d*x evaluated for a par- 
ticle at rest the value m,/27- (e?+-g,7)/4m which eqaals 
zero by (6).47 

We observe that in order to obtain convergence in 
this scheme it has been found necessary to employ 


imaginary coupling constants. This has the consequence 


that the Hamiltonian is not Hermitian and probability 
is not conserved. The physical meaning of the present 
formalism is hence obscure unless a limiting process is 
performed, in which case the whole affair reduces to a 
purely formal prescription for performing calculations. 

It is interesting to see what this formalism (which is 
suggested by the use of regulators in quantum electro- 
dynamics in problems of order e”) implies for the kind 
of regularization to be used for transitions of higher 
order. One infers that all internal photon lines are to be 
regulated separately; also, that each closed electron 
loop is to be regulated as a single unit (the terminology 
“internal photon line” and “closed electron loop”’ is 
that associated with the Feynman diagram).® It is clear 
that one will lose the gauge invariance of the theory by 


regulating independently the individual segments which — 


constitute a closed electron loop for charge would be no 
longer conserved in detail. The simplest case of a closed 
electron loop occurs in the calculation of the polarization 
of the vacuum where one must regularize the expression 
as a whole."® 


3. THE POLARIZATION OF THE VACUUM 


We ask finally the question: Can one obtain a mathe- 
matically and indeed physically consistent picture of 
elementary particles by the expedient of mixing ordi- 
nary fields? To answer this question, it turns out to be 
sufficient to consider the polarization of the vacuum by 
an external electromagnetic field. The requirements of 
gauge invariance somewhat restrict the number of 
possible situations which need to be investigated and 
we have accordingly considered the cases of an electro- 
magnetic field interacting with a scalar field, with a 
spinor field (with vector and tensor coupling) and with 
a vector field (with vector and tensor coupling). (The 
first two of these five possibilities have already been 
extensively treated in the literature,’ *" but we include 
them here for the sake of comparison. We must also 


7A. Pais and S. T. Epstein, Rev. Mod. Phys. 21, 445 (1949). 

8 F. J. Dyson, Phys. Rev. 75, 486 (1949). 

9 J. Rayski, Phys. Rev. 75, 1961 (1949). 

10A, Pais and G. E. Uhlenbeck, Phys. Rev. 75, 1321 (1949); 
Umezawa, Yukawa, and Yamada, Prog. Theor. Phys. 3, 
317 (1948), 4, 25 (1949); R. Jost and J. Rayski, Helv. 
Phys. Acta, in press. We have recently learned from Professor H. 


Yukawa that H. Umezawa and R. Kawabe (Prog. Theor. Phys.,: 


in press) have also examined the case of vector mesons with vector 
coupling using basically non-covariant methods with results that 
are essentially in agreement with ours; in particular, they are led 
to impose the same conditions that we do (Eqs. (29) and (29’)) to 
insure the vanishing of the photon self-energy. 


remark that we have not considered the cases of par- 
ticles with spin higher than one or the case of charged 
massless vector mesons—these remain as real though 
perhaps academic possibilities. ) 

The basic theory which has been used is that of 
Schwinger® except as modifications have become neces- 
sary whenever one has had to transcribe an expression 
containing time derivatives from the Schrédinger to the 
interaction representation." The equation of motion in 
the interaction representation assumes the form 


i6V[o //io=K(x, )¥[o ], (7) 


where W[o] is the state vector of the system and 
K(x, o) is the Hamiltonian density for the interaction 
between one of the fields in question and the external 
electromagnetic field. To the first order in the coupling 
constant, one may then write for the solution of (7) 


wW{o]= ( 1 f “Rte ode’ Ul om 


where W[— © ] is the state vector which characterizes 
the initially undisturbed vacuum state of the system. 
For the induced current density 6j,(x) one then finds — 


5j,(x)= (WL ], j.(x,0)¥Lo])— (Gu(x, o)) 4-00 
= (j,(x, )— Gul, o))4—0)o 


ff f Cinler, ), 30(x", 0) Judes’. (8) 


We have used the notation j,(x, o) in the right-hand 
side to emphasize that the operator which enters into 
(8) must be appropriate to the interaction representa- 
tion. We remark, however, that, since we are interested 
in corrections to the current density of order e’, it is 
only the linear part of the Hamiltonian 3(;(z’), say, 
which is relevant, and indeed it is only the linear part 
of the current density operator, say, j,(«) which enters 
into the commutator. Furthermore, we discard that 
part of (j,(x, ¢))o which does not involve the external 
field. Assuming, finally, that the external electromag- 
netic field cannot create pairs, we may rewrite (8) 
somewhat more conveniently, viz., 


5j,u(x)= julx, a)— Gul, a) )a=0)0 
~i/2- f Cysts), Hea(e’Voce—x")des'. (8" 


We consider the application of (8’) to the several indi- 
vidual cases. 
(a) Charged scalar field. Let U(x) and U*(x) be the 


field variables which characterize the charged scalar 
field and let A,(x) denote the unquantized potential in 


11S, Kanesawa and S. Tomonaga, Prog. Theor. Phys. 3, 1, 101 
(1948). 











1372 


terms of which the external electromagnetic field is 
described. The external current J,(x) is then given by 
J (x)= — (du1_]—9,0,)A,(x). The Lagrangian density 
for a charged scalar field interacting with an external 
electromagnetic field is!” 


= — D,*U*-D,U—mU*U, 
where D, = 0,—ieA,, D,*=0,+ieA,; one then finds for 


the charge-current four vector s, which is associated - 


with the above Lagrangian 
Su= 6 f 2dw/s,—ie(D,AU*- U—U*D,U). 


On going over to the interaction representation one has 
Ki = —ie(0,U*: U—U*d,U) Ay, }o) 
ju=te(d,U*- U—U*d,U)—2eU*U(A,+n,n,A,), 


where 7,(x) is the unit normal to the spacelike surface 
go at the;point « (m,’=—1). After a brief calculation 
wherein one employs the relations 


[U(«), U*(«’) J=[U*(a), Ue’) J=id(a—z’), 
(U* (x) U(x’) +- U*(x’) U(x) >= A (x—2’), 


one finds from (8’) and (9) that 


} a0) 


sjn(a)=—e f Kyw(x—x’)A,(x’)dw’, (11) 


where 
Ky=—90,A-d,A—0,A-d,A 
+0,0,A-A+A®-3,0,4 


+ 8y»(—A® -JA—[JA™-A+2m2AMA). (11’) 
The induced current density no longer involves the 
timelike normals ,(x) which is as it should be, can- 
cellation of the surface-dependent terms having been 
effected by use of the identity 


= 1/2 f dw' F(x, x’) dye(x— xx’) : 0,A(x—<«’) 


=n,(x)n,(x)F(x, x). (12) 
As has been emphasized by Jost and Rayski,” the 
induced current 57,(x) as given by (11) is by no means 
clearly gauge invariant; indeed, for gauge invariance 
one should have 0K,,/dx,=0 but instead one finds 
OK, ,/0x,=26(x)d,A™ which is undetermined. 

A detailed evaluation of (11) wherein the method of 
integration is along the lines described in references 1* 


12 % Wentzel, Quantentheorie der Wellenfelder (Deuticke, Wien, 
1943). 
* In performing the integrations, we have followed the conven- 
tion of Pauli and Villars in assigning to /d‘k-kykv exp (izky*) the 
value —6,,(x?/2z*)e(z) although it might seem just as appropriate 
to have written —6,,(x?/2z*)(e(z) — 26(z)). In any case, it may 
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and 5 leads ultimately to the following expression 
(a= 1/137): 


5j,,(x) = —ia/4mr 


. J dy[exp {im*z—iz/4-(1—~y?)__]}/z ].-0A (x) 


—a/24mr- $oF (x) —a/1202- (_]/m?)J (x) 
—a/1680r- (_]/m?)?J,(x)+---. 


In tabulating these and succeeding results, it has been 
convenient to employ the notations 


j,= t/im*. f 


—2 


(13) 


exp(im?z)/z?-€(z)dz; 
ar Pt (14) 





I= f exp(im?z)/z-e(z)dz, 


—@ 


where ¢(z)=2/|z| and z is a scalar invariant with the 
dimensionality of a coordinate squared; it is then clear 
that J; diverges as (1/z),~o or as the square of a momen- 
tum while J2 goes as (logz)..0. We shall reserve a 
discussion of (13) until later. 

(b) Charged spinor field with magnetic moment 
e/2m— es. Let (x), ¥(x) and (x), ¥/(x) designate the 
spinor field and its charge conjugate field, respectively. 
It is then well known that the addition to the Lagran- 
gian density 


L=—1/2-P(ydut-m)~—1/2-V (yd mV 
+ie/2-(dyw—-V WA, 


of a term of the form 
£'=106/4- (Vou w—W ow’) Fur, 


where Oy»= (VuV¥o— Yo¥n)/2 and F,,=0,A,—0,A, is the 
external electromagnetic field, leads to an anomalous 
magnetic moment for the spinor particle amounting to 
—e6.% Indeed, the current density is now properly 
given by 


sy=8 f (G+2"\de/64,—ie/2-Ord—V rw) 
— ie5/ 2-0, (Po. mv — Vo nu’) : 


It seems to be of some importance to consider this pos- 
sibility as a real one for there is no a priori reason why 
spin one-half particles (apart from the electron and 
positron) should be described without an anomalous 
magnetic moment term. It is a simple matter to deter- 
mine the Hamiltonian density and the current density 


be readily seen that the only essential effect of the inclusion of the 
5(z) term is to modify all quadratic divergences in the same way 
so that none of our conclusions with respect to the compensation 
of the divergences are in any way affected. 

13 W. Pauli, Rev. Mod. Phys. 13, 203 (1941). 
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in the interaction representation, v/z., 
H= I= —ie/2-(Vryw—-V rwW)Ay 
—1e5/4- (Vow ~— Vowy’)F w, (15) 


jux=te/2- (Va t—V 1h’) — 1656/2: 8, Vor.t—V on’) 
—26(Wt+V'Y’)(A,+n,m,A,) 
— €962/4- {Po pr(Yut mtr Ye) + (Yet Mutter) opr 
FW Lo pn(yutytrr) 
+ (Yuet Myty)onrlW }For. (15’) 


Equations (8’), (15), and (15’) together with the rela- 
tions 


[ya(x), Va(x’) = — tS ap(x— x’), } 16) 
(Wa(x)Wa(x’) )o= (S (a’— x) —1S(x’—2)) pa/2 


lead ultimately to the following expressions for the 
induced current density. It is convenient to write 57, (x) 
as the sum of three parts, viz., 


Sj u(x) = Bj n(x) +87," (x) +87, (x); (17) 


5j,(x) is the current density one would get if one had 
the vector interaction only between the spinor particle 
and the electromagnetic field (corresponding to an elec- 
tric charge but no anomalous magnetic moment), 
5j,‘(x) is the current density one would get if one had 
the tensor interaction only (corresponding to an anoma- 
lous magnetic moment but no electric charge) and 
5j,°"(x) is the cross term. Then 


5j,. (x)= — ef Ky(x—x')A,(x’)do’, (18) 


where 
Kw=4[0,AM-d,A+0,A-d,A 
— Sy(0,A™ - d,A+m2AA) J; (18’) 


5ju9(@)—Betim [ A(x" B(e— aCe") (19) 


87, (2) = 462s" f Mype(t—2')F po(1! deo, (20) 


where 
M ype = 9y| 5ou(0,A™ - d,A+0,A™ - 0,0) 
+6,)(d-A-d,A+0,A™- dA) 
— 6ypdpe(O,A™ + d,A—m2AMAZ)]. 20’) 


We observe once more that 6j,(x) no longer involves 
surface-dependent terms, these having canceled in view 
of (12). We also note that, while 67,(x) is in fact not 


gauge invariant—indeed, as Pauli has pointed out,! 
dK,,/0x,= —46(x)d,A%—the introduction of tensor 
coupling does not lead to any new non-gauge invariant 
terms. This means that, insofar as the question of the 
photon self-energy is concerned, it is irrelevant whether 
or not we have tensor coupling. 

Upon carrying through a more explicit evaluation, 
one finds eventually that 


57. (x) =ia/2er 
1 
+f dyLexp {im?s—is/4- (1-9) /2]eaad (2) 


— a/6m- I2J ,(x)—a/15m-(_]/m*) J (x) 
—a/140m-(_]/m?)?J,(x)+---, (21) 
Bj yu? (x) = adm/m- I2J,(x) + adm/3x- ((_]/m?)J,(x) 
+ adm/30n-(]/m*)*J,(x)+---, (21’) 
87, (x) = — a6?m?/21- oJ (x) 
— a?m?/12x + ($2+-2)(C]/m*)J u(x) 


— a8*m?/204- (]/m?)2J (x) +. (21) 


(c) Charged vector field with magnetic moment 
(1—+)e/2m. Let U,(x) and U,*(x) be the field variables 
which characterize the charged vector field. Here, too, 
it is possible to add to the Lagrangian density” 


=—1/2-(D,*U,*—D,*U,*)(D,U,—D,U,)—w?U,*U, 
a term of the form 
L' =tey/2-(U,*U,— UU yp) F ys; 


this extra term leads to an alteration of the magnetic 
moment of the vector meson from e/2m to (1—y)e/2m.¥ 
There is again no obvious reason why the vector form 
of interaction should be favored over the tensor and we 
consider both possibilities. The current density which is 
associated with the total Lagrangian is given by 


Sy= af (£L+L')dw/5A, 


= tel U,*(D, U,.— D,U,) a (D,* U,*- D,*U,*) U,] 
ae ieyd,(U,*U,— U,*U,) ° 
On carrying through the transition to the interaction 


representation, one finds for the linear terms in the 
Hamiltonian density 


H1= —ie(Us* fiu—fo*U Ay 
—tey/2 $ (U,*U,— U,*U,)F ws, (22) 


where /,,=0,U,—9,U,. The current density operator 
assumes much more formidable proportions (we keep 
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terms to e?): 


Ju 

= {1e(U* fyu— fy*U,) 
—e[(A,U.*—A,U,*)U,+U,*(A,U.—AU,) | 
—en,n,[ (A,U.*—A_U,*)U,+ U,*(A,U,—A.U,) | 
—engn,[ (A,U,*—A,U,*)U,+U,*(AyU,—AU,) | 

= e?/m?- mn (fru* foot Sve" fru) Ac 

pia e*y/m’- myny( fry Uet+ Uc* fou) Fro} 
+{—ieyd,(U,*U,—U,*U,) 

— ey/m?- dy'L{ frs*(x’)U u(x) + Uy" (x) far(@’) $A o(2’) Jem’ 
—eynym_U,*(A,\U ,—A py) + (A,U,,*—A,U}*) U,] 
—ey/m?-n,my(far*d,U + 0,U ,*- far) Ae 

t+ ey/m?-[ (mynd +10 y' +N Nyy + 2nyNyn MyOy’) 

; ({U,* (x) fop(’) + far*(x’) U,(x) } Ao(x’) )Jemz" 

— ey?/m?- dy'[ {U,*(2’)U (ux) +U *(2)U(2') } Frr(2’) Jeno’ 
—ey?/m?-nn,(U.*d,U ,+0,U y*- U4) Feo 

— ey? /m?-[ (nye +My’ + NeNyOy + 2NyN,NsNOy’ ) 
({U,*(@)U (x) + U,*(x') U(x) } Fop(x’)) Joma}; (22') 


the first grouping of terms on the right-hand side of (22’) 
is the interaction representation transcription of the 
“vectorial” part of the current density with the second 
grouping corresponding to the “tensorial” part. 

One may next calculate the induced current density 
dj,(x) using (8’), (22) and (22’) together with the 
relations 


[U,(x), U,*(x’) J=(U,*(x), Ue’) 
=i(5,,—1/m?-0,0,)A(x—2’), (23) 
(U,*(x)U,(x’)+U,*(x')U,(«))o 
= (6,,—1/m?- 0,0, A" (x—2x’). 


It is again convenient to express 6j,(x) as the sum of a 
pure vector part 67,(x), a pure tensor part 67,“(x) 
and a cross term 6j,°°*)(x), i. e., 


5ju(x) = 57, (x) +87, (x) +57, (@), (24) 
where 
Bi) =—E [ Kele—x)A(aydo’ (25) 
with 
Kw=3[—0,A™-d,A—0,A-d,A 
+0,0,A-A+A- 9,0, 
+6y(—A® -[JA—[Ja® -A+2m?aA)] 
—2/m?-[d,0,A -JA+[ JA - 0,0, 
—0,0,A™-d,0,A—0,0,A- 0,0, 
+ by(0,0-A™-9,0,A—[_Ja™-[JA) ]; (25’) 


bj, (x)= —2ery f da'TA%(a—x)B@e—2*) 


—1/m?-d,A™ (x—x’)-d,A(a—x’) VJ, (x’); (26) 
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5j,(9(x) = — ey? f M ape 2—2/)F yo(e’) deo! (27) 
with 
M ype= 9 25 y08yp APA 
+1/m?-5,.(d,A -d,A+0.A™- 0,4) 
~1/m?- bye(AM+d,0,A+0,0,A - 2) 
—1/m'+5,.(8c0,A™ - d,0,A+0,0,A™ + 0,0,4 
—0,0,A -[JA—[JA™- 0,04) ].  (27’) 


To bring about the cancellation of the surface-de- 
pendent terms in 67,(x), use was made of (12) plus the 
additional identity 


=1/2- f de’, x’) {0,0,0,[ €(a—x’)A(x—x’) ] 
—e(x—x’)0,0,0,A(x—x’) } 
=[(nym,0,' +n, ,0y +N yd,’ 
+2n,MN De )F (x, x’) ]emz. (12') 


We note that, as in the spinor case, it is 67, (x) 
which is not gauge invariant and the introduction of 
the tensor coupling does not lead to any new non-gauge 
invariant terms which means, as before, that the 
amount of tensor coupling will not play a role in the 
discussion of the photon self-energy. Indeed, we observe 
that the first part of K,, (25’) is exactly three times the 
corresponding quantity for the case of a charged scalar 
field (11’) whereas the second part leads to a gauge 
invariant current; one may readily verify that for the 
charged vector meson field 0K,,/0x,=65(x)d,A. 

The ultimate evaluation of 57,(x) leads to the fol- 
lowing results: 


57,.()(a) = —3iae/4e 


+f dyLexp{im's—is/4- Ay) /A aad a) 


+a/4m-($1— 52/2) J u(2) 
—a/24m- ($2+3/5)(_]/m*)J (x) 
—17a/16800-(C]/m?)2J,(x)++++, (28) 
554°? (x) = — ary /2m- (91+ $2/2)F,(x) 
+ay/8x-($2—2/3)(]/m*) F(x) 
+ary/40m-()/m*)*J,(x)++++, (28') 
57, (x) = —ay?/4m- (G1— $2) J,(2) 
t+ay?/16m- ($1—252/3+4/3)(]/m*)J (x) 
—avy?/96x- ($2+4/5) 
X (C/m?*)*J,(x)++++.  (28") 
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4. DISCUSSION 


The essential content of the preceding section is 
contained in Eqs. (13), (21-21) and (28-28). We 
have already remarked that the amount of tensor 
coupling has no bearing on the photon self-energy 
whether we are considering spinor or vector mesons. If 
we let N.-, Nsp and N, denote the number of charged 
scalar, spinor and vector fields which interact simul- 
taneously with the external electromagnetic field and 
Msc“, Msp and m,“ the corresponding masses, then 
it is evident that the photon self-energy will vanish 
provided 

2N p= Nact3Np, (29) 


25 (map ?)2=E( mse) 3E(my)2; (29) 


these equations are the analogs of the regulator condi- 
tions (2) and (2’) and clearly allow many possibilities. 

A corresponding cancellation of the divergences which 
arise in the gauge invariant terms in the current density 
is not possible however. As has been observed by many 
authors, the charge renormalization factors in the 
scalar and spinor cases (the latter with vector coupling 
only) diverge logarithmically and have the same sign. 
The introduction of an anomalous magnetic moment for 
the spinor field intensifies the difficulty in that it leads 
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to a logarithmically divergent [_|J, term. Unfortunately, 
this last infinity cannot be canceled by the corre- 
sponding one which occurs in the case where we have a 
charged vector meson field (with vector coupling only) 
for here, again, the signs in the two situations are the 
same. Indeed, in the vector meson case we obtain also a 
quadratic divergence in the charge renormalization 
term. Finally, the introduction of tensor coupling for 
the vector meson field leads to a ((_]})?J, divergence. 

The inference to be drawn from all this is certainly 
not that the realistic approach is an incorrect one. 
Indeed, the very closedness of quantum electro- 
dynamics on the one hand together with the complete 
failure of all meson theories on the other are fully com- 
patible with and emphasize the necessity for a realistic 
description of elementary particles. We can only con- 
clude that the usual linear field theories do not seem to 
be adequate for the job although the possibility that it 
is actually the perturbation theory which is at fault 
cannot be completely ignored. 

It gives me pleasure to express my thanks to Pro- 
fessors R. Oppenheimer, H. Yukawa and Dr. A. Pais 
for their interest in this work. I want also to thank Dr. 
Pais for having made available to me the manuscript of 
Pauli and Villars and that of Jost and Rayski. 
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The theory of the multiplication of electrons in strong electro- 
static fields is investigated. It is found that the non-polar coupling 
between electrons and lattice has an important effect on the 
retardation of electrons in polar materials as well as in non-polar 
ones if the electron is to be accelerated to an energy at which it 
may ionize the bulk material. The retardation arising from this 
coupling is a maximum when the energy of the electron corre- 
sponds to a value near the boundary of the Brillouin zone, in 
contrast with the retardation arising from purely polar interaction 
in polar crystals which has its maximum when the energy is near 


the energy of the polar modes. The existence of the non-polar 
interaction seems to make the difference between the breakdown 
criteria of von Hippel and Frohlich of less practical importance 
than was supposed hitherto. It is found that statistical fluctuations 
in the velocity of the electrons plays a very important role in 
determining electron multiplication and that the field required 
to produce breakdown in a standard specimen actually is no 
more than twenty percent of the value obtained from the criteria 
of von Hippel and Fréhlich. 





1. INTRODUCTION 


HE theory of the production of free electrons in 
crystals in the presence of high electrostatic 
fields and relatively low temperatures, where thermal 


currents do not play a role, has been the subject of 


relatively intense but somewhat diversified activity 
during the past fifteen years. In this development 
principal interest has focused on dielectric breakdown 
because of its great practical importance.! On the other 
hand there are secondary phenomena which are of equal 
interest from the standpoint of fundamental develop- 
ment. For example it has been observed by von Hippel? 
and his co-workers that a measurable current exists 
within the alkali halides for fields somewhat lower than 
that required to induce breakdown. These pre-break- 
down currents grow in magnitude as the field is raised. 
Although the breakdown current usually appears as a 
discontinuity on the rising pre-breakdown current, it 
seems reasonable to suppose that the pre-breakdown 
current is related to breakdown. Haworth and Bozorth,? 
who studied pre-breakdown phenomena in glass, ob- 
served that the current is exceedingly noisy; that is, 
the current occurs in pulses (Fig. 1) which grow in 
magnitude as the field increases. Pulses of this type 
have been observed‘ in a qualitative manner in many 
cases. Their presence suggests that electron avalanches 
occur at fields lower than that required to produce 
breakdown and grow rapidly in magnitude as the 
breakdown field is approached. 


* Now at the University of Illinois, Urbana, Illinois. 

1 The principal survey articles on the field of dielectric break- 
down in solids are as follows: A von Hippel, J. App. Phys. 8, 815 
(1937); Trans. Faraday Soc. (Conference on Die ectrics) 40, 78 
(1946); W. Franz, Zeits. f. Physik 113, 607 (1939); H. Frdhlich, 
Reports on Progress in Physics 6, 411 (1939); N. F. Mott and 
R. W. Gurney, Electronic Processes in Tonic Crystals (Oxford 
University Press, New York, 1940); A> E. W. Austen and S. 
Whitehead, Proc. Roy. Soc. 176, 33 (1940). More recent papers 
are as follows: H. Frohlich, Proc. Roy. Soc. 188, 521, 532 (1047); 
J. W. Davisson, Phys. Rev. 70, 685 (1946). 

2 A. von Hippel, Phys. Rev. 54, 1096 (1938). 

*F, E. Haworth and R. M. Bozorth, Physics 5, 15 (1934). 

‘ The writer is indebted to Professor R. _J. Maurer for a discus- 
sion of observations on pre-breakdown noise. 


Theoretical developments concerning breakdown 
phenomena have flowed in three somewhat separate 
channels, each of which has had its own exponents: 

(1) One of the first systematic development along 
modern lines is that of Zener,’ who proposed that 
breakdown occurs when the electrostatic field becomes 
sufficiently strong to ionize the atoms of the insulator 
by a process akin to field emission. In effect, the elec- 
trons of the bulk solid are able to tunnel from the filled 
band of levels to the conduction band. This effect was 
investigated subsequently by Houston® and by Franz.’ 
The latter focused attention particularly on the problem 
of breakdown, however, Houston’s calculations are 
somewhat more accurate. These investigators find that 
the probability per unity time that an electron is 
ejected from the filled to the empty band when the field 
intensity is E£ is 


P= (2ndeE/h)(e~*/(1—e~*)”), (1) 


where 


a= (Ae)*md/eEh?. (2) 


Here Ae is the gap in energy between filled and empty 
band, d is the lattice spacing (for the one-dimensional 
model employed) and e and m are the electron charge 
and mass. Franz has shown that this leads to a current 
of the order of 1 amp per cm? when £ takes the value 


' E=0.33-108(Ae)*(volts percm). (3) 


Here E is given in volts per cm when Ae is expressed in 
electron volts. The lattice spacing d is assumed to have 
the value 3-10-* cm corresponding to the nearest- 
neighbor spacing in sodium chloride. Now the spacing 
between filled and empty conduction bands is about 
10 ev in the case of sodium chloride, if present interpre- 
tation® of the ultraviolet absorption spectra of the 
alkali halides is correct. Thus (3) leads to a breakdown 
potential of about 3-10’ volts per cm, which is at least 


5C. M. Zener, Proc. Roy. Soc. 145, 523 (1934). 

6 W. V. Houston, Phys. Rev. 57, 184 (1940). 

7™W. Franz, see reference 1. 

8N. F. Mott and R. W. Gurney, see reference 1, p. 95. 
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a factor 10 larger than the observed® value at room 
temperature of 1.5-10® volts per cm. Even without this 
evidence, which is subject to criticism on the ground 
that the absolute theoretical values may contain large 
calculational inaccuracies, the measurements of Buehl 
and von Hippel® on the temperature dependence of the 
breakdown field in the alkali halides seem to rule out 
the field emission theory. This work shows that the 
breakdown field decreases with decreasing temperature 
in the range below room temperature. This effect is 
very difficult to explain on the field emission theory, 
whereas it is explained very naturally on an avalanche 
theory. 

The value of Ae is not accurately known in diamond ; 
however it is probably less than 10 ev and probably 
nearer to 7 ev. Moreover the lattice spacing in diamond 
is about half the value for sodium chloride. As a result, 
the field corresponding to that given by Eq. (3) is 
somewhat less than 10’ volts per cm. We shall have 
cause to refer to this value in later sections. 

(2) In 1932 von Hippel'® proposed that breakdown 
in solids is a by-product of the production of electron 
avalanches through electron impact. He pointed out 
that any electron which finds itself free in a solid in the 
presence of an electrostatic field will be subject to two 
opposing influences: It will tend to be accelerated by 
the field and retarded by the “friction” resulting from 
interaction with the vibrational waves of the lattice. 
He postulated that breakdown occurs when the average 
electron gains energy more rapidly from the field than 
it loses it to the lattice for all velocities of motion less 
than the value needed to produce ionization by impact. 
von Hippel also proposed that the electron would 
encounter the greatest friction in ionic crystals when 
its energy is of the order of hyo where v is the frequency 
of the optically active mode of lattice vibration. In 
other words the barrier is greatest when the electron 
has energy in the thermal range. 

Seeger and Teller" supplemented von Hippel’s theory 
by deriving an expression for the rate at which a 
conduction electron would lose energy to the lattice. 
Unfortunately this calculation alone does not provide a 
very satisfactory test of the theory because the collision 
frequency is so large in the velocity range where the 
friction is greatest that there is no reliable method of 
determining the rate of loss. For example, quantum 
mechanical perturbation techniques are not accurately 
applicable. In spite of the fact that von Hippel’s theory 
is not subject to precise treatment, it evidently has 
many attractive features. For example it does give the 


*A. von Hippel, Zeits. f. Physik 75, 145 (1932); Ergebn. d. 
exakt. Naturwiss. 14, 79 (1935); R. C. Buehl and A. von Hippel, 
Phys. Rev. 56, 941 (1939); A..E. W. Austen and S. Whitehead, 
see reference 1. 

10 A. yon Hippel, Ergeb. d. exakt. Naturwiss. 14, 79 (1935); 
J. App. Phys. 8, 815 (1937); A. E. W. Austen and S. Whitehead, 
see reference 1. 

R, J. Seeger and E. Teller, Phys. Rev. 54, 515 (1938); 56, 
352 (1939). 


correct order of magnitude of breakdown field and it 
does explain the occurrence of avalanches at least 
qualitatively. In addition it predicts temperature de- 
pendence of the general type that is observed. 

(3) In 1937 Frohlich” proposed an independent 
impact ionization theory which differs from von Hippel’s 
primarily in regard to the condition employed for 
breakdown. Fréhlich also postulated that breakdown 
occurs as a result of acceleration of electrons through a 
friction barrier arising from interaction between elec- 
trons and lattice waves. However, he has been guided 
by the intuitive notion that the critical conditions are 
determined by the behavior of electrons which have an 
energy sufficient to ionize the atoms of the solid. As a 
result he has proposed an equation for the breakdown 
field which differs from von Hippel’s and which states 
that the field should be sufficiently strong that electrons 
having energy sufficient to ionize gain more energy 
from the field than they lose to the lattice waves. As 
far as the writer can judge, Frohlich believes that von 
Hippel’s condition is too stringent because it requires 
that every electron be accelerated on the average. 
Apparently Fréhlich believes that breakdown will occur 
when any electron which has by whatever means 
possible reached the ionization energy will gain more 
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Fic. 1. Variation of the size of electron avalanches in Pyrex 
with applied voltage (after Haworth and Bozorth). The ordinate 
is expressed in units of the electron charge. 


2 H. Frohlich, Proc. Roy. Soc. 160, 230 (1937) ; 172, 94 (1939) ; 
178, 493 (1941); 188, 521, 532 (1947); Phys. Rev. 61, 200 (1942). 











Sy 


a, 


pondaces 
TE ae 


EE 


Saigon eet 


gee 


1378 FREDERICK SEITZ 


energy from the field than it loses to the lattice vibra- 
tions. In essense, his theory appears to rest on the 
assumption that when the breakdown field is reached 
the distribution function describing the spread of 
electron energies will have a maximum well below the 
ionization energy, but will possess some type of tail in 
the region of the ionization energy. The behavior of 
the electrons in this tail determines breakdown. In 
partial support of this viewpoint, Fréhlich has shown 
recently in a somewhat idealized calculation” that the 
distribution function actually possesses a portion which 
rises with increasing energy above the ionization energy. 
This calculation is deficient in the sense that it does 
not include the influence of the ionization process itself 
on the distribution function. Inasmuch as this influence 
is probably great, it must be admitted that Fréhlich’s 
case still rests primarily on intuitive grounds. 

Since Fréhlich, like von Hippel and Seeger and 
Teller, assumed that the maximum friction occurs when 
the electron has energies near hyp and that the curve 
describing dissipation of energy to the lattice falls at 
higher energies, his condition for breakdown would lead 
to a lower value of the breakdown if both groups of 
investigators employed in same function. Actually 
both arrive at about the same values of the breakdown 
field because they employ functions which differ 
essentially by a multiplicative constant. The difference 
arises from the manner in which the screening of 
electrons by the polarization of the lattice is included. 
Seeger and Teller assume that the electron is shielded 
by a polarization charge determined by the dielectric 
constant of the medium, whereas Frohlich assumes that 
this screening is not of great importance for energies 
near the ionization potential. 

As we shall see in Section 4 both groups of investi- 
gators neglect the interaction of electrons with non- 
polar modes of vibration. The calculations of the 
present paper seem to show that this interaction, which 
is peaked at energies of the order of several electron 
volts and which is of primary importance in non-polar 
crystals, plays a very important role in ionic solids and 
should modify the application of either of the criteria 
for breakdown described above. In fact, the present 
work seems to show that the criteria of von Hippel and 
Fréhlich do not differ appreciably from a practical 
viewpoint since the electron friction arising from inter- 
action with lattice vibrations is almost as large when 
the electron can ionize as it is when the electron has 
energies near kof in the case of polar crystals. Moreover 
the present work indicates that statistical fluctuations 
are sufficiently important that both criteria are too 
stringent. 

It should be emphasized in connection with this 
summary that experimental aspects of the topic of 
breakdown still merit a great deal of further investiga- 
tion. The best available data on the subject is derived 
from direct voltage measurements which are carried out 
to the point at which rupture occurs. It is conventional 


to assume that the applied electrostatic field is relatively 
uniform and that the electrodes play a minor role in the 
breakdown process when relatively reproducible results 
are achieved. Early work of Gudden and Pohl and 
more recent work of McKay" indicates that the intro- 
duction of as few as 10° electrons into a crystal can 
have an appreciable influence upon the potential distri- 
bution through the formation of space charge within 
the specimen as a result of the trapping of electrons. 
It is possible that the large electrostatic fields which 
are achieved near breakdown in the best insulators 
sweep away this space charge. However this point, as 
well as the influence of ionic polarization, merits much 
more study than the topic has received to date. Simi- 
larly it is possible that the character of the pre-break- 
down currents is determined primarily by the electrode- 
crystal junction. 

These uncertainties will have relatively little influence 
on the following discussion since we shall be primarily 
interested in the manner in which electrons may be 
multiplied as a result of acceleration within the crystal. 
It seems reasonable to assume at present that this 
process is intimately related to the breakdown problem 
in many crystals even though we may not have com- 
plete understanding of the relationship between the 
applied voltage and the distribution of field in a speci- 
men for which the applied voltage is near the breakdown 
value. 


2. VIEWPOINT OF PRESENT ANALYSIS 


The present paper is devoted to a re-examination of 
the impact ionization theory in order to attempt to 
obtain a somewhat clearer view of the multiplicative 
process. In the opinion of the writer, von Hippel’s 
approach to the problem of dielectric breakdown pro- 
vides a more fruitful starting point than Fréhlich’s 
since it attempts to follow the dynamical behavior of a 
free electron throughout its life cycle as it passes from 
cathode to anode. It is difficult to believe that it will 
lead to essentially incorrect results if due attention is 
paid to all of the effects which influence the electron. 
It cannot of course be denied that Frdéhlich’s more 
formal approach could lead to identical results; how- 
ever it appears to be very difficult to subject his method 
to the type of detailed approximation which is so 
valuable in obtaining a feeling for the inner working of 
a problem. 

In the last analysis the central problem of dielectric 
breakdown in solids is this: At what field strength are 
free electrons produced in sufficient numbers to produce 
disruption? We shall suppose that the free electrons are 
produced by an avalanche effect in which one initial 
free electron produces a secondary by impact ionization ; 
the pair then produce a second pair and the process 
continues through m generations at the end of which 


3B. Gudden and R. W. Pohl, Zeits. f. Phys. 7, 69 (1921); 
K. G. McKay, Phys. Rev. 74, 1606 (1948). 
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time there are 2” free electrons. For a given material 
and field strength m will be proportional to the time 
the electrons spend within the crystal and hence upon 
the dimensions of the specimen and the point at which 
the first electron is initiated, as well as on the bulk 
properties of the material. 

The following arguments may be employed to obtain 
an estimate of the value m should attain for breakdown 
to be induced. We shall see in the following sections 
that a typical free electron will migrate through a 
crystal with a mobility in the vicinity of 1 cm? per 
volt-sec. when the field is near the breakdown value of 
say 10° volts per cm. Thus the electron will traverse a 
distance of 1 cm in about 10~* sec. In addition to 
drifting in the direction of the field, the electron will 
undergo Brownian motion or diffusion in the plane 
normal to the field. The diffusion coefficient, which is 
\v/3, where ) is the mean free path and 1 is the velocity 
of motion, has a value in the neighborhood of 1 cm? per 
sec. Thus in travelling 1 cm in the direction of the 
field, the electron will on the average wander through 
a circle of radius 10~* cm in the plane normal to the 
field. We shall assume that its progeny, produced by 
impact ionization, also lie within a circle of this radius. 
Since the diffusion coefficient of heat in most solids is 
less than 1 cm? per sec., the energy which the electrons 
transfer to the atoms of the lattice in the collisions 
between electrons and lattice vibrations will not diffuse 
out of this tube in the time in which the electrons 
migrate 1 cm. Now if the field is 10® volts per cm, each 
electron will transfer 10° ev to the group of atoms in 
the tube. The material in the tube would be seriously 
disrupted if each atom received as much as 10 ev 
(230,000 cal. per mole). Thus it seems safe to assume 
that breakdown will occur if the primary electron 
produces one electron for each 10° atoms in the tube. 
Since there are about 10!” atoms in the tube, we conclude 
that the primary electron will produce breakdown if it 
generates 10” progeny. The foregoing calculation has 
been made as if the 10” electrons were present during 
the entire traversal of the tube. Actually the atoms in 
the tube will begin to receive energy from the electrons 
at the estimated rate of 10 ev per atom only after the 
10 electrons have been produced. Thus only the 
material near the end of the tube would be disrupted. 

It is clear that if 10” electrons were produced in a 
distance shorter than 1 cm, and hence in a time less 
than 10~* sec., the energy transferred per atom to the 
atoms in the tube having a radius equal to the distance 
the electron diffuses normal to the field would be 
greater than 10 ev because this radius varies as the 
square root of the time. Conversely less than 10” 
electrons would be needed to produce the desired 
disruption. We shall neglect this variation of the number 
of electrons needed with the distance in which they are 
produced since it is relatively small for the variations 
in electrode spacing normally employed in experiments. 

The value of m for which 2*=10" is 40. Thus we 
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conclude that about 40 generations of secondary elec- 
trons should be produced between electrodes from a 
single primary if breakdown is to occur as a result of 
impact ionization. It is evident that this is a fairly 
approximate value; however it is sufficiently accurate 
for the purposes for which we shall use it. 

The preceding conditions for breakdown may also be 
expressed in the following way: An average free electron 
must produce a secondary electron in travelling a 
distance L= D/40 in the direction of the field if D is 
the spacing between electrodes. Since the electrode 
spacing enters into this formulation of the condition 
for breakdown, it follows that the breakdown field 
should depend upon the electrode spacing, being larger 
the smaller the spacing. It has been well established 
for mica“ that the breakdown field varies inversely as 
the electrode spacing. However the measurements of 
Austen and Whitehead do not permit a precise deter- 
mination of the relation. 

If the distance A which the electron travels in 
producing a secondary is greater than L but less than 
D it will start an avalanche; however this avalanche 
will not reach sufficient proportions to cause breakdown, 
even though it may be great enough to be detected 
relatively easily as a current pulse. 

We may expect the distance A to decrease continu- 
ously with increasing field strength. Thus as the field 
intensity is increased we may generally expect to find 
a region in which pre-breakdown avalanches are ob- 
served whenever breakdown is caused by impact ion- 
ization. The size of the avalanches will increase con- 
tinuously with increasing field until they become 
sufficiently large to produce breakdown. 

Should the current produced by field emission of the 
type described by Zener and Franz cause breakdown 
before A is smaller than D, the free electrons will not 
be able to produce progeny and the pre-breakdown 
current will not be very noisy, that is, will not contain 


avalanches larger than those produced by the random - 


arrival of electrons at the anode. 

In the following sections an attempt will be made to 
analyze the factors which determine the ability of 
electrons to multiply in strong fields in somewhat more 
detail than has been done hitherto. Since quantum 
mechanical perturbation methods form the basis for 
most of this discussion, it is necessary to emphasize, 
along with other investigators,'® that these methods 
cease to be accurate as soon as the collision frequency 
exceeds a value of about 3-10 sec.—'. Since the collision 
frequency actually does exceed this value in the most 
interesting range of electron velocity, the results ob- 
tained with perturbation theory have only semi- 
quantitative value and must be employed with full 
recognition of this limitation. They can be employed 
only to infer the type of behavior that may be expected 


4 A, E. W. Austen and S. Whitehead, see reference 1. 
16 The applicability of perturbation theory is discussed in a 
previous paper by the writer, Phys. Rev. 73, 550 (1948). 
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TABLE I. Characteristic energies associated with free electrons at 
boundary of Brillouin zone (expressed in electron volts). 








e min. € max. 


Diamond 8.9 ev 11.9 
NaCl 3.6 4.8 4.6 











to occur in practice; precise values of the various 
parameters should be determined either with the use 
of experiment or by application of methods other than 
those based on perturbation theory. In spite of these 
drawbacks the theoretical values to be derived and 
discussed lead to interesting conclusions. 


3. FACTORS EFFECTING FREE ELECTRON 


Consider the behavior of an electron which finds 
itself free in an insulating crystal. We shall assume 
that the electron possesses thermal energy initially and 
that there is a uniform electrostatic field of intensity E 
within the crystal. If the electron did not interact 
with the crystal, it would be uniformly accelerated at a 
rate eE/m and would with certainty obtain sufficient 
energy to excite or ionize the electrons of the insulator 
provided there is sufficient potential drop between the 
point of origin of the free electron and the anode toward 
which the electron is accelerated. As von Hippel has 
pointed out, the lattice provides in effect a source of 
“friction” for the motion of the electron which prevents 
the electron from being accelerated at the rate eH/m. 
The various sources of friction may be catalogued in 
the following way. 


(1) Excitation of Polar (Optical) Modes 
of Vibration 


In polar crystals the electron will interact strongly 
with the polar or optical modes of vibration of the 
lattice. This interaction has been examined in various 
approximations by von Hippel, Fréhlich and Mott, 
Seeger and Teller, and Callen who obtain results that 
are similar semi-quantitatively. The maximum inter- 
action occurs when the electron has an energy of the 
order of hyo, where vo is the frequency of the polar 
mode of longest wave-length in the reduced zone 
scheme. The electron may lose energy to the lattice, 
provided it has sufficient energy to excite the polar 
modes, or it may gain energy if the lattice is thermally 
excited. Both types of encounter cause the electron to 
be scattered so that it undergoes Brownian motion. 
Fréhlich and Mott have distinguished carefully between 
the transverse and longitudinal polar modes of vibra- 
tion, which generally have different frequencies even in 
a cubic crystal, and have shown that the longitudinal 
modes are principally responsible for the interaction. 
As far as the writer is aware all of the investigators 
who have considered the friction encountered by an 
electron in being accelerated have placed principal 
emphasis upon the interaction with polar modes and 


have neglected a second effect which seems to him to 
be as important for the problem. 


(2) Interaction with Non-Polar Modes 


The electron will interact with non-polar modes of 
vibration even in a polar crystal. This type of inter- 
action is usually considered only in non-polar crystals 
since the polar modes are absent in these materials and 
the non-polar modes provide the principal source of 
scattering. However, the non-polar modes are of con- 
siderable interest even for polar crystals, for, as we shall 
see below, their influence is greatest when the energy 
of the electron is a hundred or so times larger than hyp 
and the influence of the polar modes has diminished. 
The neglect of the non-polar modes of polar crystals is 
undoubtedly justifiable in a discussion of the ordinary 
problem of electronic conduction for which the kinetic 
energy of the electrons does not differ greatly from 
hvo=ké (0=characteristic temperature). However these 
modes should be included when the electron has either 
a high energy or a very low energy. The interaction 
with these modes evidently is a principal subject of 
discussion for the problem of electron multiplication in 
non-polar crystals. 

In addition to the foregoing impediments to the 
acceleration of an electron there are two more obstacles 
which merit attention. 


(3) Laue Scattering 


If in the course of being accelerated, an electron 
passes near to the boundary of a Brillouin zone, it has a 
finite chance of undergoing Laue scattering. Although 
such scattering will not alter the energy of the electron, 
it will alter its direction of motion and hence alter the 
rate at which the electron gains energy. This process is 
particularly important if the free electron does not 
possess sufficient energy to excite the bound electrons 
when it is in the first Brillouin zone associated with free 
electrons. If the bands associated with free electrons 
overlap and if the frequency with which the electron 
makes collisions with the lattice vibrations is sufficiently 
great, the electron will jump from one zone to the next 
without spending an appreciable time near the boundary 
of zones. However if the ‘frequency of collisions with the 
lattice vibrations is small once the electron has gained 
energy, or if the neighboring energy bands associated 
with free electrons are separated by a gap in energy 
that is large compared with the energy of the lattice 
vibrational quanta, as is the case between filled and 
empty bands for the normal valence electrons of an 
insulator, the accelerated electron will eventually reach 
the boundary of the zone and undergo Laue reflection. 
We shall assume in the following that the conduction 
bands overlap, as is probably the case for most insu- 
lators. We shall see later that the frequency of collisions 
with lattice vibrations is sufficiently large in this case 
that the electron probably does not spend appreciable 
time near the boundary of the Brillouin zone. 
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The first two columns of Table I show the maximum 
and minimum energies that would be associated with 
the boundaries of the first conduction zone in diamond 
and sodium chloride if the electron were perfectly free. 
The third column gives an average e, that will be 
defined later. 


(4) Production of Excitons 


As J. B. Sampson and the writer emphasized a 
number of years ago,’® the first electronic excitation 
process of which the accelerated electron may be 
capable is the production of excitation waves. In fact 
this should be the case with certainty if our present 
picture of the electronic states in good insulators is 
correct. Unless the excitation waves are decomposed 
into free electrons and holes by the field or by other 
means, the accelerated electron will lose the energy 
expended in excitation waves without producing second- 
ary charged particles which can be accelerated in turn, 


4. ENERGY LOSS BY LATTICE COLLISIONS IN POLAR 
AND NON-POLAR CRYSTALS 


A. Non-Polar Crystals?’ 


The interaction between free electrons and the lattice 
vibrations of non-polar crystals may be treated in a 
straightforward way if it is assumed that the lattice 
vibrations alter the potential field of the crystal in the 


' manner first proposed by Bloch which is sometimes 


called the deformable atom hypothesis. It is assumed 
in essence that the perturbing potential V, satisfies 


the equation 
V,(r)= —R-gradV,(r). (4) 


Here V,(r) is the unperturbed potential and R is a 
continuous function whose values at the positions of 
the atoms describe the motion of the atoms as a result 
of the vibrational waves. The use of the Bloch per- 
turbing potential is supported by the fact that it leads 
to a JT? dependence of mobility upon temperature at 
temperatures below the characteristic temperature, in 
agreement with experimental observations in pure 
diamond, silicon, and germanium. As a result, we may 
feel justified in employing the results of a previous 
paper to discuss the interaction between the electrons 
and lattice vibrations in non-polar materials. 

It has been shown that the probability per unit time 
p that the electron will interact with the acoustical 
modes is 


2x 2hC? 
p= —— f A2n(o)+1) 
h 9NM 
16F, Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, New York, 1940), p. 563. The basic theory of excitons 
may be found in the following: J. Frenkel, Phys. Rev. 37, 17, 
1276 (1931); Physik. Zeits. Sowjetunion 9, 158 (1936); R. Peierls, 
Ann. Physik 13, 905 (1932); J. C. Slater and W. Shockley, Phys. 
Rev. 50, 705 (1936); G. Wannier, Phys. Rev. 52, 191 (1937). 
17 This paper by the writer, Phys. Rev. 73, 550 (1948), will be 
referred to as I in the text. 
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Here C is an energy parameter describing the coupling 
between electron and lattice, NV is the number of unit 
cells in the crystal under consideration, M is the mass 
of the atoms of which the lattice is composed, ¢ is the 
wave number vector of the vibrational quanta, n(c) is 
the number of quanta of each type of vibration that is 
stimulated as a result of thermal excitation, w(c) is the 
circular frequency associated with the vibrational wave 
having wave number g, p is the density of values of o 
in wave number space, E; and £2 are the energies of 
the system consisting of electron plus lattice before and 
after a collision of the electron with the wave having 
wave number g. In the collision, the wave number & 
of the electron is transformed to k’ where 


k’'=k+o (6) 


so that E,— E.= e(k)—e(k’) thw if ¢(k) is the energy of 
an electron having wave number &. If we assume that 
the electrons are completely free so that e(k) =/?k?/2m, 
we find 


E,— E,= — (h?/2m) (0?+-2ke cosé) thw, (7) 


in which @ is the angle between & and the vector o 
which satisfies (6) and the equation 


E,— E2.=0. (8) 


The integration in (5) extends over all permitted 
values of o and 6; however the presence of the delta- 
function reduces the integration to one dimension. In 
general when one desires to obtain the total probability 
per unit time as given by the integral (5) instead of the 
differential probability as a function of angle, it is 
convenient to replace the integration over @ by one 
over the variable E,— £2, using (7) to connect the two 
variables. Equation (5) is then reduced to a single 
integration over the scalar wave number o. Provided k 
lies well within the first Brillouin zone, the integration 
over o extends from zero to 2k and leads to the results 
described in I. On the other hand, if & lies so close to 
the zone boundary that the upper limit of o required 
by Eqs. (6) and (7) would lie outside the first zone in 
@ space, the integration becomes much more involved. 
The simplest procedure to follow is to set the upper 
limit of integration of ¢ equal to a constant om that is 
of order of magnitude of the average radius of the 
first zone boundary. This procedure can also be adopted 
when & lies well outside the first zone. 

As long as & lies well inside the first Brillouin zone, 
so that there is no limitation on the integration over o 
imposed by the zone boundaries, the calculations of I 
show that the electron is scattered isotropically. How- 
ever once the range of o is no longer 2k, forward 
scattering predominates. The transition between the 
two cases occurs when k approaches the zone boundary. 

When the electron has thermal energy, as was 
assumed to be the case in I, m(c) may be set equal to 
koT'/tw, where ko is Boltzmann’s constant and T is the 
absolute temperature. In this case the 1 appearing with 
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2n(c) in the integral can be neglected and we find, as in 
I, 

4 C*koT mM, 
—- (9) 
Or h®e’ng M 





in which mp is the density of unit cells. If the entire 
factor (2n+-1) in the integrand is included, the result is 
readily found to be 


4 Ck mkoT 2 
( ) (10) 


On hnoc M hick 3 


where c is the velocity of the longitudinal modes of 
vibration. 

Equation (9) and its extended form (10) are valid 
only when the wave number vector of the electron lies 
well within the first Brillouin zone associated with the 
free electrons. When k& does approach the edge of the 
zone or extend beyond it, the range of integration of o 
becomes limited as we saw above. This limitation is 
particularly important when & lies outside the first zone, 
since jt alters entirely the dependence of » upon k. A 
simple investigation shows that the quantity in pa- 
renthesis in (10) becomes independent of k, whereas 
the coefficient varies as 1/k. In other words, the 
collision frequency attains its maximum value when k 
is near the boundary of the first Brillouin zone. 

The rate of energy loss exhibits a similar behavior. 
This quantity, which we shall designate as de/dt, may 
be computed by replacing the factor 2m+1 in the 
integral (5) by fw and carrying out the corresponding 
integrals. As long as & lies well within the first zone, 
the result is 


(—de/dt)=(4/9x)(C*/h)(R?/no)(m/M), — (11) 


whereas this quantity falls off as 1/k when b lies outside 
the first zone. Temperature no longer plays a role 
because the electron loses and gains energy at the same 
rate from the temperature-stimulated component of 
the modes of vibration. If we evaluate the temperature- 
independent part of (10) for diamond under the as- 
sumption that m is the mass of a perfectly free electron, 
that C? has the value 936 ev’ and that & has the value 
k, satisfying the equation 


(41/3)k.p=N, (12) 


where p= V /8z' is the density of points in wave number 
space and JN is the number of cells in the specimen, 
we obtain 


1 167ri1 C m 
Allipimein in icaniomnnine ann tte: CREEP age —*, (13) 
T 9h (2mc*e,)* M 


It is interesting to observe that ¢,=h?k,?/2m has a 
value of 11.5 ev (see Table I). The collision frequency 
(13) would give rise to a mobility of the order of 
magnitude of 0.94 cm*/volt-sec. which is about 100 





FREDERICK SEITZ 


times smaller than the value for conduction electrons 
in thermal equilibrium at room temperature. In fact 
this value of the mobility is so low that the perturbation 
methods used to obtain it are no longer accurately 
valid, for the reasons discussed in I. The mobility and 
collision frequency may be employed only as rough 
approximations. 

Recently Klick and Maurer'* have carried out Hall 
effect measurements in diamond which permit an 
experimental determination of the mobility. They find 
a value of 900 cm?/volt-sec. for thermal electrons 
instead of the value of 156 cm?/volt-sec. calculated in I. 
If we arbitrarily assume that this difference of a factor 
6 arises from an overestimate of the coupling constant 
C? in I for diamond by that amount, the collision 
frequency (13) is lowered to 3.1-10" sec.—! and the 
mobility for e=, is 5.6 cm*/volt-sec. 

The interaction of a free electron with the optical 
modes of vibration in a non-polar crystal possessing 
two atoms per unit cell was discussed in I. Two cases 
were treated. If in a reduced zone scheme, we let c=0 
designate the optical mode of highest energy, that is 
the mode which would have highest wave number in 
the extended zone scheme, the conservation of wave 
number is expressed by the equation 


k’=k-+o. (14) 


One of the cases considered was that in which the 
matrix component of interaction does not vanish when 
o=0, whereas the second case was that in which it does. 
The first case will be the normal one and we shall 
assume that it is valid. The equation analogous to (5) 
may readily be integrated as is shown in I and the 


resulting collision frequency is 
hwy \* 
(12) . QS 
€ 


1 Dh? K?2m m? k 

D is an energy parameter, analogous to C in (5) and 
K is the first non-vanishing reciprocal vector of the 
lattice. This result (see Eq. (59) of I) is derived under 
the assumption that the frequency of the optical modes 
is essentially constant. The upper value of the quantity 
in braces is valid in collisions in which the electron 
gains energy and the lower is valid in collisions in 
which the electron loses energy. The corresponding 
signs before iw/e apply in the two cases. will be very 
small and may be neglected in comparison with unity, 
if the temperature of the crystal is small compared 
with the characteristic temperature. We shall focus 
attention on this case in discussing the collision fre- 
quency since 7 will be of the order of unity at most and 
the principal effect of the optical modes can be obtained 
without considering the thermal quanta. 

The rate at which the moving electron loses energy 
is obtained by multiplying (15) by /w and setting n=0. 


18C, C. Klick and R. J. Maurer, Bull. Am. Phys. Soc. 24, 
No. 4, 26 (1949). 
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This result is valid even wher 1 is not zero because’ of 
the cancelation of collisions in which the electron loses 
and gains energy. The ratio of the rate of energy loss in 
collisions with acoustic modes of vibration to the loss 
in collisions with optical modes is 


R= (16/9) (C*/D*)(k*/K°). (16) 


When & approaches the boundary of a zone the ratio 
k?/K? approaches unity. Thus R becomes essentially 
equal to C?/D*. The simplest supposition is that D is 
nearly equal to C so that R is near unity when & 
approaches the zone boundary. Unfortunately there 
seems to be little experimental evidence bearing on the 
point. If C and D are comparable in materials such as 
silicon and germanium one would expect the mobility 
in pure crystals to exhibit deviations from the T? law 
in the vicinity of the characteristic temperatures, which 
are 600°K and 290°K respectively, as the optical modes 
of vibration become sufficiently stimulated to scatter 
the electrons. The fact that such deviations are not 
observed may mean that D actually is smaller than C 
and that the influence of the optical modes is almost 
negligible in these materials. In either case the influence 
of the optical modes will not effect markedly the 
qualitative behavior of the function representing the 
collision frequency of the electrons as a function of 
energy or wave number: In both cases the collision 
frequency varies from about 10" sec.—' when the energy 


) 


Fic. 2. Schematic representation of the collision frequency / 
as a function of energy ¢ in polar and non-polar crystals. Figure 
2 (a) represents the collision probability in the case of a non-polar 
crystal such as diamond. The frequency has a maximum for an 
energy near ¢,. Both the optical and acoustical branches contribute 
to the peak. The collision frequency increases monotonically 
toward the peak and then falls. In Fig. 2 (b), for a polar crystal, 
the contributions from the polar and acoustical modes are shown 
separately, as well as their sums. The collision frequency for 
polar modes attains its maximum when « is near £6, that is, of 
the order of 0.1 ev, whereas the collision frequency for non-polar 
modes attains its maximum near e, as in (a). The collision fre- 
quency possesses two maxima. 
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of the electron is of the order of k7 =0.025 ev to about 
10° sec.-' when the wave number vector approaches 


the zone boundary, where the curve has its maximum 
(Fig. 2). 


B. Polar Crystals 


The most important interaction between electron 
and lattice in polar crystals is that with the polar 
modes of vibration when the energy of the electron is 
not too different from k0, as has been emphasized by 
Fréhlich. Mott and Fréhlich'® have shown that the 
collision frequency of interest for transport theory is 


1 
p=—(exp(hv,/kT)—1), 


T0 


(17) 


when the energy of the electron is less than k@ so that 
it may only gain energy from the polar modes. Here”® 


3 ho VI k, 
FQ a ne ee (18) 
An e?(k—ko) v2 R 
where v; and » are, respectively, the frequencies of the 
longitudinal and transverse polar modes of longest 
wave-length. These frequencies are related by the 
equation 


vP=(k—Kot1)v?, (19) 


in which x is the static dielectric constant of the crystal 
and xo is that arising from electron polarization alone. 
The »v in (18) is the electron velocity, which is also 
equal to hk/m. k, is defined by the equation 


hPk,?/2m=hy,. (20) 


Since 7» defined by (18) is independent of k, because of 
the presence of the ratio v/k, the collision frequency 
(17) is determined primarily by the temperature of the 
crystal, and becomes very small at low temperatures. 
When 7 approaches @, (17) leads to values of the 
collision frequency of the order of 1/79, which is of the 
order of 0.43-10'* sec.!, and hence is sufficiently great 
that perturbation theory is not accurately applicable, 
as Fréhlich and Mott have emphasized. 

It is to be stressed that the collision frequencies 
calculated by Fréhlich and Mott are those of interest 
for determining the mobility of the electrons and repre- 
sent the frequency with which the electron is deflected 
through an angle that is 90° on the average. We shall 
discuss the true collision frequency later. This point is 


19 H, Fréhlich and N. F. Mott, Proc. Roy. Soc. 171, 496 (1939). 

20H. Callen has re-examined the interaction of poiar origin in 
polar crystals more carefully than previous investigators in order 
to determine the extent to which von Hippel’s criterion for break- 
down will provide numerical agreement with the observed 
breakdown measurements. This work employs standard perturba- 
tion theory and hence is subject to the uncertainties arising from 
this source if it is to be employed for quantitative purposes. 
The writer is indebted to Dr. Callen for an opportunity of seeing a 
copy of his manuscript prior to publication. 
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not of major concern in the preceding discussion of 
non-polar crystals since the scattering is practically 
isotropic as long as the electron resides in the first zone. 

When the energy of the electron exceeds k0, it may 
both give to as well as receive energy from the polar 
modes and the expression, for the transport collision 


frequency is 
1 ( ms 2 ) 
=—(1 
P T0 ef/T—] 


Fréhlich has found that as long as the wave number 
vector of the electron lies inside the first zone, but still 
lies in the range for which the energy of the electron is 
greater than 0, 





_ (21) 


1 eno m 
—= , (22) 
TO h?vok M 





in which mp is the density of ions, which is 1/a* in the 
sodium-chloride lattice if a is the nearest-neighbor 
distance, and vp is taken as the frequency of the trans- 
verse polar modes. Since k appears in the denominator, 
it follows that the collision frequency decreases as the 
wave number vector approaches the zone boundary, in 
contrast with the situation described previously for the 
interaction in non-polar crystals. We readily find that 
1/70 is of the order of 1.5- 10" for a typical crystal such 
as NaCl when k=,. Thus the collision frequency falls 
from a very high value when the energy of the electron 
is of the order of 6 to a relatively low value when the 
energy is of the order of several electron volts, corre- 
sponding to an energy near the zone boundary. In fact 
the mobility of the fast electron would be comparable 
to that of a thermal electron in a non-polar crystal if 
no other influence arose to affect the collision frequency. 

Fréhlich has shown that the transport collision 
frequency falls as 1/k* once the electron has an energy 
well outside the first zone. 

The true collision frequency p’, which does not 
contain an angular weighting factor of the type intro- 
duced by Fréhlich, is readily obtained from the material 
presented in Fréhlich’s paper. In fact the derivation 
follows closely the procedure outlined in Section 5 of 
his paper in which the rate of energy transfer is calcu- 
lated. This transfer is the sum 


hvo(p1—p-), (23) 


in which p, is the frequency of collisions in which the 
electrons transfer energy to the lattice and p_ is the 
frequency of collisions in which the electron receives 
energy. It is easily found from Fréhlich’s work that 


em 1 1 s¢%do 
p' = 2x— —(2n+1)— — _—, (24) 
a’ M hvo hk 1 Co 


in which g, as previously, is the wave number of the 
lattice wave (in the reduced scheme) and o; and 2 are 
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respectively the minimum and maximum values associ- 
ated with a given value of k. The value of o; (which 
Frohlich calls w’) is 


2rmyvo 


hk 





o1> 


(25) 


The maximum is 2k when & lies well inside the zone, 
whereas it may be chosen to be a constant, as an 
approximation, when & is well outside the first zone. 
In either case the integral in (24), which has the value 
log(o2/o1), may be treated as if nearly constant. It is 
to be noted that the ratio of (24) to (21) is log(¢2/o:) 
which shows that the collisions are nearly isotropic 
when is inside the zone. The ratio is much larger when 
k extends well outside the first zone and increases as 
Rk? log(a2/o1) since the collisions cease to be nearly 
isotropic. 

The preceding scattering is the result of interaction 
between the electron and the polarization field arising 
from displacement of the ions. This field is identical 
with that which would be obtained from a lattice of 
point ions if they underwent oscillatory motion. Let 
us now consider the extent to which this scattering is 
augmented by scattering arising from variations in the 
local potential field analogous to that considered for 
non-polar crystals. There is no doubt that any such 
supplementary scattering is negligible when the energy 
of the electron is near k@, however it could be important 
for other ranges of energy. The simplest procedure to 
follow is to assume that this additional-scattering can 
be treated by use of the equations derived for non-polar 
crystals and based on the deformable atom picture. In 
this case a material such as germanium becomes an 
approximate stand-in for a crystal such as NaCl since 
the characteristic temperatures are about the same 
(Ge: 290°K, NaCl: 281°K) and the density of atoms in 
the first material is about the same as the density of 
ions in the second. However, the atomic weight of 
germanium is about 2.5 times larger than the average 
atomic weight in the salt. If a correction is made for 
this, it is found, using the equations derived in I, that 
the collision frequency for a conduction electron having 
thermal energy is about 0.7-10" sec. This would 
yield a mobility of about 250 cm? volt-sec. in the 
absence of additional scattering. 

If we employ the equations in I which relate the 
parameters occurring in (10) to the characteristic 
temperature and employ Eq. (12) for the determination 
of k, we find that the collision frequency arising from 
the acoustical modes is 1.8-10" sec.' when k=h,. This 
value is not negligible in comparison with the contribu- 
tion from the polar modes derived with the use of 
Fréhlich’s equations, namely 1.5-10" sec.—'. In other 
words the non-polar contribution to scattering in polar 
crystals would be appreciable at energies above the 
thermal range if it were comparable to that expected in 
non-polar crystals. This conclusion is valid, even if the 


Te 





ci- 
ch 





contribution from acoustical modes of vibration alone 
is considered. 

It seems entirely reasonable to assume that non-polar 
scattering is as important in polar crystals as in non- 
polar materials. The basis for the use of the deformable 
atom model, which leads to the relation (4) in deter- 
mining the scattering from non-polar fields, rests on 
the assumption that the relative distribution of the 
valence electrons in any unit cell is altered when a 
vibrational wave passes through the lattice. Since the 
valence electrons on the negative ions play as important 
a role in determining the interatomic forces in ionic 
crystals, principally through the Born repulsive term 
in the expression for the total energy, as do the valence 
electrons in non-polar crystals, we may expect non-polar 
scattering to be of comparable magnitudes in the two 
materials. 

We should also expect the optical branches as well as 
the acoustical to contribute to the non-polar component 
of scattering in polar crystals by an amount comparable 
with that found in non-polar crystals if the surmise of 
the preceding paragraph is correct. Since the non-polar 
component becomes most important in polar crystals 
when the electron has a wave number near the zone 
boundary and since the magnitudes of the scattering 
associated with the two branches of the vibrational 
spectrum are then comparable (Eq. 16), the inclusion 
of the higher branch will at most multiply the collision 


' frequency computed from the acoustical branch by a 


factor two. 

To summarize, the collision frequency when plotted 
as a function of energy should have the form shown in 
Fig. 2 for polar and non-polar crystals. In the first 
case the curve has two maxima of comparable height, 
whereas only one maximum occurs in the second case. 


5. BEHAVIOR OF AN AVERAGE ELECTRON 


Let us now consider the field Eq at which a free 
electron would receive on the average more energy from 
the applied field than it expends in exchange with lattice 
vibrations for all values of its kinetic energy. This is 
the field at which breakdown would occur, according 
to von Hippel’s theory. The condition satisfied by Ey is 


de/dt)z+de/dt),=0 (26) 


for the energy ¢ at which de/dt); is a maximum. Here 
de/dt)z is the rate of gain of energy from the field and 
de/dt), is the rate of transfer of energy to the lattice 
vibrations. We shall assume that the average electron 
undergoes Brownian motion and possesses a mobility 


w= (¢/m) Tm (27) 


in which 7»! is the transport collision frequency. The 
rate of gain of energy from the field is thus 


de/dt) = (e?/m)E*tm. (28) 


Since the largest values of de/dt)z occur in the range of 
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energy in which the collisions are essentially isotropic, 
the transport collision frequency and the true value 
do not differ greatly. The source of error that would 
result from the assumption that they are equal would 
probably not be larger than that made in employing 
perturbation theory in calculating the collision fre- 
quency. As a result, we shall occasionally replace tm by 
the true value 7;. 

The rate of transfer of energy to the lattice was 
discussed in the previous section and is given in various 
cases by Eqs. (11), (16), and (23) which may be placed 
in the form 


—de/dt),=hck(1/71), (29) 
1/11= (4/9) (C*k?/h?ngc) (m/M) 

X [1+ (9/16)(D°K?/C*k*)], (29a) 

—de/dt),=hv(1/72), (30) 


(30a) 


1/72= (1/70) log(o2/01), 





le 





Fic. 3. Schematic picturization of the curves representing 
energy gain and loss as a function of time in polar and non-polar 
crystals. Figure 3 (a) shows the gain and loss curves corresponding 
to the two terms in Eq. (26). The case illustrated represents one 
in which the electrostatic field is less than but nearly equal to 
Ex, so that de/dt)g crosses de/dt);, twice. An electron having 
energy less than that associated with the first crossing, namely I, 
will be accelerated on the average. The second crossing, designated 
as II, represents a point of instability. If the electron has greater 
energy it will be accelerated on the average. Electrons having 
energy between the cross-points will move toward I on the 
average. Figure 3 (b) shows the corresponding case for a polar 
crystal. In this case there are four cross-points, of which only 
three are shown (designated as II, III, and IV). The cross-point 
of lowest energy which could be designated as I, is not shown 
since it occurs too close to the origin. The cross-points I and III 
represent energies of relative stability for the electron distribution 
whereas II and IV are unstable points. III and IV evidently are 
the analogues of I and II in Fig. 3 (a). (Note: Through an error the 
subscripts are omitted in the quantities de/dt which designate 
the gain and loss curves. The lower symbol designates the loss 
curve in both figures.) 
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in which 79 is given by (18) or (22). Equation (29) is 
to be employed for the non-polar interaction in polar 
‘and non-polar crystals when & is near the zone bound- 
ary, whereas (30) is to be employed for the polar 
interaction in polar crystals when the electron energy 
is near kof. 

In terms of the quantities defined above Ez? is given 
by the maximum value of the quantity 


m/e(hck/tm71) (31) 


in non-polar crystals, and by the maximum value of 
either (31) or 


m/e? (hvo/tmT2) (32) 


in polar crystals. 

In diamond, the maximum value of (29a) is about 
3.8-10'* sec.—! and Ey is about 4.0-107 volts per cm if 
we take C?=936 ev’. It should be emphasized again 
that the absolute value of this may be considerably in 
error because of the inaccuracy accompanying the use 
of perturbation theory and inaccuracies in the numerical 
values used for various parameters. For example, the 
values are 0.6-10'* sec.—! and 6.7- 108 volts per cm if we 
decrease C? by a factor of 6 as suggested by the experi- 
ments of Klick and Maurer. 

In sodium chloride, the peak in scattering frequency 
near thermal energies leads to a value of Ey of about 
1.6-10® volts per cm, whereas the peak arising from 
non-polar scattering produces a value of about 1.2-10° 
if we assume the collision frequency is 3.6-10" sec.. 
In other words the values are essentially equal within 
the accuracy of the present analysis. 

In the absence of an external electrostatic field, the 
free electrons which occur in an insulator will possess a 
velocity distribution given by the Maxwell-Boltzmann 
distribution function. As the field intensity grows, 
however, the distribution may be radically altered 
because an electron possessing thermal energies may 
gain energy from the field more rapidly than it loses it 
to the lattice. This rate of gain is given by Eq. (28) 
which may be expressed in the approximate form 


de/dt)z= (e?/m)(E’/p), (33) 


since 1/7» is closely equal to the true collision fre- 
quency. Thus, as E increases toward Ey, the distribu- 
tion function will be affected first in ranges of energy 
most distant from the peaks in p. This means that the 
Maxwell-Boltzmann distribution will be altered most 
easily in non-polar materials, which have high mobilities 
in the thermal range of energies. The mobility of 
diamond is about 900 cm? volt-sec. at room temperature 
according to Klick and Maurer. In this case the thermal 
electrons begin to gain energy from the field more 
rapidly than they lose it when the electrostatic field is 
about 5 kv per cm. Hence, the distribution is pushed 
to higher energies when the field exceeds this value and 
the electrons are no longer in thermal equilibrium with 
the lattice. The distribution which does obtain may 
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be expected to be stable as long as E is small compared 
to Ey, which has been estimated above to-lie between 
6-10° and 4-10’ volts/cm, because p increases and 
hence de/d/)z decreases with increasing energy. The 
average energy of the electrons in this type of stable 
distribution is determined by the value of € at which 
Eq. (26) is satisfied for the value of E applied to the 
crystal. This energy is 1 ev for diamond when £ is 
about 3-105 volts per cm, if we assume the room 
temperature mobility is 900 cm?/volt-sec. 

The Maxwell-Boltzmann distribution should be much 
more stable in ionic crystals than in non-polar sub- 
stances because the collision frequency possesses a 
maximum for energies near k@. The mobility of electrons 
in sodium chloride is about 100 times less than in 
diamond at room temperature. It follows that the 
Maxwell distribution will be radically distorted only 
when E becomes comparable to Ey. 

We saw in the previous section that the collision 
frequency of electrons in ionic crystals possesses two 
maxima (see Fig. 2) when regarded as a function of 
energy. Equation (26) may possess four roots, two 
lying on each side of the maxima of p(e) (Fig. 3) when 
E is sufficiently large, but still smaller than Ey. An 
electron which finds itself on the high energy side of 
the second root, which lies on the high energy side of 
the maximum in #(e) occurring near k@, will gain energy 
from the field on the average and eventually reach the 
energy corresponding to the third root which lies on 
the low energy side of the peak that occurs near e,. 
Thus just as in non-polar crystals, there may be a 
group of electrons which possess energies that are large 
compared with kT and yet preserve an energy balance. 
The difference between the behavior in the two crystals 
lies in the fact that the high energy group is the only 
one in non-polar crystals whereas it contains only 
those electrons which escape the thermal distribution 
in polar crystals. 


6. EXTENT OF DEVIATIONS FROM 
AVERAGE BEHAVIOR 


In the preceding section we discussed the average 
behavior of a free electron. We shall now examine the 
extent to which an appreciable deviation from the 
average behavior can occur. This problem is of interest 
in trying to decide whether or not breakdown and 
related properties are determined by the average 
electron or by improbable fluctuations. 

As a typical problem let us consider an electron 
which moves in the direction of the force exerted by 
the field and which starts with energy €:. Consider the 
probability that it will be accelerated to energy €2 
without making any collisions. An electron of this type 
would be accelerated at the rate eZ/m, where E is the 
field intensity. Hence it would gain energy from the 
field at the rate 


de/dt=eEv=eE(2¢/m)}. (34) 


in 


as 
as 


tl 
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The probability P(#) that it will move for a time ¢ 
without making a collision satisfies the differential 
equation 


dP/dt=—pP (35) 


in which p is the average frequency of collision, which 
we have discussed in previous sections. Since ~ is known 
as a function of energy and since the energy is known 
as a function of time in the problem of interest to us 
in this paragraph, p may be regarded as a function of 
time. Hence, 


ay=ero(— f pat) =e(- =) (36) 


In the following, we shall assume that fluctuations 
in which the electrons make no collisions, or at most a 
very small number of collisions, are the most important 
group and shall employ (36) to estimate the probability 
for the group. It is apparently very difficult to treat 
quantitatively the frequency of collisions intermediate 
between the average and the extreme case represented 
by (36) because of the absence of a simple relation of 
the type (34). We shall see below that fluctuations of 
the type (36) play an important role in lowering the 
breakdown field below the value Eq determined by 
assuming that only the average behavior of electrons 
is important. If intermediate distributions of collisions 
are more important than those in which essentially no 
collisions occur, the breakdown field will be lowered 
even further, so that the following discussion can be 
viewed as giving a lower limit to the importance of 
fluctuations. 


The following semi-quantitative argument seems to indicate 
that the fluctuations which are most important in determining 
breakdown in practice probably are those in which the electron 
is accelerated essentially from rest to the energy required for 
breakdown without making any collisions. Let us consider a 
somewhat idealized situation in which the collision frequency ~ 
is independent of energy. This assumption actually represents, 
to a fair approximation, the situation which occurs in ionic 
crystals if the curves of Fig. 2 are similar to the actual case. 
We shall also assume that the electron loses all of its forward 
momentum on the average each time it makes a collision with 
the lattice so that the kinetic energy it gains from the field 
between two collisions a time # apart is (eE#)?/2m, irrespective of 
its kinetic energy at the time of the first collision. Thus if the 
electron starts from rest and makes » collisions spaced a distance 
t apart, the kinetic energy gained from the field is (eE#)?/2m. 
In the following we shall consider time intervals between collisions 
which are sufficiently long and applied fields that are sufficiently 
strong that the collisions can be regarded as elastic. This means, 
of course, that we will be treating cases well removed from the 
average behavior in which gain and loss balance one another. 

If I is the energy required to produce ionization and if this 
energy is obtained after m collisions, which we shall regard for 
simplicity as equally spaced, the time ¢ between collisions must 
satisfy the equation 

I=n(eEt)?/2m. 
Thus the time required to gain the energy J after a sequence of 


collisions is (#)#t:, where ¢; is the time that would be required if 
the electron were accelerated with no collisions. 
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The probability that the electron shall undergo 2 collisions in 
the time (m) 4%; is given by the expression 


P, ¥ (pty)"n"!2 
n! 


exp(— (m)4pt;) (A) 


in which is the average number of collisions per unit time. 
Moreover the probability that the electron shall spend a time 4 
without making a collision in the time interval (n)4, is 


G= p((n)§—1)t; exp(— ptr). (B) 
The ratio of (A) to (B) may be placed in the form 


Pn/G= ((n)t—1)~ exp(—((n)4— 1) pti— (n/2) logn 
+n+(n—1) logpt:) (C) 


if Stirling’s approximation is employed. We shall set 
n= and ph=a 
so that the exponent in (C) becomes 
—adh+)?—? logd+)? loga+a—loga. 
For given & this function has roots at the points 
A=a(l—x) and A=1+y, 


r= (728)! im 1 
3a? 7’ ama i—-thes 


There is a minimum between these roots at A\=0.3a in which we 
are principally interested. Equation (C) has the value 


—0.11a?+a—loga 


at this minimum. At fields near observed breakdown values a 
varies between about 10 and 30 if » is assumed to have a constant 
value near 10'® sec.!. For a=10, (D) has the value —3.3, so 
that G is only slightly larger than P,, and we may expect a mixture 
of fluctuations to be important, those in which the electron is 
accelerated to the ionization energy with very few collisions being 
only moderately preferred if at all. On the other hand, (D) is 
—13 and —74 when a is 15 and 30, respectively, so that G is then 
far larger than P, for values of m near the minimum. 

The quantity (D) possesses a positive maximum when A=a or 
when n= p*t;?. In this case the time interval (#)4; is pt;* for which 
the mean number of collisions is p*#;?. Thus this maximum corre- 
sponds to the average situation and not one in which fluctuations 
are occurring. 

The previous calculation for the case in which p is constant 
shows that the group of statistical fluctuations in which the 
electron is accelerated to the energy J with very few collisions is 
favored strongly over types intermediate between this and 
average behavior whenever a is 15 or greater. We may assume 
that the same conclusion is valid when the integral in the exponent 
of (36) is 15 or larger. 


where 


Let us consider the special case of interaction with 
the acoustical modes of vibration when the crystal is 
at the absolute zero of temperature. In this event we 
see from Eq. (10) that 


6 Cot 
p=Ae, A=— 


—, (37) 
27 h'nyc M 


Combining this with (34), we readily find that the 
integral in (36) is 


(2/3) (1/Ee)(m/2)*(€2)*p2— (€1)*p1), 


in which p; and : are the values of p when the electron 
energy has the values ¢, and é2, respectively. If we take 
€, to be of the order of thermal energy and e¢; to be of 


(38) 
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the order «,, the second term in parenthesis is com- 
pletely negligible in comparison with the first. More- 
over, if we assume ~2=3.8-10" sec.-! and ¢,=11.5 
which are essentially the values for diamond used in 
the previous section, (38) is 


4.8-105/E, (39) 


or 1.5-108/E, if E is expressed in units of volts per cm. © 


If E is taken to have the value of 4-107 ev found in the 
last section for Ey, the integral becomes about 3.8. 
Hence 

P=exp(—3.8)=0.023. (40) 


This result is valid not only for the hypothetical 
example chosen. We note from Egs. (31) and (32) that 
E;? is proportional to 1/7m7; where tm is the collision 
time of interest for determining the mobility and other 
transport coefficients and 7; is the true collision time. 
Since 7; and 7,, are nearly equal for the electron energies 
of interest to us, it follows that Ey is proportional to 
the quantity 2 appearing in (38). As a consequence P 
may generally be expressed in the approximate form 


P=exp(—3.8Ex/E) -(41) 


for fields near Ey in any material for which (38) is valid. 

The integral appearing in (36) may be evaluated by 
methods similar to those used above in the case in 
which the collision frequency p is determined by polar 
modes of vibration. In this case p varies as 1/(e)* when 
e exceeds the peak value which occurs near e=k0. 
The expression analogous to (38) is 


(1/Ee) (m/2)*(e1)*p1 log( 2/1). (42) 


Here €; may be taken to be 20, e2=e, and p; is the peak 
value of the collision frequency. The value of P derived 
from this expression when E=Ey does not differ 
substantially from that derived with the use of (38) if 
values of the constants are chosen to correspond to the 
case of NaCl described in the previous sections. 

We may note in passing that the time required to 
accelerate an electron from rest to an energy of 10 ev 
when the field is E, is mv/eE, where 2 is the terminal 
velocity namely 2-10* cm sec. The time has the value 
3-10 sec. for the example employed in the previous 
paragraph when E= Ey=4-10? volts per cm. 

The time required for an electron to drift 1 cm in a 
field of strength £ is approximately m/eEtm, where, as 
previously, 7, is the collision frequency of interest for 
transport. During this time the electron will make 
m/eEtm7, collisions. This is also the number of “trys”’ 
the electron will have to be accelerated to an energy of 
the order of 10 ev without making a collision during 
the period in which it migrates f cm. The product of 
the number of trys and the probability P of success 
per try is the number of times the electron would 
actually be accelerated to 10 ev without a collision in 
travelling unit distance. The reciprocal of this quantity 
is simply A, the average distance the electron travels 
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before receiving sufficient energy to produce a secondary 
(see Section 2): 





A= E(e/m) mt: exp(3.8Ex/E). (43) 
This equation may also be placed in the form 
Eé 
A= exp(3.8Ex/E), (44) 
eE;? 


with the use of (31) and (32). ¢’ designates the quantity 
hvo appearing in (32) in the case in which Ey is evalu- 
ated from the polar modes and designates an appro- 
priate mean value of fick in the case when Ey is evalu- 
ated from the non-polar ones. 

In the example cited early in this section, for which Ey 
is taken to be 4-10’ ev and > is 3.8-10" sec.—, corre- 
sponding to diamond, the time required for an electron 
to drift 1 cm on the average in a field of magnitude Ey 
is about 5.3-10-* sec. The electron would make about 
2-108 collisions during this period of time. Correspond- 
ingly the coefficient of the exponential in (44) is of the 
order of 8-10~* cm if ¢’ is taken to be of the order of 
0.1 ev. Thus, A is about 4-10~? cm when E= Ey. 

The dependence of A upon E evidently arises princi- 
pally through the exponential term in (44). For practical 
purposes the coefficient may be taken to be equal to 
e'/eEy when E is near Ey. A is of the order of 1 cm 
when E=0.2Ex. 

Thus the present calculations show that in general 
the distance which the electron travels before producing 
a secondary electron varies from about 1 cm to about 
10-* cm as E varies from 0.2E” to Ey. Evidently the 
field for which A= D/40=0.025D lies within this range 
when D has the value associated with a normal test 
specimen. In other words the value of the field for 
which breakdown occurs is usually less than Ey, 
although it is close to this value, when the impact 
ionization theory is valid. Statistical fluctuations play 
an important role in the sense that they permit break- 
down to occur before the field reaches Ey provided the 
specimen is larger than about 10~* cm. As described in 
Section 2, we may expect to observe avalanches in the 
range of field strength between that for which A=D 
and that for which it is 0.025D. 

The value of £ at which A is 0.025D, which we may 
call Ez, is determined by the equation 


0.025eEx2D 
Ba=33le eg, (45) 


BE 


It follows readily from (43) that A will decrease by a 
factor 40 if E is increased by about 20 percent when E 
is in the vicinity of 0.2Ey. Hence the value of the field 
strength at which avalanches begin should be only 
about 20 percent smaller than the breakdown field if 
the coefficient 3.8 appears in the exponent of (44). 
Now this coefficient was derived from (38) by setting 
E= Ezy and is essentially the ratio (€,/mc?)* where c is 








grees sc 


or tS th 


> Ss Ee or CO O 


eat et 2606S 


i st mm 2 besos Qe Ao Oe. Ue! 6 h6R eee 6c 


dary 


(43) 


(44) 


tity 
alu- 
pro- 
alu- 


L Ex 
rre- 
‘ron 


out 
nd- 
the 
- of 


1Ci- 
ical 

to 
cm 


ral 
ing 


ut 


he 


ge 
2st 
‘or 
‘+H ? 
ct 
Ly 
Ss 
he 


1€ 


Br ee At] 


ws ie 





ELECTRON MULTIPLICATION 


the velocity of the longitudinal sound waves. As a 
result, it should be relatively insensitive to the errors 
in the various quantities computed in the previous 
sections. 

Figure 1, which shows the avalanches obsérved by 
Haworth and Bozorth in Pyrex, indicates that the 
field must change by a factor of about 5 in order to 
have the avalanches change in size from one electron 
to a value of the order of 10° electrons. This dependence 
on field strength corresponds to a coefficient in the 
exponent of (44) that is of the order of 50 times smaller 
than that we have derived. In other words, the ava- 
lanches observed by these investigators seem to be 
much less sensitive to field strength than those predicted 
from Eq. (44). The electronic pre-breakdown currents 
observed by von Hippel and others also appear to be 
much less sensitive to field than currents based on 
Eq. (44) would be. 

The behavior of the avalanches observed by Haworth 
and Bozorth would be readily understood if it could be 
postulated that the electrons involved need tunnel 
through a much smaller portion of the friction barrier 
than that considered in the evaluation of (38). This 
would be the case, for example, if these avalanches 
were produced as the result of the freeing by impact of 
relatively loosely bound electrons which are attached 
to foreign atoms. In this case the electron being acceler- 
ated would require a lower energy than is needed to 
ionize the atoms of the bulk material. Hence the electron 
would be required to make a much less improbable 
transition through the friction barrier. This point 
would be worth detailed experimental investigation, 
for it may prove possible to obtain pre-breakdown 
avalanches of controlled size by selected contamination 
of suitably chosen solids. 

The value of the breakdown field for diamond deter- 
mined from the foregoing avalanche theory is about 
8-10® volts per cm. This is very close to the value to 
be expected from the field ionization theory of Zener 
and Franz. The absolute values of the breakdown fields 
obtained from the approximate equations which have 
been derived for the two types of theories cannot be 
given great credance. However the results suggest that 
breakdown may actually occur by field ionization in 
diamond. 


7. THE EXCITATION PROCESS 


Consider now the behavior of an electron which has 
an energy near to or greater than e, and which is in a 
field sufficiently strong that it will gain more energy 


from the field than it loses to the lattice. An electron 


of this type will be accelerated until it is sufficiently 
energetic to excite or ionize the electrons of the lattice, 
the process on which attention will be focused in this 
section. 

For simplicity, we shall assume that the cross section 
for excitation when regarded as a function of energy 
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can be expressed in the form 
a(e) = Om(En/€) log(€/€e) (€ 2 Ee): (46) 


Here o», is the maximum value of the cross section, 
e, is the threshold energy at which excitation is possible 
and €,=2.71e, is the energy at which the maximum in 
a aman This expression is to be employed only when 
€2 €. 

The probability dg that the electron will make a 
collision resulting in excitation of the bulk atoms of the 
solid in time dt is 


dq=ongodt (47) 


where mp is the density of atoms and 7 is the velocity of 
the electron. We shall assume that the electron gains 
energy from the field at the rate veE, so that (47) may 
be written 


dq= (anqde/Ee). (48) 


An electron which starts with an energy less than e, 
will have unit probability of producing excitation when 
its energy has attained the value satisfying the equation 


log?(€/€.) = (2Ee/omno€em)- (49) 


The quantity on the right has a value between 0.1 and 
0.01 for diamond when £ has the range of values of 
0.2Ey estimated previously provided o», is given the 
value 10~'* cm? corresponding to a typical atomic cross 
section. The values for sodium chloride lie in the same 
vicinity. In both of these cases, Eq. (49) is satisfied 
when é¢/e, lies between 1.3 and 1.1. The principal 
conclusion to be drawn is that the electron does not 
produce excitation or ionization as soon as its energy 
reaches the threshold value «, when om has a more or 
less normal value. Instead the electron continues to be 
accelerated and produces excitation or ionization only 
when the energy is somewhat larger than e¢,. It follows 
that the primary electron will be left with an energy 
larger than k@ on the average after the excitation 
process although it may not have an energy as large as 
€z. Thus even in an ionic crystal the primary electron 
will usually end with an energy in the range where it 
can be accelerated further until it is blocked by the 
peak associated with lattice collisions occurring near és. 
This conclusion evidently is valid only if £ is near to Ez. 

If the excitation collision produces a second free 
electron, the primary and secondary electrons should 
divide the energy in excess of that needed to produce 
ionization so that both will end up with an energy 
larger than ké. 

One of the most important conclusions to be drawn 
from the preceding discussion is the following: Once 
an electron which is free in an ionic crystal has escaped 
from the portion of the velocity distribution which 
occurs on the low energy side of the peak in collision 
frequencies near e=k60, it will continue to remain out 
of this portion of the distribution during its subsequent 
history. This conclusion is valid provided £ is suffici- 
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ently close to Ey that the electron gains more energy 
from the field than it loses to the lattice in the range 
of energy between the two peaks occurring near k@ 
and ¢,. Moreover, any secondary electrons it produces 
will not join the distribution on the low energy side of 
k@. This means that a free electron and its progeny 
will behave in essentially the same way in polar and 
non-polar crystals when the field is strong once the 
electron has been accelerated beyond the low energy 
range. 

Consider next the excitation of impurity atoms which 
are present in concentration ,, which we shall suppose 
to be appreciably smaller than m. Let us suppose that 
the primary electron has been accelerated to an energy 
sufficient to ionize the impurity atom as a result of an 
unusual fluctuation, the energy of this electron being 
of the order of 2 ev above that of the average electron 
which is at energy equilibrium. If o; is the cross section 
for ionization of the impurity atom, the probability 
that the unusually energetic primary will produce 
ionization of one of the impurity atoms in time ¢ is 


a(t)=n,owt, (50) 


in which » is the average speed of the electron. 

The unusually energetic electron will eventually lose 
its excess energy since on the average it suffers an 
unfavorable balance of exchange of energy with the 
lattice. For example, if its energy is 2 ev higher than 
average and if it loses about 0.1 ev on the average in 
each collision with the lattice, it will fall back among 
the average electrons in the time required for about 
20 collisions. If T is the time the electron has the 
excess energy, the probability that it will ionize an 
impurity atom during this period is 


wi=no wl. (51) 


This is of the order of 10-* if we assume that ;=10'® 
per cc, o;=10~'* cm’, »=10* cm per sec. and T= 10" 
sec. 

Consider now the distance A; that the electron must 
travel in order to ionize an impurity atom. Equation 
(44) was derived under the assumption that the primary 
electron will ionize an atom of the bulk material the 
first time it has been accelerated to the region where it 
has sufficient energy to do so. The discussion which 
centers about Eq. (49) of the present section shows that 
this assumption is reasonable as long as om has a 
typical atomic value. The equation for A; which replaces 
(44) will have the approximate form 


/ 


1 Ee 
A;=— aed exp(aEy/E). (52) 


Ti eEn 


Here a is a constant considerably smaller than the 
corresponding constant 3.8 which appears in (44) since 
it assumed that the primary electron need not experi- 
ence as radical a fluctuation in gaining energy sufficient 
to ionize an impurity atom as is necessary to ionize an 


atom of the bulk solid. The coefficient 1/2; takes ac- 
count of the fact that the primary electron which gains 
sufficient energy to ionize the impurity atom as the 
result of a fluctuation need not actually produce ion- 
ization. The remaining coefficient in (52) is assumed to 
be the same as in (44) since the frequency of collisions 
with the lattice will be nearly the same when the 
electron has energy sufficient to ionize ‘impurities and 
to ionize the atoms of the bulk material. 
A; has the value D when E satisfies the relation 


E=aEn/\og(eEn*a;D/Ee’). | (53) 


This in turn is about aE;/10 if 7; is assumed to be 10-* 
and the other quantities are given typical values. In 
other words, avalanches which result from the ionization 
of impurity atoms by electron impact will begin to be 
observed at fields that are much smaller than Ey. 
Moreover, the size of these avalanches should grow 
much less rapidly with field strength than those which 
originate in the ionization of the bulk material. It 
seems possible that avalanches of this type were 
observed by Bozorth and Haworth, and that the noisy 
pre-breakdown currents observed in other materials 
originate in the same way. It has also been suggested 
that these avalanches are associated with sudden 
changes in the electrode-crystal contact as a result of 
the strong field there. 


8. THE FIELD-DECOMPOSITION OF EXCITONS 


It is generally supposed at the present time that the 
first excited states in an insulating solid correspond to 
excitation waves which are the analogue of the discrete 
excited electronic levels of an atomic or molecular 
system in which the electrons remain bound to the 
nuclei. Unless the excitation waves become decomposed 
into free electrons and holes by some agency, the 
accelerated electron which has produced the wave will 
have expended its energy without having produced a 
secondary charged particle. In this case the first 
excitation process would present a barrier analogous to 
the processes in which the electron transfers its energy 
to the lattice vibrations described previously. The 
electron would need to pass the excitation barrier in 
order to obtain sufficient energy to produce secondary 
free electrons. 

Let us consider the possibility that the excitation 
waves are decomposed by the applied field in the manner 
first proposed by Oppenheimer”! for the hydrogen atom. 
The theory of this effect has been highly developed for 
atomic hydrogen by Lanczos” who obtained excellent 
agreement with observations of von Traubenberg™ on 
the disappearance of the spectral lines of atomic 
hydrogen in the presence of an electrostatic field. These 
investigators find that the Hy line of the Balmer 


21 J. R. Oppenheimer, Phys. Rev. 31, 66 (1928). 

2 C. Lanczos, Zeits. f. Physik 62, 518 (1930); 68, 204 (1931). 

28H. Rausch v. Traubenberg, Zeits. f. Physik 54, 307 (1929) ; 
56, 254 (1929) ; 62, 289 (1930) ; 71, 291 (1931). 
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spectrum, which originates in a transition from the level 
having total quantum number m=5 to the level for 
which n=2, vanishes when the field intensity is about 
700 kv per cm. The lifetime of the level for which n=5 
then becomes less than the time required for emission 
of radiation (about 10-8 sec.). The level for which n=5 
has a binding energy of 0.54 ev in the field-free atom. 
An analysis of Lanczos’ results for levels in the neighbor- 
hood of m=5 shows that the critical field varies about 
as 1/n*. In other words, it varies essentially as the 
square of the ionization energy of the level. 

The binding energy of the excitation states of the 
crystals are not accurately known. To obtain approxi- 
mate values, we may assume that the electron and hole 
attract one another with a Coulomb force that is 
screened as a result of the high frequency dielectric 
polarization of the lattice. The energy states of the 
excitation wave associated with zero translational 
momentum are then given by an equation of the 
hydrogenic form: 


e*m 


E,= ; 
2u'h?n? 





(54) 


Here y is the refractive index of the crystal and m is a 
quantum number which may take the values n= 1, 2, 3, 
--+, The factor two in the denominator enters because 
the reduced mass of the system is half the electronic 
mass. This expression should be more nearly valid for 
large quantum numbers than for small. Relative to the 
dissociated state the first excited state possesses the 
energy 


E2= — (1.7/u*) (ev). (55) 


Since the indices of refraction of diamond and sodium 
chloride are 2.42 and 1.54, respectively, E2 is 0.049 ev 
and 0.30 ev in the two cases. 

In the case of diamond, the excitation states would be 
dissociated by a field well under 100 kv per cm, that is 
by a field that is very small compared with Ey. In fact 
the excitation waves should be dissociated as a result of 
thermal fluctuations in the vicinity of room temperature 
if this estimate of the binding energy of electron and 
hole is at all reliable. 

The case of sodium chloride is mote questionable 
since E» does not differ greatly from the value for the 
level »=5 in hydrogen. In fact, Mott® has proposed on 
the basis of an analysis of the ultraviolet absorption 
bands of the alkali halides that the energy of the first 
excitation state is about —1.7 ev relative to the 
dissociated state. Presumably the field required to 
dissociate this excitation state would be near to if not 
actually greater than Ey. 

The calculations of the preceding section show that 
if om is in the neighborhood of 10~'* cm?, which is a 
typical value, the average accelerated electron makes 
its first exciting collision with the electrons of the bulk 
material when its energy is about 1.2 times larger than 
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the threshold value. The threshold is about 7.5 ev in 
sodium chloride, according to measurements of optical 
absorption. It follows that the electron may well have 
sufficient energy, namely 9 ev, to produce ionization 
when it first transfers energy to the electrons of the 
bulk solid. In other words the probability that the 
electron which has been accelerated will produce a free 
electron and hole instead of an excitation wave is not 
negligible compared with unity. This process will be of 
major importance for breakdown in the alkali halides 
and other ionic crystals. It will also occur in non-polar 
materials, but need not occupy the same critical position 
if excitation waves are decomposed as easily as the 
results derived from (51) suggest. 

To summarize, it appears reasonable to suppose the 
excitation waves which are stimulated by an accelerated 
electron will decompose in fields that are much smaller 
than Ey in a non-polar insulator such as diamond. On 
the other hand, the situation seems to be much more 
nearly on the border line in the case of an ionic crystal 
such as sodium chloride. In this case it is possible that 
the primary electron is able to produce secondaries 
when the field is below or near Ey only as a result of 
fluctuations in which the electron succeeds in obtaining 
sufficient kinetic energy to produce pairs directly, or at 
least to produce excitation waves which are sufficiently 
high in the spectrum that they can be dissociated by 
the field. 


9. INFLUENCE OF BRILLOUIN ZONE 


The calculations of Section 3 (Table I) show that a 
perfectly free electron would meet the first Brillouin 
zone when its energy lies between 3.6 ev and 4.8 ev in 
sodium chloride, depending upon its direction of travel. 
In diamond the corresponding energies are 8.9 ev and 
11.9 ev. The crystalline potential will modify these 
values to some extent. In any event, it seems probable 
that the accelerated electron must cross a zone bound- 
ary before it can produce electronic excitation or 
ionization in sodium chloride, whereas this is probably 
not the case in diamond. 

The semi-quantitative features of this problem have 
been investigated by Houston® in the case in which 
lattice collisions can be neglected. He has shown that 
the wave number vector of the electron approaches the 
zone boundary and undergoes a Bragg reflection as it 
reaches the plane boundary when the field is not too 
strong. Thus, in the absence of other disturbances, the 
electron alternately would be accelerated and deceler- 
ated by the field and the action of Bragg reflections. 
Two disturbances are provided by the fact that the 
electron may either undergo field “emission” from one 
zone to the next or be transferred by a collision with 
lattice waves. The second process will occur only if the 
bands overlap or at least are not separated by more 
than the energy of the highest lattice vibrational 
quantum. It seems safe to assume that the conduction 
bands overlap in the insulators of interest to us. 
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The probability of the electron tunneling across the 
zone boundary is determined by the quantity a appear- 
ing in Eq. (1) in the theory of Zener, Houston, and 
Franz. If we select Ae to be 0.5 ev, @ is close to unity 
in both diamond and sodium chloride when E= Ezy. 
Thus, the electron has an appreciable probability of 
jumping the gap through field perturbation in one 
cycle of motion, provided the gap is 1 ev or less and the 
field is near Ey. 

Now we know from the discussion of Section 6 that 
on the average an electron will make several inelastic 
collisions with the lattice waves during the time in 
which it is being accelerated to an energy near «. 
Thus if the bands overlap, as we assume to be the case, 
the collisions with lattice waves should bring about a 
transfer from one zone to another. 

In other words the barrier presented by the zone 
boundaries does not appear to offer a serious impedi- 
ment to the acceleration of electrons. Apparently it 
may be surmounted either by field perturbation when 
E is near Ey or as a result of collisions with lattice 
waves. 


10. ANISOTROPY OF BREAKDOWN FIELD 


The disruption that accompanies breakdown in 
almost all crystalline substances exhibits crystalline 
symmetry.™ In brief, the breakdown paths usually are 
oriented along very definite crystallographic directions. 
On the other hand, the measurements of von Hippel 
and Davisson* on the influence of the breakdown field 
on crystallographic orientation seem to show that the 
field is isotropic. In any event this appears to be the 
case in sodium chloride at room temperature. It seems 
very difficult to reconcile these two facts on the basis 
of any of the theories of breakdown proposed to date. 
As von Hippel and Davisson have emphasized, one 
would expect both the tunnelling theories of Zener and 
Franz and the impact-ionization theories to lead to 
anisotropy in the general case. It is possible that 
sodium chloride is a special exception. It is also possible 
that the actual breakdown field in the alkali halides is 
determined by the condition that the field be sufficiently 
strong to decompose the excitons produced as a result 
of impact excitation. In the latter case it is possible 
that the field required is independent of crystal orien- 
tation. 


11. SUPPLEMENTARY COMMENTS 


Professor R. de L. Kronig®* has pointed out to the 
writer that liquid argon exhibits breakdown at fields of 


*L. Inge and A. Walther, Zeits. f. Physik 64, 830 (1930); 
71, 627 (1931); A. von Hippel, Zeits. f. Physik 67, 707 (1931); 
68, 309 (1931); J. Lass, Zeits. f. Physik 69, 313 (1931). The most 
extensive work in the field has been carried out by J. W. Davisson, 
Phys. Rev. 70, 685 (1946). 

#6 A. von Hippel and J. W. Davisson, Phys. Rev. 57, 156 (1940). 

26 R. de L. Kronig and A. E. van der Vooren, Physics 9, 139 
(1942); R. de L. Kronig, Zeits. f. Physik 118, 452 (1942). 
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about 1-10® volts per cm. Kronig has interpreted this 
breakdown in terms of Zener’s theory, although it is by 
no means certain that the avalanche theory is not valid. 
To obtain agreement with Zener’s theory it is necessary 
to assume that Ae in Eq. (2) is about 3 ev. It is possible 
that the nature of the breakdown could be determined 
by studying the dependence of the breakdown field 
upon temperature since this field would fall with 
decreasing temperature if the avalanche theory is 
correct. Since liquid argon is definitely a non-polar 
substance, one would expect only a single peak in the 
electron friction curve; moreover this should occur at 
energies of several electron volts. We may infer from 
the experimental results on argon that the collision 
frequency at this maximum would be of the order of 
5-10" sec. if the preceding theory is correct. The 
corresponding mobility is about 3 cm? volt-sec. 

Hutchinson?’ has measured the mobility of conduc- 
tion electrons in liquid argon in fields of the order of 
10 kv per cm by measuring transit times and finds 
values of 40 cm?/volt-sec., which are reasonable for a 
non-polar material for electrons having energies in the 
thermal range. Hutchinson also reports electron multi- 
plication in solid argon; however it is difficult to say 
whether or not this multiplication is the result of 
volume avalanches. 


12. CONCLUSION 


The principal conclusions to be drawn from the 
preceding investigation are as follows: 

(1) The interaction between a free electron and the 
lattice vibrations is qualitatively different in polar and 
non-polar crystals. In non-polar crystals, such as 
diamond, silicon, and germanium, there is a single peak 
in “electron friction’? which occurs when the free 
electron is near the boundary of the first Brillouin zone 
and its energy is of the order of several electron volts, 
depending upon the crystal. The previous treatments 
of the interaction between an electron and the lattice 
in an ionic crystal have neglected the influence of 
non-polér modes of vibration and have taken into 
account only the interaction with polar modes, which 
is a maximum when the electron energy is near ko@ 
(ko= Boltzmann’s constant, @=characteristic tempera- 
ture). It is proposed that the influence of non-polar 
modes is as large as that of the polar modes. The 
function describing electron friction in polar crystals 
has two peaks. One peak, arising from polar interaction, 
occurs for energies near ko@ and the second, arising from 
non-polar interaction, occurs for energies near the zone 
boundary. The existence of the second peak reduces 
considerably the practical difference between the criteria 
for breakdown proposed by von Hippel and by Fréhlich 
since the high energy peak occurs near the energy at 
which ionization begins. 

(2) The lowest value of an applied electrostatic field 


31 G. W. Hutchinson, Nature 162, 610 (1948). 
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for which a free electron of arbitrary energy will gain 
energy more rapidly from the field than it loses energy 
to the lattice vibrations is determined. This field 
strength, which is designated Ey, is the value at which 
breakdown would occur according to von Hippel’s 
theory of the breakdown process. It is found that 
statistical fluctuations in the energies which free elec- 
trons possess in the presence of a field are so great that 
breakdown actually can occur when the field is as small 
as 0.2Eq for specimens of normal size. Calculations 
have been made on the assumption that fluctuations in 
which the electron makes very few collisions are the 
most important. This breakdown occurs as the result 
of the production of electron avalanches in which 10” 
electrons are freed by impact collisions. Ey is estimated 
to lie between 4.0- 10’ and 6- 10° volts per cm in diamond 
depending upon the coupling constant employed be- 
tween lattice and electron. The corresponding value is 
about 1.5-10° volts per cm in sodium chloride. Since 
the derivation of these values involves improper use of 
perturbation theory they can be regarded only as rough 
approximations, as is true of the theoretical results of 
previous investigators. The breakdown field for dia- 
mond, estimated with the use of avalanche theory thus 
lies between 8-10° and 1.2-10°® volts per cm, whereas 
the theoretical value for NaCl is about 0.3-10°® volts 
per cm. The difference between the calculated value 
for NaCl and the observed value of 1.5-10° volts per 
cm near room temperature indicates the approximate 
character of the calculations. The value of the break- 
down potential calculated for diamond with the use of 
the impact theory is not very different from the value 
estimated with the use of the field emission theory of 
Zener and Franz. The calculations are not sufficiently 
accurate to be decisive. 

(3) An investigation of the dependence of the size of 
energy fluctuations on field strength shows that the size 
of avalanches caused by impact ionization of the bulk 
material should increase by a factor of 10" when the 
electrostatic field changes by about 20 percent if the 
field is near the breakdown value. The avalanches 
observed by Haworth and Bozorth in Pyrex correspond 
to an exponent about 50 times smaller. It is concluded 
that these avalanches may arise from the ionization by 
impact of impurity atoms which have relatively loosely 
bound electrons. The pre-breakdown currents observed 
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by von Hippel and his co-workers may have the same 
origin. 

(4) Since the electron friction is relatively small for 
electrons having thermal energies in non-polar crystals, 
the free electrons cease to be at thermal equilibrium 
with the lattice at relatively weak fields. It is estimated 
that the average energy of free electrons in diamond is 
1 ev when the applied field is about 3-10° ev. It is 
evident that electrons in this distribution should be 
able to excite impurity atoms in such a way as to 
produce effects such as ionization and luminescence. 
Two groups of free electrons will be a quasi-equilibrium 
in polar crystals in strong fields somewhat below the 
value for breakdown. One of these groups is essentially 
in thermal equilibrium with the lattice, whereas the 
second group resembles the average group present in 
non-polar crystals in having a much higher average 
energy. 

(5) It is concluded that excitation waves are decom- 
posed by the applied field in diamond when the field is 
near the breakdown value. The theoretical evidence is 
less conclusive in the case of the alkali halides. It is 
possible that breakdown occurs in these materials only 
when the field is sufficiently strong that the electron 
has an appreciable probability of running through the 
excitation range associated with the production of 
excitation waves without actually producing such 
waves and produces ionization instead. 

(6) The barrier presented by the gaps at the bound- 
aries of the Brillouin zones does not offer an appreciable 
impediment to the acceleration of electrons. The elec- 
tron can jump between zones as a result of scattering 
collisions with the lattice if the zones overlap. In any 
case the perturbation produced by the field probably 
will permit the electron to leak through the barrier as 
long as the field is near the breakdown value. 

(7) Experiments of Kronig and van der Vooren and 
of Hutchinson on the breakdown field of rare-gas liquids 
and solids support the viewpoint that non-polar coup- 
ling between electron and lattice is large when the 
energy of the electron is near a value associated with 
the Brillouin zone if it is assumed that breakdown in 
these materials is the result of electron avalanches. 
Unfortunately the experiments do not make it possible 
to determine whether this mechanism or that of Zener 
and Franz prevails. 
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basis of von Hippel’s low energy criterion. Fréhlich’s method of calculation, modified to take account of the 
electronic polarizability of the ions, is employed. The breakdown strength at T=0° is Fo(volts/cm) 
= 134X 10% (hes)ev[(€s— €0) /(€s€0*)#](m*/m) where (Aws)ev is the reststrahl energy in electron volts, ¢, and ¢9 are 
the static and optical values of the dielectric constant, and (m*/m) is the ratio of the effective mass to the 
free electron mass. The breakdown strength increases slowly with increasing temperature. The lack of 
dependence of the breakdown strength on crystallographic orientation and the strong directional dependence 


of the breakdown paths are qualitatively accounted for. 





I. INTRODUCTION 


WO distinct mechanisms have been proposed for 

the breakdown process in ionic crystals under 

high field-strengths, at low and moderate temperatures. 
It has been proposed by von Hippel! that breakdown 
occurs when the applied field is high enough to acceler- 
ate electrons of amy given energy in the conduction band 
to sufficient energy to further ionize the ions of the 
crystal by collision, thus leading to an exponential 
increase in the number of electrons in the conduction 
band. It may be easily seen that the applied field 
necessary to accelerate (on the average) an electron of 
given energy has a maximum when considered as a 
function of electron energy, as indicated schematically 
in Fig. 1. For, in order to accelerate an electron, the 
applied field must compensate the energy lost by this 
electron to the lattice; but slow electrons have insuf- 
ficient energy to excite the vibrational modes of the 
lattice, whereas very fast electrons interact for too 
short a time with the ions which they pass to transfer 
energy to them with appreciable probability. The break- 
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electron of given energy. 
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_. Breakdown field according to Von Hippel’s 
“low-energy criterion. 





__ Breakdown field according to 
<= ~ Frbhlich’s high-energy criterion. 






Applied field necessor; 








Electron energy ——> t 


Ionization energy 
~7 ev. 


~ 0.1 or 0.2 ev. 


Fic. 1. The field necessary to accelerate an electron of 
given energy (schematic). 


* This work was supported under Contract NObs-42487 at the 
University of Pennsylvania, and was sponsored by the ONR, the 
Army Signal Corps and the Air Force under ONR contract 
NS ori-78, T. 0.1 at M.I.T. 

1See A. von Hippel, Trans. Faraday Soc. 42A, 78 (1946), and 
A. von Hippel and R. S. Alger, Phys. Rev. 76, 127 (1949) for 
recent accounts of this point of view and for a more complete 
bibliography. 
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down strength, according to von Hippel’s “low energy”’ 


criterion, therefore corresponds to the maximum in 
Fig. 1, and an electron brought into the conduction 
band with low energy is immediately accelerated to the 
ionization energy and produces an additional conduction 
electron, the process thus building up in the form of an 
avalanche. Alternatively, Fréhlich? has suggested that 
an applied field sufficient only to accelerate electrons 
already having the ionization energy may lead to an 
instability and to electric breakdown. 

Unfortunately it does not seem possible as yet to 
give a definitive a-priori proof of the necessity of von 
Hippel’s low energy criterion or of the sufficiency of 
Fréhlich’s high energy criterion. It therefore seems de- 
sirable to compute the breakdown strength of crystals 
on the basis of each criterion, and to make an a posteriori 
choice of the criterion which most closely predicts the 
experimental facts. 

Fréhlich? has developed a method of treatment of the 
interaction between a conduction electron and the 
vibrational modes of an ionic lattice, the method being 
a modification of the methods developed in the electron 
theory of metals. Utilizing this method he has given a 
breakdown theory based on the high energy criterion. 
Seeger and Teller*® have a given a low energy breakdown 
theory based on Bohr’s classical calculation of ‘the 
energy loss’ of alpha-particles in a gas. The calculations 
of Fréhlich and of Seeger and Teller differ in two funda- 
mental respects. Firstly, as discussed above, Frohlich 
adopts what we have called the high energy criterion, 
whereas Seeger and Teller adopt the low energy cri- 
terion. Secondly, Fréhlich has explicitly considered the 
effect of the tortuosity of the path of the electron, and 
has given a treatment of this effect in terms of an 
electronic relaxation time. In the present paper 
Fréhlich’s method,‘ modified to take account of the 


2H. Frohlich, Proc. Roy. Soc., London, A160, 230 (1937). 

3R. J. Seeger and E. Teller, Phys. Rev. 54, 515 (1938). 

4Froéhlich has pointed out (Phys. Rev. 61, 200 (1942), and 
private communication with the author) that certain qualitative 
consequences of his breakdown theory follow from the treatment 
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electronic polarizability, is applied to the low energy 
criterion, leading to results in fair agreement with 
experiment. The structure of the calculation follows 
closely that of Fréhlich’s paper, and many of the equa- 
tions are modifications of equations obtained by him. 
We have, however, thought it preferable to present a 
complete and self-contained account of the theory, 
rather than to attempt to refer to and modify Fréhlich’s 
equations in those cases where such a procedure would 
be possible. 

The electric field required to accelerate an electron 
of given energy is determined by the condition that the 
rate of energy loss from the electron to the lattice is just 
compensated by the rate of energy input from the field 
to the electron. This latter energy input is, however, 
simply Feva, where F is the field and v4 is the drift 
velocity. It is thus necessary to calculate the rate of 
energy loss from electron to lattice, and the drift 
velocity, as functions of electronic energy. These calcu- 
lations are accomplished by treating the effect of the 
lattice vibrations on the electron as a time-dependent 
perturbation. The breakdown field is identified with the 
maximum value of the field so obtained. 


II. THE VIBRATIONAL MODES OF THE LATTICE 


According to the lattice dynamics of Born and von 
Karman‘ the normal vibrational modes of a diatomic 
crystal may be represented in the form of plane waves. 


- The wave-vectors ¢ (|o|=1/A) take N discrete values 


lying within the first Brillouin zone, where N is the 
number of unit cells in the crystal. To each value of @ 
there correspond six modes, which can be grouped into 
three “optical” modes of relatively high frequency and 
three “acoustical” modes of relatively low frequency. 
Of the three modes of each type, one is longitudinal and 
two are transverse. 

For a mode of wave vector @ let uig(r) or U2g(r) be 
the deviation from its equilibrium position of the ion 
at the point r, if the ion is of type 1 or type 2, respec- 
tively. Then a standing wave description of the longi- 
tudinal mode of wave-vector o may be written as® 





(x) “( ; ) i) a 
Uo(r)=—- ri 10 o'r), 
o\M.iN ‘ cos oie (1) 





) b(n "| re: r), 


cos 


uze(r)= *(— 


o 2 


where £:g and £og determine the relative amplitudes of 
Uig and Ueg and are so defined that 


£ig’+ fo9’= 1. (2) 


of the relaxation time rather than from what we have termed the 
high-energy criterion. Thus the temperature dependence and the 
dependence of breakdown strength on impurity content are 
oe in the present theory to that in Fréhlich’s high energy 
theory. 

5See, for instance, F. Seitz, The Modern Theory of Solids 
(McGraw-Hill Book Company, Inc., New York, 1940). 





According to our convention, if the cosine function in 
Eq. (1) is adopted for the mode a, the sine function 
must be adopted for the mode —e to insure ortho- 
gonality of the modes. Both the natural frequency of 
the mode (vg) and £:¢ depend on‘e in a fairly com- 
plicated manner. The total deviation of the ion at r is, 
of course, 


ui(r)=2) wie(r), ue(r)=2) uro(r), (3) 


where the summations are over all 6N modes. 

If the kinetic and potential energies of the lattice are 
expressed in terms of the variables bg and bg, a 
Lagrangian and a Hamiltonian function can be obtained, 
and be is found to be the momentum conjugate to be. 
The Hamiltonian is 


H=}3 Y[be’+we'be’], (4) 
o 


which is formally identical to the Hamiltonian of a col- 
lection of 6N one-dimensional, independent, harmonic 
oscillators. The wave function describing the vibrational 
state of the lattice is the product of 6N harmonic oscil- 
lator wave functions of individual quantum numbers 
N, Nz" *Ng: ++. The corresponding energy eigenvalue is 


En, ag°--ngo = > (ne+3)hwe. (5) 
Cg 


Neglecting the fine structure of the dielectric, the 
mode o can be considered as producing a polarization Pg; 
e* 
Po=—(us,0—U_,¢) (6) 
2a’ 
and consequently a charge density pe; 
pa=—V-Po, (7) 


where e* is an effective charge per ion (see Section IT) 
and where a is the interionic distance (2a* is the volume 
of a unit cell). This charge density p@ represents the 
accumulation of positive and of negative ions at the 
alternate nodes of a longitudinal wave and it is easily 
seen from the form of Eqs. (1) that pe differs from zero 
only for a longitudinal mode. The Coulomb interaction 
between a conduction electron and the charge density pe 
supplies a means of interaction whereby the electron 
can be scattered by the vibrational modes. Of course 
this is not the only interaction energy between a con- 
duction electron and a phonon, and any vibrational 
mode alters the periodicity of the potential in which the 
electron moves and therefore scatters the electron, even 
though the mode may not give rise to a charge density 
po. However, the Coulomb interaction with pe is the 
dominant term® in the complete interaction, as indicated 
by the empirical fact that the mean free path of elec- 

6 F. Seitz, in a paper presented to the New York meeting of the 
American Physical Society, January 28, 1949, has pointed out that 


for very fast electrons the Coulomb interaction with pg ceases to 
be the dominant term. 
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trons in polar crystals is very much shorter than that in 
non-polar crystals. We therefore negiect other interaction 
terms, and we consider the conduction electrons to be 
scattered only by the longitudinal modes. For the 
longitudinal modes 


e* og /2\! E.e0 ée\{sin 
Pe-—"(—) bo(—-—")| |(2re-0) (8) 
2a’ o\N M.' M_'47 \cos 


For every value of o there are two longitudinal modes, 
one in the acoustical branch and one in the optical 
branch. The acoustical modes are characterized by the 
fact that £,¢/t.@ is positive, whence neighboring 
positive and negative ions vibrate in phase. For the 
optical modes £,,¢/é-,@ is negative, and neighboring 
positive and negative ions vibrate 180° out of phase. 
The optical longitude modes therefore produce a much 
larger polarization Pg and a much larger charge density 
po than do the acoustical longitudinal modes. In fact, 
for the acoustical longitudinal modes of long wave- 
length, which are of principal importance in our theory, 
the ratio of the amplitudes of positive and negative 
ions is unity so that &@¢/M,!=¢¢/M-_}, and 
Pg=poe= 0. For the optical longitudinal modes of long 
wave-length the ratio of amplitudes is 


u+,0/uU—,.a= —M_/M, (9) 
whence 


£4,0/M.— &_,¢/M_'=(1/M,+1/M_)'=1/M}, (10) 


where M is the reduced mass of the ions. As a simpli- 
fying assumption we take Pg=po¢=0 as true for all the 
acoustical longitudinal modes, and Eqs. (9) and (10) 
as true for all the optical longitudinal modes. In this 
way the longitudinal modes of long wave-length, which 
are of principal importance in the theory, are treated 
correctly, and the over-estimation of the polarization 
produced by the short optical modes is compensated by 
the underestimation of the polarization due to the short 
acoustical modes. Only the optical longitudinal modes 
are effective in scattering a conduction electron. 

In the optical branch the frequency is a fairly insen- 
sitive function of wave-length and may, to a good 
approximation, be taken as constant, independent of 
wave-length. We therefore attribute to every optical 
longitudinal mode the frequency of the optical longi- 
tudinal modes of long wave-length, which we denote by 
v (or by w=2zyv). The relation of » to the reststrahl 
frequency », or to the frequency of the long wave- 
length optical transverse modes, will be considered in 
the next section. 

Ill. THE FREQUENCY OF THE LONG WAVE- 
LENGTH LONGITUDINAL OPTICAL MODES 

It has been shown by Lyddane and Herzfeld’ and by 
Fréhlich and Mott® that the frequency of the long** 

7 R. H. Lyddane and K. F. Herzfeld, Phys. Rev. 54, 846 (1938). 

* H. Fréhlich and N. F. Mott, Proc. Roy. Soc. A171, 496 (1939). 


** A mode of long wave-length is to be considered as one for 
which A>>a (c is the inter-ionic distance), but it is assumed that A 
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wave-length optical longitudinal modes exceeds the 
frequency of the long wave-length optical transverse 
modes in ionic diatomic crystals. In a longitudinal 
mode there are regions of charge accumulation which 
set up electric fields within the crystal, and these fields 
contribute to the restoring force-constant. In a trans- 
verse mode of long wave-length, however, the electric 
fields are “short-circuited” at the crystal boundaries 
and do not contribute to the restoring force-constant. 
Lyddane, Sachs, and Teiler® have computed the relation 
between these frequencies taking proper account of the 
electronic polarizability of the ions.t We now reformu- 
late this analysis in a form appropriate for the calcu- 
lation, in the next section, of the phonon-electron inter- 
action energy. 

Following Lyddane, Sachs, and Teller, consider the 
ions of the crystal to be given the displacements cor- 
responding to a long wave-length longitudinal optical 
mode, so that the relative displacement of the positive 
and negative ions is 


Xg=U,,¢—U_¢- (11) 


This displacement produces a polarization which, to the 
first order, is linear in Xg. Accordingly we write 


Po= (e*/2a") Xo, (12) 


where e* is an effective charge, which differs from the 
true ionic charge because of the distortion of the elec- 
tronic shells and the electronic polarization caused by 
the internal fields which are set up by the displacement. 
This polarization is associated with an internal field 


Eog= —4rPg= = (2re*/a*)Xg, (13) 


and this field is associated with an electrostatic energy 


density 
Ug’ = €0/82[(2e*/a*)Xg -*. (14) 


In a transverse mode the electrostatic field of Eq. (13) 
is absent, so that Ug’ represents the difference in energy 
density of longitudinal and transverse modes with the 
same values of Xg. Writing the total energy density 
associated with a mode in the form 


U=(Mu*/20") XQ", (15) 


where M is the reduced mass of the ions and w is the 
natural angular frequency we thus find 


($M w*/2a°)X g?=}Mw?/2a*X g?+ €o/82[ (24e*/a*)Xq |’ 


or 
w= w+ 2rece*?/Ma', (16) 


where w is the natural angular frequency of the longi- 


is small compared with the dimensions of the crystal in order that 
the boundary conditions shall not be significant. 

9 Lyddane, Sachs, and Teller, Phys. Rev. 59, 673 (1941). The 
author is indebted to Dr. Sachs for calling his attention to this 


paper. 

ft Frohlich and Mott (see reference 8) have also obtained an 
equation relating the two frequencies, neglecting the effect of 
electronic polarizability. 
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tudinal mode and «, is the natural angular frequency of 
the transverse mode. 

An equation analogous to the familiar Born’ formula, 
relating w; to €9, €, and e*, may be obtained by similar 
reasoning. Consider a crystal in which the ions are 
given the relative displacement X. The energy density 
is then 


U=(4Mw?/2a*)X? 
= (M/4a*)[w?+ (2arece*?/Ma*) |X*. (17) 


As in Eq. (13) the internal field is 


= — (2re*/a®)X, (18) 
and the electrostatic energy density is 
= (€9/8x)[_— (2re*/a*)X f. (19) 


If an external field D, parallel to X, is now imposed on 
the crystal it will induce an additional electronic 
polarization, the total polarization now being 


P= (e*/2a*)X+ (1/42) [(eo—1)/€0]D, (20) 
and the internal field becoming 
E=— (2me*/a*)X+ (1/e9)D. (21) 
The electrostatic energy density is thus increased to 
U’= (€/8r)[(1/€0) D— (24e*/a*)X F, (22) 
and consequently the total energy density becomes 
U=(M/4a*)w?2X?+ €o/8x[(1/€0) D— (2re*/a*)X P. (23) 
If the displacement X is allowed to adjust itself the 
equilibrium value will be that which minimizes the 
energy, or 
X= [a®e*/(Ma*w?+ 2rece**) ]D. (24) 
With this value of X the equilibrium polarization 
becomes, from Eq. (20), 


P=3[e*?/(Ma*w?+ 2mee**) |D+ (1/42) (eo— 1/€) r -” 


But, by detinition of ¢, (the static dielectric constant), 
P=(1/4x)[(e.—1)/e.]D, (26) 


whence 
w= (2re*?/Ma*)[ €0?/(€s— €0) |, (27) 


which reduces to the Born equation if (e*eo)? is put 
equal to e*. Combining Eq. (26) with Eq. (16) we find 


w* = (2ae*?/Ma*)[ene./(€s— €0) } (28) 
and 
w*/ or= €,/ €0. (29) 


Equations (29) and (27) allow us to compute both w 
and e* in terms of the experimentally observed reststrahl 
frequency, which is practically identical to w,. 


10 See M. Born and M. Goeppert-Mayer, Handbuch der Physik, . 


Vol. 24/2, p. 646. 
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IV. THE PHONON-ELECTRON INTERACTION ENERGY 


We have seen that, within our approximations, the 
interaction energy between an electron and any vibra- 
tional mode other than those of the longitudinal optical 
branch, is zero. Using the method of the previous section 
we can now evaluate the interaction energy of an elec- 
tron and a longitudinal optical mode. Consider a crystal 
in which we establish the ionic displacements Xg and 
into which we insert an excess conduction electron. If 
the conduction electron produces an electric displace- 
ment D the energy density is, by Eq. (23), — 


U= (M / 4a) w?Xg" 
+ (€o/82)[(1/¢€o) D — (22e*/a*)Xg}? (30) 


so that the increment in energy density due to the 
interaction is 





e* 


By Eqs. (1) and (16) the relative displacement has the 


form 
Xo==(— ) b | lero) (32) 
MN gi cos ' 


If the electron is at the point r, we have 





D=-— (r—r.). (33) 





|r—r.|* 


Introducing the new variables 


o=r-r, (34) 
and 
o r-r, 
cosd=--: 
o |r—r.| 





(35) 


we have 


av==(— ); be 
2a*\ MN 


and the total interaction energy Wg,,, becomes 


™ a “(z)! of f [east om 


X (cos6/p*)2xp? sinédédp. (37) 





lee ete-r.)(cosd/p%), (36) 
cos 


The integral may be evaluated easily and gives 


We, a= “(—): o| a ee r.), (38) 


which reduces to Fréhlich’s result? if one puts e*=e. 
V. TRANSITION PROBABILITIES | 


If the interaction energy between the vibrational 
modes and a conduction electron in the lattice is treated 
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as a perturbation (assuming so few conduction electrons 
that each can be treated independently), the unper- 
turbed wave function is the product of a free electron 
wave function and 6N harmonic oscillator wave func- 
tions of quantum numbers vg: 


WK, ny---ng---= V—he2t Kt II vane, (39) 
Cc 


where V is the volume of the crystal and K is the wave 
vector of the electron. The unperturbed energy is 


h?K? 


EX, ny sng = 


+L (not+2)hw, (40) 


m* 


where m* is the effective mass of the electron. 

The probability per unit time of a transition in which 
the electron goes from state K to state K’ and the 
longitudinal optical mode of wave-vector @ goes from 
state mg to state mg’ is given by the time-dependent 
perturbation theory as 


@g = 1/h?| Mxx’.|*(8/dt)(sin?ét/&), (41) 
where 
ht=3[ (?/2m*)(K”— K*)+(ng’—ng)hw], (42) 


and the matrix element Mxx:, is 


Max’ { f [ [Viet WwotWo:V-4 


Xe?"** ty ngdrdbe. 


| 
he 


Inserting the values of yng and Wg,r and using the 
orthogonality and recursion properties of the Hermite 
polynomials, one obtains 


ee*\? 1 
bg= ( ) 5(K— K’-e, 0) 
2a8¢/ NMhw 


X[ned(no’, neo—1)+ (ne+1)5(no’, ne+1) ] 
X (0/dt)(sin?ét/#). (44) 


The delta-function 6(K— K’-to, 0) may be taken as 
the requirement of conservation of momentum in the 
transition. The factor (0/dt)(sin?ét/#) has an appre- 
ciable value only in the vicinity of £=0, or if energy 
is approximately conserved. 

The delta-functions 6(”g’, mg—1) and 6(ng’, ng +1) 
require that the quantum number of the vibrational 
mode change only by unity in the transition. The ratio 
of the probabilities of the transitions ng—ng+1 and 
Ng—Ng—1 is seen to be (mg+1)/ng, so that the elec- 
trons tend to lose energy to the vibrational modes.* 

The simultaneous conservation of energy and mo- 
mentum determines the angle between the wave vectors 
of an electron and a mode with which it can interact. 
The conservation of momentum gives 


K’= K+o (45) 
and the approximate conservation of energy gives 


(h2K’?/2m*) = (h?K?/2m*) + hw+ 2hé 
‘* for absorption by electron (46) 
— for emission by electron, 


where &~0. 


Fic. 2. Dependence of rate of 
energy loss and of relaxation time 
on energy and temperature. 


* If the electron originally has an energy less than fw, however, the emission process is impossible and it will gain energy from the 


lattice. 
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Fic. 3. Dependence of accelerating 
field on energy and temperature. 


ue 


If a is the angle between K and @ one easily finds 


cosa= — (¢/2K)-+ (2m*/h?)[ (2hét+hw)/2Keo | 


a for absorption. (47) 


for emission. 








For a given K the electron can only interact with modes 
having wave vectors such that the right-hand member 
of Eq. (47) is less than unity in absolute value. Putting 
é~0, and introducing the notation 


K?2=2m*v/h (48) 
so that K, is the wave vector of an electron with energy 


hv, we thus find as the limiting values* of o which can 
interact with a given K: 


+ for absorption 
we i 
Omax= K[(1+(14K,/?/K*)*] . for emission, (49) 
Omin= +K[—1+ (14K,?/K?)*] 
+ for absorption 
{7 for emission. (50) 


In using Eq. (44) to calculate the probability of scat- 
tering of an electron we take for mg the average quantum 
number of a mode at the temperature T. This average 


* For sufficiently large K the value of omax given by Eq. (49): 


exceeds the maximum @ which can exist in the lattice—i.e., that 
at the furthest boundary of the Brillouin zone. Such fast electrons 
do not play a role in our low energy theory. 
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value 7 is independent of o and is given by 


1) 





= = 5 
*ScpL—-G@tDhe/iT] exp@iu/AT)—1 


VI. THE RATE OF LOSS OF ENERGY TO THE LATTICE 


We have seen that, for an electron with energy 
greater than fw, the probability of emission of a vibra- 
tional quantum exceeds the probability of absorption, 
and the electron tends to lose energy to the lattice. 
Following Fréhlich we now calculate the average rate 
of energy loss, which we denote by B. If g* is the 
probability of absorption and &g° is the probability of 
emission we have, by Eqs. (44) and (51), 




















ect \? fh 0 sin? 
So*= ( ) 3(K—K’0,0)———-, (52) 
2a8¢/ NMhw ot # 
ee* \? vi+1 @ sin?ét 
bg*= ( ) 6(K— K’+e, 0)— , &@ 
2a2¢/ NMiw at # 
and 
B=hw > Pe°—hw > Pe", (54) 
o o 


where the limits on the first summation are appropriate 
to the emission process and those on the second sum- 
mation are appropriate to the absorption process, as 
given by Eqs. (49) and (50). The summations over ¢ 
can be replaced by integrations in “wave vector space.”’ 
Since there is one value of o for each volume of 1/2Na* 
in wave vector space we have 


E( )2Net f f f ( )de 
=2Na! f f f ( )2wo* sinadade (55) 
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where we have taken spherical coordinates in wave 
vector space, with polar axis along K, with radius 
vector @, and with polar angle a. To carry out the 
evaluation of the summations in Eq. (54) it is convenient 
to make a further change of variable from @ to ¢, using 
Eq. (47). Thus one obtains 


ho \ 9 1+ (1—fw/E)} 
B=c() | hin (1h 
1+(1-++hw/E)* 
5 | (56) 
—~1+(1-+hiw/E)? 








where 
a(2m*)*(ee*)? 
C=—————__, (57) 
Ma*(hw)? 


and where E is the energy of the electron. It should be 
recalled that this equation is valid only if omax, as given 
by Eq. (49), lies indisde the first Brillouin zone. This 
requires that 


E<}?/32m*a?, (58) - 


or that the electron energy be less than about one to 
three electron volts for the various alkali halide crystals. 

We have also assumed that the emission process is 
possible, so that we must have 


E> hw. (59) 


The quantity B/C is plotted against the “reduced 
energy” E/hw for various values of the “reduced tem- 
perature” kT/fw in Fig. 2. 
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Fic. 4. Temperature dependence of breakdown field-strength. 
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VII. THE RELAXATION TIME 


The field required to accelerate an average electron 
of given energy is obtained by equating the average 
rate of energy loss from the electron to the lattice, B, 
to the average rate of transfer of energy from the field 
to the electron, A. This latter rate of energy transfer is 


A=eFvaq, (60) 


where F is the electric field strength and 2g is the drift 
velocity (which is a function of the energy and of F). 
The drift velocity may be expressed in terms of the 
relaxation time 7, defined by 


va= (er/m*)F, (61) 
whence 
A=@F*r/m*. (62) 


The drift velocity, and thus also the relaxation time, is 
determined by the equilibrium between the tendency 
of the field to increase the z-directed velocity (assume 
the field along the z axis) and the tendency of the'col- 
lisions to scatter the electrons away from the z axis and 
thus to decrease their z-directed velocity. Thus the 
drift velocity is determined by the equation 


d0,/dt) cotiisions = — @0,/dt)siera= —eF/m*. (63) 


We consider the average effect of collisions on the elec- 
trons of energy E. Let an electron have its velocity v 
at an angle 6 with respect to the z-axis, so that its 
z-directed velocity v, is vcos8. Let a collision with a 
vibrational mode occur, after which the electron is 
deviated through the angle y and has a velocity v’. The 
probability of such a collision is clearly independent of 
the azimuthal angle of v’ around v. If we average over 
this azimuthal angle the final average z-directed velocity 
is v’ cosy cos6 and, on such a collision, the average 
change in 2, is 


Av,=v' cosy cos8—v cosB=2,[ (v’/v) cosy—1]. (64) 


Maintaining v constant, and averaging both sides of 
the equation over the angle 8, or over 2,; 


(Av,) = val (v’/v) cosy—1 ], (65) 


where the drift velocity vg is the average of », for all 
orientations of the electron. To find dd,/dt)conisions We 
must now average (Av,) over the angle 7, weighting 
each value of y with the probability per unit time of a 
collision which scatters the electron through the angle . 
Indicating this averaging process by the notation { ),, 
we have 





di,/ dt) eoltisions = va((v" cosy — v) / v)y (66) 


or, using Eqs. (62) and (60), and recalling that v is pro- 
portional to the wave vector K; 


1/r=((K—K’ cosy)/K)». (67) 


If a is the angle between the wave vector @ and the 
electronic wave vector K (see figure below Eq. (47)), we 
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TABLE I. Alkali halide data. 








Theor. Theor. Fis°(Theor.) 
Fo(10%v/cm) Fis°(106 v/cm) Exp’t. 
(m*/m=1) — Fis°(10® v/cm) Fis°(Exp’t.) 

















és €0 (hiwt)e.v. a(10-§ cm) M(10~*4 gms) e*/e (m*/m =1) 

LiF 9.27 1.92 0.072 2.07 8.46 1,11 8.75 8.80 3.1 2.8 
NaF 6.0 1.74 0.033 2.31 17.27 0.72 3.34 3.57 2.4 1.5 
NaCl 5.62 2.25 0.024 2.81 23.2 0.56 1.35 1.57 LS 1.1 
NaBr 5.99 2.62 0.018 2.97 29.6 0.44 0.78 0.98 0.81 1.2 
KF 6.05 1.85 0.03 2.66 21.2 0.84 2.72 2.96 1.9 1.6 
KCl 4.68 2.13 0.019 3.14 30.8 0.55 0.965 1.20 1.0 1.2 
KBr 4.78 2.33 0.015 3.29 43.6 0.50 0.63 0.85 0.70 1.2 
KI 4.94 2.69 0.013 3.53 49.5 0.43 0.40 0.57 0.57 1.0 
RbCl 5.0 2.19 0.017 3.27 41.6 0.63 0.88 1.12 0.83 1.3 
RbBr 5.0 2.33 0.011 3.42 68.5 0.51 0.49 0.73 0.63 4.2 
RbI 5.0 2.63 0.01 3.66 84.6 0.48 0.33 0.52 0.49 1.1 
have ; If e* is expressed in terms of w; by Eq. (28) and w is 

K’ cosy= K+ cosa (68) expressed in terms of w; by Eq. (29) we obtain 
whence Metals « 

1/r=(—o cosa/K)s, a; (69) Fo= Poe (76) 

h? (€x€0*)! 


where we now average over o and a, weighting each 
value with the probability per unit time of an appro- 
priate collision. Thus 


1/r= ~ [—(0/K) cosaet H+ 2.L— (o/K) cosa®g* ], 
(70) 


and transforming to integrals as in Eq. (55), we obtain 


1/7 = (B/2hw) (hew/E)+ (C/he) (heo/E)* 
X { (+1) (1— hw /E)H- 01+ hw/E)§}. (71) 


The quantity iw/Cr like B/C, depends only on the 
reduced energy E/hw and the reduced temperature 
kT/hw, and is plotted against E/hw for various values 
of kT/hw in Fig. 2. 


VIII. THE BREAKDOWN FIELD-STRENGTH 


For a given electronic energy the average rate of 
energy loss B is independent of the applied field, but 
the average rate of energy gain from the field increases 
quadratically with the field intensity (Eq. (62)). There 
exists a certain field intensity for which the energy gain 
is just compensated by the energy loss, and any field 
strength greater than this value will, on the average, 
accelerate the electrons of the given energy. This 
“acceleration field strength” is determined by the 
equality 


A=B (72) 
or, by Eq. (68), 
F=((m*)!/e)(B/7)* (73) 
which may be written 


F=F i ((hw/C)(1/7))(B/C)}, (74) 


where 


V2 3rm*ee*? 


= ‘ (75) 
Mahw 


Fo 





or 


€s—— €9 m* 
F,(volts/cm) = 134 10" daw (—) (77) 


where F» is in volts/cm and (Aw;)e.v. is in electron-volts, 

The quantity F/Fo, as given by Eq. (74), is easily 
obtained as a function of E/fw and kT/hw from Fig. 2. 
In Fig. 3 we plot F/F against E/hw for various values 
of kT/hw. 

In accordance with the low energy criterion we adopt 
as the breakdown field at a given temperature the 
maximum of the corresponding curve in Fig. 3. We 
note that at T=0 the maximum occurs at F/Fy)=1. 
Thus Fo is the breakdown field strength at T=0. The 
maxima of the curves of Fig. 3 are plotted against the 
reduced temperature in Fig. 4, which therefore gives 
the temperature dependence of the breakdown strength. 

The breakdown strength of a diatomic ionic crystal is 
obtained at T=O from Eq. (77), and at other tem- 
peratures from Fig. 4. The breakdown strength depends 
only on the reststrahl frequency, the static and optical 
values of the dielectric constant, the effective mass, and 
the temperature. 

In Table I we give the pertinent data for those alkali 
halides for which the reststrahl frequency is known, and 
the computed values of the breakdown strength as- 
suming m*=m. ; 


IX. CONCLUSION—DIRECTIONAL EFFECTS 


The theoretical values (assuming m*/m=1) are com- 
pared with the experimental breakdown strengths in 
Table I. It is seen that the agreement is quite fair, the 
only notable exception being LiF.* 


* Burstein, Oberly, and Plyler (Proc. Ind. Acad. Sci. 28, 388 
(1948)) have presented evidence which indicates that there is an 
abnormally Jarge amount of homopolar binding in LiF, and it 
should be noted that the presence of homopolar binding should 
tend to decrease the breakdown strength below the theoretical 


; te 

% 
‘. 
a 
a 
1 
1 
hy ied 
7 
-: 
| 





aot 


Aa gt ct Boge niin neal” hea dara 


BER an ers Lehi am gl 








1402 


It should be mentioned here that fluctuation effects, 
which have been neglected, may alter the breakdown 
criterion. Thus, although the field necessary to accel- 
erate, on the average, an electron of given energy is as 
indicated in Fig. 3, there exists an appreciable prob- 
ability than an electron will reach fairly high energies 
even without the benefit of the applied field, due to the 
statistical fluctuations in the interaction between the 
electron and the thermal vibrations of the lattice. 
Calculations of the effect of the fluctuations would 
‘involve a knowledge of the length of time an electron 
can afford to wait in the conduction band for a propi- 
tious fluctuation, before decaying into the lower almost- 
full band; that is, the treatment would require a 
knowledge of recombination probabilities, about which 
very little is known. Fortunately the curves of Fig. 3 
are seen to be very flat in the neighborhood of their 
maxima, which tends to minimize the effect of fluctu- 
ations. Fluctuation effects may, however, be partially 
responsible for the fact that the theoretical breakdown 
strengths of Table I exceed the observed breakdown 
strengths and may perhaps be significant in the high- 
temperature region in which the temperature coefficient 
of the breakdown strength is observed to become 
negative. 

The validity of the perturbation method also deserves 
some comment here. If the change in energy of an 
electron during a collision is fw, and the mean time 
between collisions is Af, a condition for the validity of 
the perturbation method is that AE-At2h. If we com- 
pute the mean time between collisions for electrons in 
NaCl at T=0° we find that for electrons of energy 
~3hw (for which Af is minimum) we obtain 


AE- At~0.74h. 


Thus the condition for validity of the perturbation 
method is not strictly satisfied, but the extrapolation 
is not so drastic that we may expect to obtain quali- 
tatively incorrect results. The perturbation method is 


predictions. The goodness of the correlation between the deviation 
of theory and experiment, and the amount of homopolar binding 
found by Burstein ef a/., seems to us to actually increase the con- 
fidence which one may place in the fundamental assumptions of 


the present theory. 


HERBERT B. CALLEN 


commonly found to be remarkably trustworthy, even 
when cruelly abused. 

Finally, we wish to point out that the directional 
effects observed in breakdown experiments can be at 
least qualitatively undertood in terms of the present 
calculation. It is experimentally observed" that the 
breakdown strength of alkali halide crystals is inde- 
pendent of the orientation of the applied field relative 
to the crystallographic axes, but that the breakdown 
paths tend to lie in definite crystallographic axes. We 
have seen that the conservation rules for the collision 
between an electron and a vibrational mode restrict the 
range of wave vectors of the modes with which an 
electron of given energy can interact (see Eqs. (49) 
and (50)), and the maximum allowable o increases with 
increasing electron energy. The slow electrons are thus 
insensitive to direction because the conservation rules 
permit them to interact only with modes near the 
origin of wave vector space, whereas the fast electrons 
are direction-sensitive because the conservation rules 
cause them to interact with modes at the zone bound- 
aries. According to the low-energy criterion it is the 
slow electrons which determine the breakdown strength, 
but these electrons, once accelerated past a few tenths 
of an electron volt, travel relatively long distances 
through the crystal while being further accelerated to 
the ionization energy (~7 electron-volts). It is in this 
latter phase of their flight that they become direction 
sensitive* and form the direction-sensitive breakdown 
paths. It thus appears that the directional effects are 
associated with the symmetry of the Brillouin zones 
of the vibrational modes, and’ indeed Davisson"™ has 
shown that the directional properties of the breakdown 
paths are governed completely by the lattice sym- 
metry, and not by the ionic characteristics or type of 
crystalline bonding. The directional effects seem to 
provide a potent argument in favor of the low energy 
criterion. 


11 See A. von Hippel, Zeits. f. Physik 67, 707 (1931); 68, 309 
(1931); A. von Hippel and J. Davisson, Phys. Rev. 57, 156 (1940); 
J. W. Davisson, Phys. Rev. 70, 685 (1946); 73, 1194 (1948). 

*Von Hippel (see reference 1) has suggested that the direc- 
tional sensitivity of the fast electrons may arise from the ‘sym- 
metry properties of the forbidden and allowed energy bands, and 
this may also contribute to the effect. 
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Diffusion in Binary Alloys 
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Darken has given a phenomenological theory of diffusion in binary alloys based on the assumption 
that each constituent diffuses independently relative to a fixed reference frame. It is shown that diffusion 
via vacant lattice sites leads to Darken’s equations if it is assumed that the concentration of vacant sites 
is in thermal equilibrium. Grain boundaries and dislocations may act as sources and sinks for vacant sites 
and act to maintain equilibrium. The modifications required in the equations if the vacant sites are not 
in equilibrium are discussed. 








I. INTRODUCTION 


HERE has recently been much interest in diffusion 
in alloys from both an experimental and a theo- 
retical standpoint. W. A. Johnson! has investigated 
the relation between diffusion of radioactive constitu- 
ents of binary alloys of silver and gold and diffusion 
resulting from a gradient in the relative concentrations 
of the two metals. He finds that the chemical diffusion 
coefficient in an alloy in the 50-50 range of composition 
is larger than that of either of the constituents. 
Smigelskas and Kirkendall,” in a study of the migration 
of the boundary between 70-30 alpha-brass and copper 
as a result of diffusion, found that the diffusion is 
associated with a mass flow such as might be expected 
if zinc diffuses out of the brass more rapidly than 
copper diffuses in. 

The theory of diffusion in alloys has been discussed 
recently by a number of authors from different points 
of view and apparently with differing results. Birchenall 
and Mehl? emphasize the role of the gradient of chemical 
potential as the motivating force in diffusion. Fisher, 
Hollomon, and Turnbull‘ treat the problem on the 
basis of the absolute theory of reaction rates, and 
consider diffusion via vacant lattice sites as well as by 
interstitial atoms. L. S. Darken® has developed the 
theory of diffusion in binary alloys from a phenomo- 
logical standpoint. He assumes that each constituent 
diffuses independently of the other. F. Seitz® treated 
the vacancy mechanism of diffusion from the stand- 
point of kinetic theory. The purpose of the present 
note is to point out the connection between these 
various treatments, and in particular to show that the 
vacancy mechanism leads to Darken’s equations if it is 
assumed that the concentration of vacant sites is 
maintained in local thermal equilibrium. 

The method of calculation which we use is similar to 
that of Seitz. From a consideration of the effect on 


1W. A. Johnson, Trans. A.I.M.E. 147, 331 (1942). 

2 A. D. Smigelskas and E. O. Kirkendall, Trans. A.I.M.E. 171, 
130 (1947). 

3C. E. Birchenall and R. F. Mehl, Trans. A.I.M.E. 171, 143 
(1947), and subsequent discussion. 

4 Fisher, Hollomon, and Turnbull, Metals Tech. Tech. Paper 
2344 (February, 1948). 

5L. S. Darken, Metals Tech. Tech. Paper 2311 (1948). 

6 Frederick Seitz, Phys. Rev. 74, 1513 (1948). 
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rate of flow of terms in the free energy arising of non- 
ideality of the solid solution, we are led to equations 
for diffusion rates which are essentially the same as 
those of Fisher, Hollomon, and Turnbull. These equa- 
tions involve the concentration of vacant lattice sites. 
Darken’s equations then follow if it is assumed that the 
vacant sites are maintained in thermal equilibrium. 

In Part II we give a brief description of Darken’s 
theory. This is followed in Part III by a discussion of 
the thermodynamics of a binary alloy with vacant 
lattice sites. Part IV gives the theory of diffusion based 
on a model similar to that of Seitz. 


II. DARKEN’S THEORY 


Darken assumes that each constituent diffuses inde- 
pendently of the other so that, in a binary alloy with 
constituents A and B in concentrations N4 and Nz, 
the currents of atoms of the two types relative to some 
fixed reference frame are: 


ig4=—D,4(ON4/0x); is=—Dp(ONzp/dx). (1) 


Although Darken does not wish to be as specific, we 
will assume that the reference frame is the crystal 
lattice. Since 


(8N4/dx) = —(0Nz/dx), (2) 


the total flow of atoms across a plane fixed in the 
lattice is: 


tatig= o (Da— Dz) (dN 4/dx). (3) 


Relative to a moving reference frame for which this 
flow vanishes, the flow of A atoms is 


ta—fa(iatis)=—(feDat+faDz)(ONa/dx), (4) 
where f4 and fg are the fractional concentrations: 
fa=Na/(Nat+Nz), fa=Ne/(Nat+Nz).  (S) 

The factor 
D.=fsDat+faDs (6) 


is the chemical diffusion coefficient as measured by the 
usual methods. 

If there is a gradient of the concentration, N4*, of 
a radioactive tracer, the flow of radioactive atoms in an 
alloy in which the total concentration of A atoms is 
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uniform is 
ia* =< Da*(0N a*/0x). (7) 


Darken attributes differences between D4 and D,* to 
terms in the chemical potential other than those 
resulting from the entropy of mixing. It is the gradient 
of the chemical potential, 44, which is responsible for 
diffusion. 
If in place of (2) or (7) we write 
tA = —C4Nx0ps/0xa, (8) 


then Cy, is the same for both chemical and radioactive 
diffusion. The chemical potential in the radioactive 
case involves only the entropy of mixing, so that, as 
for an ideal solution, 


ba™ =kT logN a*. (9) 


Inserting (9) into (8) and comparing the result with 
(7), we find that 
Ca=Da*/kT a. (10) 


Comparing (8) and (2) for the case of chemical diffu- 
sion, we find the relation between D4 and D,* which 
was used by Darken: 


Da=Da*(d(ua/kT)/d logN a). (11) 


For an ideal solution D4 and D,* are equal. In general, 
Ds, may be either larger or smaller than Da*. 

Similar equations apply to ig. Darken points out 
that the thermodynamic equations of the alloy system, 


d(ua/kT)/d logNa=d(up/kT)/dlogNs, (12) 


imply that 
Da/Dp=Da*/Ds*. (13) 


Using values of wa from electrochemical data for the 
silver gold alloy Darken computed the value of the 
chemical diffusion coefficient, D., from the radioactive 
coefficients and found reasonable agreement with 
Johnson’s measurements. Darken, of course, attributes 
a mass flow such as that found by Smigelskas and 
Kirkenall to a difference between Da and Dz. 


Ill. THERMODYNAMICS OF ALLOY WITH 
VACANT SITES 


We suppose that of a total number of WN sites, NV 
are occupied by A atoms, Vz by B atoms, and JN, are 
vacant, so that 

N=Nat+NstWNy. (14) 


We suppose that JV, is small compared with N4 and Nz. 
The Gibbs free energy may be expressed in the form:’ 


G=W(Na, Ns, N.)—kT(N logN—Na logNa 
—NezglogNs—N, logN,), (15) 


where the second term comes from the entropy of 
mixing and the first from all other causes. The chemical 


” See, for example, M. W. Zemansky, Heat and Thermodynamics 
(McGraw-Hill Book Company, Inc., New York, 1943), p. 323. 
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potentials us, us, and pu, are defined by equations of the 


form: 
pa=0G/ONa«=W/ONat+kT logfa, (16) 


where fa, is the fractional concentration. In terms of 
the chemical potentials, 


G=NapatNeustNob. (17) 


The potential y, is the free energy required to take an 
atom from the interior to the surface, forming an 
additional vacant site and increasing the total number 
of sites by one. If the vacant sites are in thermal 
equilibrium, u,»=0. We do not assume this necessarily 
to be the case. In general, 


My= kT log(N./Nve), (18) 


where J, is the actual concentration of vacant sites 
and N,,. is the equilibrium concentration. In writing 
Eq. (18) we have assumed that dW/dN, is independent 
of N,, as will be the case for small concentrations of 
vacancies. Equation (12) follows directly from Eq. (17) 
if it is assumed that u,=0, but is not strictly valid in 
the general case. Deviations from Eq. (12) will be 
small if the fractional concentration of vacant sites is 
small compared with unity or departs but little from 
equilibrium. . 


IV. DIFFUSION VIA VACANT SITES 


We first discuss radioactive diffusion and then show 
how chemical diffusion is related to it. We assume, 
following Seitz,* that diffusion of both A and B atoms 
occurs by motion of atoms into neighboring vacant 
sites. For simplicity, we assume that the atomic volume 
is independent of concentration. 

Consider two neighboring crystallographic planes, 
1 and 2, which are normal to the x axis and which are 
separated by a distance \. We suppose that there is a 
gradient in the concentration, V.4*, of tracer atoms in 
an otherwise uniform alloy, so that the number per 
unit area on plane 1 is \V4* and on plane 2 is A(Nu* 
+d(0N.4*/dx)). The concentration of vacant sites is 
assumed to be uniform. The rate at which A* atoms 
go from plane 1 to plane 2 is then: 


kav\N,N2*, (19) 


and from plane 2 to plane 1, 
kadN.(Na*+A(0N a*/0x)), 


(20) 


where kg is proportional to the rate at which an A atom 
jumps into a neighboring vacant site. Expressions (19) 
and (20) are based on the assumption that the concen- 
tration of A atoms which have vacant sites as neighbors 
in the adjacent plane is proportional to the average 
concentration of A atoms in the given plane.® The net 


8 Dr. C. Herring has pointed out to the author that this assump- 
tion may not be valid. Consider the different ways in which a 
vacant site on the plane at x+ becomes adjacent to an A atom 
on the plane at x so that a forward jump of the A atom can take 
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flow of A* atoms is the difference between (19) and (20) 
i4*= —kaWN,(8N 4*/0), (21) 

giving for the radioactive diffusion coefficient : 
Dat=kat Ny. (22) 


We next consider the case of chemical diffusion and 
assume a gradient in the concentration of vacant sites 
as well as of A and B atoms. The rate at which A 
atoms go from plane 1 to plane 2 is 


k\Na(No+X(ON,/0x)) (23) 
and from plane 2 to plane 1 
kwAN»(Na+A(0N4/0x)), (24) 


in which ky and k are proportional to the frequency of 
jumps in the forward and backward directions, respec- 
tively. If, as a result of the concentration gradient in a 
non-ideal solution, the free energy of an A atom on 
plane 1 is slightly different from that of one on plane 2, 
the potential barrier over which diffusion takes place 
will not be symmetric, ky will differ from k by terms 
of the order X, and both will differ from ka by terms of 
the same order. 

The net rate of flow of A atoms is the difference 
between (23) and (24) 


tA = ban ( Ne 3 — Nz )+ (ky— ky) ANaNz, (25) 
‘x x 


0 


in which we have neglected higher order terms in X. If 
AW is the change in free energy arising from non- 
ideality in the forward jump of an A atom,? 


AW 


The effective height of the barrier impeding diffusion is 
increased for a forward jump and decreased for a 
reverse jump, and the difference in effective heights in 


place. One of the ways is that in which a reverse jump has just 
taken place, an A atom on x+A going to the plane at x. The 
number of these which will occur will depend in part on the 
concentration of A atoms at x+A instead of x. In the extreme 
case in which motion can take place only along strings of atoms 
parallel to the concentration gradient, a flow of vacant sites 
could take place without any associated diffusion. According to 
Dr. Herring’s calculations, the error made in calculating the 
radioactive diffusion coefficient in a cubic monatomic substance 
by the above’method is about 10 percent. 

®See S. Glasstone, H. J. Laidlen, and H. Eyring, The Theory 
of Rate Processes (McGraw-Hill Book Company, Inc., New York, 
1941), p. 530. 
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the two directions is AW. To a sufficient approximation, 
ky—ky=haAW/kT. (27) 


An expression for AW may be obtained as follows. 
In a forward jump, the number of A atoms on the 
plane at «+A is increased by one and the number of 
vacant sites is decreased by one. On the plane at x the 
opposite changes occur. Thus to terms of the order 


ow ow ow oW 
raf ) a ) 
z+r z 


0/0W aw 
-._(—- ). (28) 
Ox ONa ON, 


Using (27) and (28) in (25), we find 


0 
tA = RaW*NAN. —| log oo logN A 


Ox 
1/0W aw 
(2 )) om 
kT\ON«, ON, 


which may be written in the form: 


t4= —C4N40(ua— po) /Ox, (30) 
where 
Ca=haWN,/RT=Da*/kT. (31) 


Equation (29) is essentially the same as Eq. (27) of 
Fisher, Hollomon, and Turnbull. 

Equation (30) is the same as Eq. (8) if u»=0. Thus 
the mechanism of diffusion via vacant sites leads to 
Darken’s phenomenological equations if the vacant 
sites are in local thermal equilibrium. No gradient of 
vacant sites is to be expected in the case of diffusion of 
a radioactive tracer. In chemical diffusion, where there 
is a vacancy current, grain boundaries and to a less 
extent dislocations will act as sources and sinks for 
vacant sites to help maintain local equilibrium. The 
associated plastic flow tends to keep the density of 
atoms constant. 

If the concentration of vacant sites is not in thermal 
equilibrium, the more general Eq. (30), which is 
analogous to those of Seitz and of Fisher, Hollomon, 
and Turnbull, must be used. With use of Eq. (18) for u», 
(30) includes a term in the concentration gradient of 
vacant sites. This could be transformed, following 
Seitz, to a term involving the current of vacant sites. 

The author is indebted to Dr. C. Herring and to 
Dr. L. S. Darken for a number of valuable suggestions. 
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Alpha-Decay in Isotopes of Atomic 
Number Less Than 83 


S. G. THompson, A. Guiorso, J. O. RASMUSSEN, AND G. T. SEABORG 
Department of Chemistry and Radiation Laboratory, 
Universiy of California, Berkeley, California 
September 12, 1949 


OME time ago we started work in an attempt to observe alpha- 
particle decay in isotopes of atomic number less than 83. In 
the first experiments, thin targets of gold leaf were bombarded 
with 190-Mev deuterons in the 184-inch cyclotron. Two alpha- 
decay periods were observed in these targets; one of 0.7 minute 
half-life and another of 4.3 minutes half-life. The alpha-particle 
energies were 5.7 and 5.2 Mev, respectively. Chemical separations 
proved that the 4.3-minute period is due to a gold isotope and 
suggested that the 0.7-minute period is due to a mercury isotope. 
The mass numbers of these new isotopes have not been determined. 
However, the results of excitation functions in the production of 
the gold isotope by bombarding gold and platinum with protons 
suggest that its mass number lies in the range 185 to 188. The 
work on this isotope indicates that the alpha to electron capture 
branching ratio is of the order of magnitude of 10-4, and that 
positron activity accompanies the 4.3-minute alpha-period. 

Very recently Smz0;, Gd2O; and Dy2O; tagets were bombarded 
similarly with 200-Mev protons. Several new alpha-decay periods 
were observed in the gadolinium and dysprosium targets, but 
significant alpha-activity was absent in the samarium target. 

In the gadolinium bombardment there was present an alpha- 
decay period of approximately 7 minutes half-life and another of 
about 4 hours half-life, the alpha-particle energies being approxi- 
mately 4.2 and 4.0 Mev, respectively, as determined with a pulse 
analyzer apparatus. 

In the dysprosium bombardment, three alpha-decay periods 
were observed, namely ~7 minutes, ~20 minutes, and ~4 hours 
with alpha-particle energies of 4.2, 4.1, and 4.0 Mev, respectively. 
Present also was some electromagnetic radiation and a smaller 
amount of positron activity. With rough assumptions as to count- 
ing efficiency and geometry in the counting of the electromagnetic 
radiation with a Geiger counter, it appears that a minimum value 
for the ratio of alpha to electron capture is approximately 1 per- 
cent for the 4-hour activity. 

The relationship between the alpha-particle energies and the 
half-lifes of these new isotopes places them in a new class. The 
energies are approximately the same as the alpha-particle energy 
of Th which has a half-life of 1.410! years. These facts in 
themselves are proof that these new periods could not have been 
due to heavy isotope contamination. 

Chemical identification of these rare earths has not been com- 
pleted as yet. However, since the 4.0-hour and 7-minute activities 
were produced in gadolinium and dysprosium targets and not in 
samarium, they would appear to be associated with gadolinium 
or terbium isotopes. Since the 20-minute period was produced 
only in the dysprosium target it would appear to be an isotope 
of dysprosium or holmium. 

Although it is probably premature to attempt now to interpret 
these rather limited data, it is tempting to suggest a difference 
between the alpha-emitting isotopes of the gold region and those 
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of the rare earths. As has been pointed out on numerous occasions! 
it should be possible to observe artificial alpha-activity in suffi- 
ciently neutron deficient isotopes in the region between the rare 
earths and lead. The alpha-emitting isotopes of the gold region 
might be “normal” examples of this since they are observed to 
decay with short electron capture half-lives, and with small 
alpha to electron capture branching ratios. In this case alpha- 
particle decay would be largely the consequence of considerable 
neutron deficiency. The higher alpha to electron capture branching 
ratio of the new rare earth isotopes is probably due to (a) a more 
moderate degree of neutron deficiency giving rise to longer elec- 
tron capture half-lives, and (b) exceptionally high alpha-particle 
energies giving rise to shorter alpha-half-lives. These new rare 
earth periods might, therefore, be correlated with the stable con- 
figuration of 82 neutrons? in such a way as to acquire the necessary 
extra alpha-disintegration energy. Just as the isotopes having 
neutron numbers in the range 127-130 of the region above lead 
(for example g4Po*"!, s4Po?!?, s4Po?!%, or ssAt45) decay by unusually 
high energy alpha-particle emission as a consequence of their 
decay to or near the stable configuration of 126 neutrons,? so 
might isotopes such as ¢5Tb"® or ¢sDy'*® and those differing by a 
few neutrons (such as ¢5Tb"*, ¢s;Tb!®°, gsDy'®!, or s7Ho!, etc.) 
decay by relatively high energy alpha-particle emission as a 
consequence of their decay to or near the stable configuration of 82 
neutrons. Such isotopes would, therefore, be attractive possibili- 
ties for the assignment of these new rare earth periods. It would be 
more consistent with this view to assign the long-known natural 
radioactivity of samarium to 62Sm"? (and/or 62Sm"™%) rather than 
to 625m!” (present best tentative assignment),* but, on the other 
hand, other stable configurations with a larger number of neu- 
trons may also be important. 

In view of these new data it can be seen that alpha-decay in the 
lighter elements is more prevalent than hitherto recognized, and 
therefore these investigations are being continued. This letter is 
intended only as a very preliminary report and more complete 
results will be reported at some future date. 

We wish to thank James Vale and the crew of the 184-inch 
cyclotron for their assistance in carrying out the work. 

This work was performed under the auspices of the U. S. Atomic 
Energy Commission. 


1 See, e.g., T. P. Kohman, Phys. Rev. 76, 448 (1949). This contains a 
rather Re list of references to other publications on this subject. 
See, e.g., Maria G. Mayer, Phys. Rev. 74, 235 (1948). 
3 Perlman, Ghiorso, and Seaborg, Phys. Rev. 75, 1730 (1948). 
4A. J. Dempster, Phys. Rev. 73, 1125 (1948). 
5N. Feather, Nature 162, 412 (1948). 





Betatron-Produced Sources of High asad 
Activity: Copper 62* 


R! A. Becker, F. S. Kirn, AND W. L. Buck 
Physics Research Laboratory, University of Illinois, Champaign, Illinois 
August 15, 1949 


HIN metallic foils have been activated, employing a probe 
technique, by bombardment with a 22-Mev. betatron. 
Specific activities in excess of 5 millicuries of Cu™ positron activity 
per gram have been obtained with 2-mm strips of half-mil copper 
foil (approximately 11 mg/cm?). These sources were employed to 
measure the positron spectrum by means of a 180-degree type 
magnetic spectrometer. The technique of activation is shown in 
Fig. 1. The electron beam, of small cross section, was caused to 
strike a lead converter, the resulting beam of x-rays in turn ac- 
tivating the folded foil. The presence of the converter greatly 
enhanced the strength of the activity since gamma-cross sections 
are of the order of 400 times larger than electron cross sections.’ 
The specific activities thus obtained were more than a thousand 
times greater than those realized when the betatron is employed 
in the conventional manner with an x-ray donut. The procedure 
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Fic. 1. Technique of activation of the foils. 


took advantage of the tiny cross section of the beam at the probe, 
resulting in a high concentration of x-ray quanta in that region. 
After irradiation the foils, which had been cut to size prior to 
bombardment, were removed through an air lock, unfolded, and 
inserted in the spectrometer. 

Figure 2 shows a Kurie plot of preliminary work with the 10- 
minute positron activity of Cu". Several sources were required 
because of the short decay time, and the major error arose from 
the normalization of the samples. The spectrometer had a resolu- 
tion of about 1.25 percent. The field of the spectrometer was con- 
tinuously monitored by comparing, with a null method, the e.m.f. 
generated by a rotating coil between the pole faces with that by a 
coil rotating in the gap of a standard permanent magnet. The latter 
was calibrated by means of the photoelectrons ejected from a 20 
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Fic, 2. Kurie plot of Cu® positrons. 
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mg/cm? uranium foi] by the gamma-rays of Co. The values of 
Lind e¢ al.? for the Co™ lines were used. Two sets of measurements 
were obtained with a path radius of 10 cm, and one at 8 cm. The 
endpoints, respectively, were 2.88, 2.84, and 2.78 Mev. A mean 
was chosen to be 2.83:0.05 Mev. This figure is greater than that 
quoted by Crittenden.* 


* Aided by the joint program of the ONR and AEC. 

1 Skaags, Laughlin, Hanson, and Orlin, Phys. Rev. 73, 420 (1948). 

?Lind, Brown, and DuMond, Phys. Rev. 76, 591 (1949). The figure 
there quoted erroneously for the lower energy line was corrected by private 
communication from DuMond. 

3 E. C. Crittenden, Jr., Phys. Rev. 56, 709 (1939). 





Energy of an Excited State of Li’ 
MICHEL TER-POGOSSIAN, J. EUGENE ROBINSON, AND C. HAROLD GODDARD 


Physics Department, Washington University, St. Louis, Missouri 
September 15, 1949 


N a recent unpublished note, H. Primakoff and E. Feenberg 
suggested the possibility of the existence of two closely spaced 
excited states in Li’. This hypothesis' appears necessary because 
of the selection rules in the Be’ decay and the B!(n, a)Li™ re- 
action. The first step made to test this hypothesis was to compare 
the energies of the radiations emitted in the transitions Li”*—>Li? 
for different methods of producing Li™*. Many measurements of 
the energy of the radiation following the transition Be’—>Li™ have 
been reported,? but some of the energies reported for this radiation 
are sufficiently different from the energy of the gamma-radiation 
following the transition B'(n,a)Li™ reported by Elliott and 
Bell,? to allow the possibility of the existence in the Li’ of two 
excited states, reached, one by the K-capture in Be’ and the other 
by the emission of an alpha-particle by the compound nucleus B". 
The purpose of the present work is to restrict the possible exist- 
ence of these excited states to a very narrow band by measuring 
the energy of the gamma-radiation following the transition 
Be?—>Li™ by comparing this energy with the energy of the gamma- 
radiation emitted by Au'®*, This method was used by Elliott and 
Bell to determine the energy of the radiation following the transi- 
tion B!°(n, a)Li™. The source was prepared by bombarding an 
internal target of lithium metal in the Washington University 
cyclotron with 9-Mev deuterons for 17,000 microampere hours. 
The Be’ was then chemically separated from the lithium following 
a procedure suggested by Dr. G. Friedlander‘ the final product 
about 5 mgs of beryllium acetate (about 5 mgs of beryllium car- 
rier were added) was sealed in a glass tube. A source of Au! 
obtained from the Oak Ridge pile was sealed in an identical tube. 
The energies of radiations emitted by the two sources were com- 
pared in a 180° beta-ray spectrometer® by comparing the energy 
of the photoelectrons produced in an uranium radiator of 50 
mg/cm?, and 1 mm wide. The measurements were made in the 
following order: measurement of the gold line, then the lithium 
line, gold again, then lithium again. These measurements were 
executed one immediately after the other. The bracketing of the 
lithium measurement between two measurements of the gold line, 
and the repetition of the lithium measurement showed that the 
field measuring device (flip coil connected to a galvanometer) did 
not vary during the experiment. The reference point for the 
measurement of momentum was taken at the peak of photo- 
electron lines. It should be noted that any point on the photo- 
electron lines could be taken as a reference since each of the four 
measured lines should be identical by virtue of the fact that the 
source was always located at the same position relative to the 
uranium radiator and that the same radiator was always used. 
Values obtained for the momentum in arbitrary units were 


(see also Fig. 1): 


ahaa Svea Pavan ry 7 Seb ih Seat Same aaa 


— - 2 
t 
Ts he. on 


feed Devine rive Raab eaaal ieee tvs Mick netic ene eee aL Te NE Pee Caer " Sanvaeies 
rid is pu aN AN Ba siti carr. 








LETTERS TO 


We476.5 KEV 

















8 82 
Hp (ARBITRARY UNITS) 


Fic. 1. Spectra of the photoelectrons ejected from a 50 mg/cm? uranium 
radiator by the gamma-rays of Au'®* and Be’. The ordinates representing 
the number of counts per second have been normalized to bring the lines to 
approximately the same height graphically; and are graduated in arbitrary 
units. 


Au(1) Li(1) Au(2) Li(2) 
Momentum 8.20 9.31 8.20 9.30 


Taking for the gold line the value reported by DuMond * 411.2 
kev, we find for the energy of the excited state of Li’: 478.5+0.5 
kev. Elliott and Bell’ reported the value of 478.5+1.5 kev for the 
energy of the excited state of Li’ reached B(n, a)Li™. It appears 
from these results that if these two excited states are different 
they are not separated by more than 2 kev. 

This work was assisted by the joint program of the ONR and 


AEC. 


1B. T. Feld, Phys. Rev. 75, 1618 (1949) discusses the possible disintegra- 
tion —_ propo: 

Williamson and H. T. Richards, Phys. Rev. 76, 614 (1949). 
ie aon to all previous measurements of the energy of this transition are 
given in this article. 

3L. G. Elliott and R. E. Bell, Phys. Rev. 74, 1869 (1948). 

4G. Friedlander (private communication). 

5 Ter-Pogossian, Robinson, and Cook, Phys. Rev. 75, 995 (1949). 
6 DuMond, Lind, and Watson, Phys. Rev. 73, 1392 (1948). 





The Angular Distribution of the Photo-Neutrons 
from Deuterium at 2.76 Mev 
BERNARD HAMERMESH AND ALBERT WATTENBERG 


Argonne National Laboratory, Chicago, Illinois 
September 22, 1949 


HE apparatus and techniques used in the study of the photo- 
neutrons from beryllium! have been used to study the photo- 
neutrons produced in deuterium by 2.76-Mev y-rays. The dis- 
tribution is found to be of the form J(@)=a+6 sin?@. The ratio 
a/b is best found by measurements made at 0° and 90°. The re- 
sults are subject to two corrections, a geometrical one caused by 
the finite angles subtended by the source and counter at the 
target and a correction caused by neutrons being scattered 
inside the D,O target. The former correction is readily estimated 
from the relative dimensions and spacings of the target, source 
and counter. The scattering correction may be estimated in a very 
rough manner.' However, because of the large effect of this correc- 
tion on the a/b value for deuterium, an experimental study was 
made of the correction. 

The method used is similar to the one of Graham and Halban? 
and Meiners.’ Since the scattering effect should become smaller 
and smaller as the size of the D.O target decreased a set of D,O 
targets of varying diameters was used. The cylindrical D,O 
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TABLE I. Values of Jo/Js0 for targets of various diameters. 











III 


I II 
Diameter of D:0 Io/I90 Io/Is0 
Holder Corrected for geometry 





12 mm 
0.350 


79 
average 0. 298 +16 percent 


0.299 
0.282 
0.264 
0.257 
0.354 
average 0.276+19 percent 








holders were made of steel tubing 0.0125 cm-thick and 5 cm-long. 
The outer diameters were 4.5, 6, 9, and 12 mm respectively. 
Column IT of ‘Table I shows the values of Jo/I90 for the different 
targets obtained on different runs lasting 12-24 hours. In column 
III are the average values for a given diameter of the results in 
column II corrected for geometry. 

Assuming a linear dependence on radius of Jo/I9, the extra- 
polated value for zero radius is 0.17. This yields a value of a/b of 
0.205+.05. 

The value previously reported by us‘ was not corrected properly. 
The present value is in agreement with Lassen’s® corrected value 
and with Meiner’s value. 

1 Hamermesh, Hamermesh, and Wattenberg, Phys. Rev. Ls 611 (1949), 

2G. Graham and H. Halban, Rev. Mod. Phys. 17, 297 (1945). 

3 E, P. Meiners, Jr., Phys. Rev. 76, 259 (1949), 

4 Bernard Hamermesh and Albert Wattenberg, Phys. Rev. 75, 1290(A) 


(1949), 
5N. O. Lassen, Phys. Rev. 75, 1099 (1949), 





28.7-Hour Ba!* 


B. E. ROBERTSON* and M. L. Poo. 
Ohio State University, Columbus, Ohio 
September 23, 1949 


ITH electromagnetically enriched Ba, Ba™, Ba!5, and 
Ba6 ** now available, the previously reported 28.7-hour 
barium activity! has been investigated. It had been postulated 
that this activity was a metastable state of Ba'* although assign- 
ments to other mass numbers were not entirely ruled out.? It is the 
purpose of this letter to confirm the mass assignment of the 28.7- 
hour activity to Ba"5, As the degree of enrichment of the respec- 
tive barium isotopes is not yet available, this mass assignment 
has been made on the basis of the specific activities per milligram 
of barium in the enriched barium samples after bombardments 
with deuterons and fast neutrons. 

Bombardment of enriched Ba'™’NO3;)2 with 10-Mev deuterons 
yielded the 28.7-hour activity in the barium fraction. Character- 
istic radiaions were 0.28-Mev negatively charged particles, barium 
x-rays, and a 0.30-Mev gamma-ray in agreement with the meas- 
urements previously reported.!-8 

The bombardment of Ba!4(NO3)2 with 10-Mev deuterons 
produced more of the 28.7-hour activity than similar bombard- 
ments of the nitrates of the enriched Ba, Ba"5, Ba6, and normal 
barium. The same chemical procedures were used in extracting 
barium fractions. The bombardment time was the same in each 
case. Decays were followed on a Wulf electrometer. 
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The resulting specific activities in terms of the time-off intensity 
of the 28.7-hour activity per milligram of bombarded barium were 
in the ratios 1.00:0.73:0.54:0.03:0.05 for the samples enriched 
in Ba™, Ba’, Ba'®5, and Ba!*6, and natural barium, respectively. 
Similar bombardments of the enriched barium isotopes in car- 
bonate form with fast neutrons from Li+d produced the 28.7- 
hour activity with specific activities in the ratios 1.00:0.42:0.42: 
0.09:0.04 for the samples enriched in Ba"*, Ba’, Ba™, and Ba"6, 
and natural barium. Bombardments of Hilger CsCl with 10-Mev 
deuterons yielded the well-known 38.5-hour activity* of Ba" 
in the barium fraction but no 28.7-hour activity, precluding as- 
signment of the 28.7-hour activity to Ba’ or Ba™ as a result of 
the reaction Cs3(d, 2m) or Cs3(d,). Bombardment of Hilger 
CsCl with 20-Mev alpha-particles did not produce the 28.7-hour 
activity in the barium fraction, ruling out assignment to Ba!* as 
a result of the reaction Cs!¥¥(a, p). 

On the basis of these data the 28.7-hour activity im barium is 
assigned to an isomeric state of Ba'** as a result of the reactions 
Ba!(d, p) and Ba"5(n/, n). Calculations of the cross sections for 
the reactions will be communicated when the isotopic analyses 
of the enriched barium isotopes are available. 

* Captain, U. S. Air Forces, research done under auspices U.S.A.F. 
Institute of ‘Technology, Wright Field, Dayton, Ohio. 

** Supplied by the Y-12 plant, Carbide and Carbon Chemicals Corpora- 
tion, through the Isotope Division, AEC, Oak Ridge, Tennessee. 

1D. C. Kalbfell and R. A. Cooley, Phys. Rev. 58, 91 (1940), 

2 Weimer, Pool, and Rarterey, Phys. Rev. 63, 59 (1943). 


3 Fu-Chun Yu and J. D. Kurbatov, Phys. Rev. 74, 34 (1948). 
4G. T. Seaborg and I. Perlman, Rev. Mod. Phys. ‘20, 585 (1948). 





Upper Limit for the Lifetime of the 
411-Kev Excited State of Hg’ 


R. E. BELL aNnp H. E. Petcu* 


Chalk River Laboratory, National Research Council of Canada 
Chalk River, Ontario, Canada 


September 19, 1949 


HE £-y-coincidences arising from the Au!®*— Hg!® 8-disin- 

tegration have been examined with a coincidence circuit 

of short resolving time in an effort to measure the mean life of the 

411-kev y-emitting state of Hg'®*. Using the method of delayed 

coincidences and resolving times 279 less than 10~ sec., the mean 

life is found too short to detect, in contradiction to MacIntyre’s 
recent result! for the same measurement. 


RESOLUTION CURVES 


$ au™ £-¥- COINCIDENCES 
A cs ¥-¥-COINCIDENCES 


RELATIVE NUMBER OF COINCIDENCES 


¥-PULSES DELAYED / \ A- PULSES DELAYED 





DELAY TIME (!0-*SEC. UNITS) 


Fic. 1. Resolution curves of the coincidence unit for Au! 
8-y-coincidences and Cs! -y--coincidences. 
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The coincidence unit employs anthracene—1P21 scintillation 
counters operated with electrode voltages so high (~2000 v) that 
their output pulses do not require amplification. The pulses are 
equalized in Type 6AKS pentodes and led along 95-ohm matched 
coaxial cable to a 50-ohm shorted coaxial cable clipper which 
determines their length, and thence to a 1N34 diode coincidence 
mixer. The pulses from either counter can be delayed by ac- 
curately known amounts by lengthening the appropriate signal 
cable. Checks have been made to see that the extra lengths of 
cable used to delay the pulses do not cause any loss of coincidences 
through attenuation. The selection of pulse heights and de- 
termination of counting rates in the individual counters is ac- 
complished by feeding the individual counter pulses by separate 
cables into two ordinary linear amplifiers equipped with amplitude 
discriminators. The output pulses of these amplifiers are fed into a 
relatively slow (~2 usec.) triple coincidence circuit with the un- 
selected fast coincidence pulses, and the desired coincidence rate 
is counted at the triple coincidence output. In this way only those 
fast coincidences are recorded which correspond to pulses larger 
than a fixed size from the individual counters, and the difficulties 
of very fast pulse height discrimination are avoided. 

The resolution curve of the coincidence unit was measured by 
observing the coincidence rate as a function of delay of the pulses 


‘from each counter in turn. Results have been recorded for Co® 
-y-coincidences, Cs! -y-y-coincidences, and Au! 6-y-coinci- 


dences at two different resolving times, 2r95=9X10-® sec. and 
27o=5.5X10-* sec. To clarify the diagrams, only the Cs and 
Au results at the shorter resolving time are shown. (The Co 
results are indistinguishable from those for Cs™.) Figure 1 shows 
the resolution curves observed for Cs™ y-y- and Au! 8-y-coin- 
cidences. The two curves are identical within experimental error 
and both are highly symmetrical. If the Hg! 411-kev excited 
state had a mean life r long enough to be detectable in this experi- 
ment, the right-hand (8-pulse delay) portion of the Au’ resolu- 
tion curve would have a tail falling off as exp(—7/r), where T 
is the delay time.? No such tendency is visible in Fig. 1. The slight 
shifts (~4X 10- sec.) of the maxima of the curves of Fig. 1 with 
respect to each other and to the zero of time represent fixed delays 
due to differences in transit time of the electrons in the photo- 
multiplier tubes at slightly different electrode voltages. As a 
check on this explanation, the voltage on one photo-multiplier 
was lowered by 30 percent: the resolution curve then moved, 
without change of shape, in the direction corresponding to a lag 
of 3.4 10-® sec. in the pulses from that tube. A resolution curve 
was plotted for 6-a-coincidences from ThC(8)ThC’(a)ThD to 
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Au™ RESOLUTION CURVE 


RELATIVE NUMBER OF COINCIDENCES 





A-PULSE DELAY TIME (10~*SEC. UNITS) 


Fic. 2. B-pulse delay portion of Au! a guna curve 
plotted on a logarithmic scale. 
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show that the apparatus is, in fact, capable of detecting delayed 
coincidences due to a finite lifetime. The shape of the resulting 
curve (not shown) was compatible with the 0.304-usec. half-life’ 
of ThC’. 

In order to set an upper limit on the mean life 7 of the 411-kev 
excited state of Hg!%, the 8-pulse delay portion of the Au’ 
resolution curve has been plotted on a semilogarithmic scale in 
Fig. 2. The roughly exponential fall-off of the experimental curve is 
common to the results for Co, Cs', and Au’’8 and thus is instru- 
mental. A dashed line in Fig. 2 indicates the shape the curve would 
have if the mean life of the Hg'®* excited state were as long as 
3xX10-* sec. Figure 2 demonstrates that the mean life 7 of the 
411-kev excited state of Hg! is less than 3X10-° sec. 

An incidental result is that the excited states of Ni® and Ba™ 
which are concerned in y-y-coincidences from Co and Cs!*, 
respectively, all have mean lives shorter than 3X 10~° sec. 

MacIntyre’s result for the mean life (2.30.2 10-8 sec.) can 
probably be explained by the fact that he compared {-y-coinci- 
dences from Au! with those from Na*, The pulses from Na 
y-rays (1.38 and 2.76 Mev) would be many times larger than 
those from Au! y-rays (0.411 Mev): in a coincidence system 
using amplifiers of finite rise time the result would be a greater 


lag in the detection of the Au'®* y-ray pulses and consequently an 


apparent finite lifetime of the Hg! excited state. 


* Visitor from McMaster University, Hamilton, Ontario. 

1W. J. MacIntyre, Phys. Rev. 76, 312 (1949). 

2F, W. Van Name, Phys. Rev. 75, 100 (1949). 

3’ Bunyan, Lundby, and Walker, Proc. Phys. Soc. London A62, 253 


(1949). 





On the Spatial Alignment of Nuclei 


R. V. PounD 


Lyman Laboratory of Physics, Harvard University, 
Cambridge, Massachusetts 


September 16, 1949 


ONSIDERABLE interest centers on the problem of produc- 

ing a system containing nuclei in a reasonably well-ordered 

state of alignment in space. Such a system makes possible studies 

of angular dependence of the scattering and absorption of polarized 

nucleons and of angular distributions in radioactive decay, rela- 
tive to the spin axis of the nuclei.!? 

The most direct method of achieving a net alignment is to 
place the substance in a magnetic field Ho. If thermal equilibrium 
exists between the spin system and its surroundings, a Boltzmann 
distribution of the spins over the 2J+1 equally spaced energy 
levels results, with the lowest level, corresponding to the spin 
nearly parallel or antiparallel to the field, becoming most heavily 
populated. Practical difficulties are presented by the fact that the 
nuclei must be put into an extremely strong field and at the same 
time must be in thermal contact with a paramagnetic substance 
in a weak field, because a reasonable degree of orientation is 
achieved only at the lowest temperatures so far attainable by 
adiabatic demagnetization, with the nuclei in the strongest field 
obtainable. A somewhat simpler method may be available for 
nuclei of paramagnetic ions, which may be oriented by the intense 
fields of the oriented ions themselves, at low enough tempera- 
tures.*4 In both cases the sample containing the nuclei must be 
kept in a field while the other experiments are performed lest 
random orientations be resumed. 

The purpose of this note is to outlime an experimentally less 
difficult method by which a partial alignment of nuclei might be 
achieved. It is known that the 27+-1-fold degeneracy of a nucleus 
can be partially lifted through an interaction between the nuclear 
electric quadrupole moment and a crystalline electric field having 
axial symmetry.5* The component m, of angular momentum 
along the axis becomes a good quantum number, in the absence 
of a strong magnetic interaction, although levels differing only in 
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sign of m; are not separated. So far, because of difficulties at- 
tendant on finding suitable samples, only moderate quadrupole 
splittings have been found, such as the 720 kc/sec. in Al2O3.° On 
the other hand, it must be expected that very much larger split- 
tings exist in, for instance, crystals composed of molecules having 
p-type covalent bonds.’ One would expect, in fact, splittings of the 
order of hundreds or thousands of megacycles as in gaseous mole- 
cules® because the gradient of the electric field at the nucleus is 
determined by the other nuclei and the electrons of the molecule 
itself (in contrast to the situation in ionic crystals where the ion 
containing a nucleus is primarily in a singlet S state and probably 
contributes little to the gradient of the electric field at the nucleus). 

A crystal having quadrupole splittings of this order of magnitude 
need only be brought into thermal equilibrium with a substance 
that has been adiabatically demagnetized to a temperature of a 
few hundredths of a degree and the nuclei will fall into the lowest 
energy levels. This would mean either the highest or lowest ab- 
solute values of the component of the nuclear spin along the major 
axis of the tensor grad E at the nucleus would predominate. 
Either case could be found depending upon the sign of the quad- 
rupole coupling constant eQ(d?V/dz?). Therefore, the nuclei 
would be aligned, respectively, either simultaneously almost 
parallel and antiparallel to this axis in the molecule, or precessing 
nearly in a plane perpendicular to this axis. If the molecules could 
be crystallized in such a way that this axis was alike for all, one 
achieves a certain kind of nuclear orientation. A fairly sizable 
single crystal or some technique of orienting small crystals would 
give the desired result if the crystal does not contain non-equiva- 
lent orientations of the molecules, with respect to the crystal axes. 

Although the kind of alignment resulting is not as unambiguous 
as in the magnetic alignment, several advantages are apparent. 
In radioactive emission, anticipated angular distributions involve 
even powers of cos 6, for which, if true, the ambiguity is not a 
disadvantage. The thermal contact with the paramagnetic sub- 
stance may be easier to achieve because the nuclear sample can 
be put into the magnetic field while the paramagnetic magnetiza- 
tion and adiabatic demagnetization are performed. This is so 
because the magnetic splittings are only small perturbations on 
the electric ones. If the crystal containing the nuclear sample it- 
self could be made also to contain the paramagnetic ions, the 
thermal contact could be very strong, and the paramagnetic ions, 
by their relaxation processes, could help to bring about thermal 
relaxation of the nuclear system. Once thermal equilibrium is 
established the sample may be completely removed from the 
magnetic field, simplifying some of the experiments on the 
aligned nuclei. 

To find such a high frequency splitting and to demonstrate the 
temperature of the spin system, ordinary nuclear paramagnetic 
resonance experiments at moderate frequencies can be of as- 
sistance. With an odd half-integral spin, one could observe the 
resonance absorption in the transition between the still degenerate 
levels m;=-+4, when the degeneracy is removed by a magnetic 
field. If the axis of symmetry of the electric field lies along the 
magnetic field, one expects to find a resonance line at the fre- 
quency corresponding to the normal gyromagnetic ratio, but, if 
the quadrupole splitting is strong, the frequency would be very 
sensitive to a smal] angular displacement from this position. By a 
perturbation calculation, regarding the Zeeman energy as a small 
perturbation on the large quadrupole energy, one can find the 
amount of the quadrupole splitting. 

If the intensity of the line is observed as the temperature is 
reduced to such a degree that kT </hv where » is the quadrupole 
splitting frequency, either of two things will occur, determined by 
the sign of the quadrupole coupling constant. If the my=+}$ 
levels are the lowest, then the line would get more intense as 1/T 
until a critical temperature is reached where a fairly pronounced 
increase in intensity would accompany the preferential population 
of these states. If m;=-t/ are the lowest, the observed line would 
go through a maximum and then decrease as the m;= +} levels 
become depopulated. 
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Preliminary experimental work directed toward this end is under- 
way. Details of the calculations of quadrupole interactions in 
fields of axial symmetry will be published elsewhere. 


1J. A. Spiers, Nature 161, 807 (1948). 

2M. E. Rose, Phys. Rev. 75, 213 caeee. 

3 ut J. Gorter, Physica 14, (19. 

4M. E. Rose, Phys. Rev. 75, 213 (1948) 

BR, Vv. Pound, Phys. Rev. 73, 1247 (1948), 5 74, 1203 (1948). 

6R. V. Pound, Proc. Phys. Soc. 61, 576 (1948). 

7C. H. Townes, Phys. Rev. 71, 909 (1947). 

8 Townes, Holden Bardeen, Merritt, Phys. Rev. 71, 644 (1947); Townes, 
Merritt, and Wright, Phys. Rev. 73, 1334 (1948); Gordy, Simmons, and 
Smith, Phys. Rev. 74, 243 (1948). 





Double-Probe Method for Determination of Elec- 
tron Temperatures in Steady and 
Time-Varying Gas Discharges 


E. O. JOHNSON AND L. MALTER 


RCA Laboratories Division, Radio Corporation of America, 
Princeton, New Jersey 


September 19, 1949 


HE single-probe method of Langmuir and Mott-Smith! is 
not well suited for measurements in time-varying dis- 
charges and in particular not in decaying plasmas following the 
interruption of a discharge. In the latter case this follows from 
the fact that efforts to operate the probe above plasma potential 
are defeated by the fact that the plasma potential constantly 
recedes so as to maintain itself positive with respect to the probe. 
The use of two probes connected in a floating circuit overcomes the 
difficulties of the single-probe method and permits the determina- 
tion of such quantities as electron temperature and density in, 
both steady and time-varying discharges. Dow? has described a 
double-probe method for determining the electron temperature in 
the ionosphere. He appears to do this from values of i, very close 
to the regions of VD; or VD only (see Fig. 1). In these regions, the 
method appears to be less accurate and uses data which are gen- 
erally discarded in the method here described. 

Two probes are connected together through a resistor and a vari- 
able potential source Vg. The entire measuring system is per- 
mitted to float. By means of a scope across the resistor, the in- 
stantaneous current Ip can be determined. In practice one 
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Fic. 1. Current vs. voltage characteristic of floating 
double-probe system immersed in plasma. 
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varies Vg and determines Jp and Vp, the potential difference 
between the probes. 

A typical plot is shown in Fig. 1. These data were obtained in an 
argon-filled hot-cathode diode, 100 usec. following the interrup- 
tion of a discharge. 

From the equality of the total electron and ion currents to the 
probes, it follows that: 


Intl> 

(tt 1)apexpl—11,600(V,/T)]=7, 
where 

k=(A1/A2)(Jjo1/jo2) exp[+11,600(V./T.) ]. (2) 


A, and A? are the areas of probes 1 and 2. jo: and joz are the ran- 
dom electron current densities at probes 1 and 2. ies, the electron 
current to probe No. 2, is equal to the difference between Jz and 
I y2. The other symbols are defined in Fig. 1. The slope of log I vs. 
Va yields T.. Figure 2 is a plot of (1) for the data of Fig. 1. For 
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Fic. 2. Logarithmic plot for determination of electron temperature. 


this case, T-=1065°K. The linear regions beyond J: and J2 in 
Fig. 1 correspond to saturated ion current only, to one probe or the 
other. Since the current to one of the probes in these regions is 
purely ionic, the current flow is generally determined by space 
charge and not by orbital-limited-current relations. 

A more rapid determination of T, can be obtained from Fig. 1, 
and the relation 


T.= 11,600G(1—G) (dVa/dI a) Va-o(I pi +I p2), (3) 
where 
[ier ]V po 
Gass 4 
Tpit p2 (4) 


If the slope of the regions of positive ion saturation is con- 
siderable, then in place of Jp: and Jp2 one uses quantities obtained 
as follows: Extend the positive ion saturation curves linearly as 
shown in Fig. 2 and use for Ip: and J p2, the ordinates at points § of 
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the horizontal distance between the points of saturation (Vp: and 
V2) and the wall potential condition (Vp= V-). These points are 
designated as J’p: and J’y2 in Fig. 2. For the case of Fig. 2 this 
short method yields T,= 1025°K. 


11, Langmuir and H. M. Mott-Smith, Gen. Elec. Rev. 27, 449 (1924). 
2W. G. Dow, Phys. Rev. 76, 453 (1949). 





Tests of Self-Regenerating Fillings for 
Geiger Counters 
S. A. Korrr AnD A, D. KRUMBEIN 


New York University, New York, New York 
September 12, 1949 


NE of the serious difficulties which faces the users of Geiger 
counters of the self-quenching types, is that the operating 
conditions change with time. This effect is due to the progressive 
decomposition of the quenching vapor. In the end enough vapor 
is decomposed so that the counter becomes useless. Unfortunately, 
this decomposition is a necessary concomitant of the quenching 
mechanism.! It has therefore seemed worth while to examine 
possible vapors with a view to seeking any which might show a 
synthesis as well as a decomposition in the discharge. Since it is 
well known that ammonia can be made by the Haber process, 
and since this gas will also produce self-quenching action in 
counters, some counters were filled with this gas and tested. 

Some of these counters have now been in continuous use for 
over two years, operating, except for occasional unavoidable 
interruptions, at as high counting rates as possible. They have 
recorded some 3X10! counts. These results appear consistent 
with the original hypothesis that the ammonia molecule is not 
only decomposed in quenching but is resynthesized in the active 
part of the discharge. 

Counters were tested which were one cm in radius, 8 cm long, 
with 4 mil tungsten central wires, and filled to a total pressure of 
about 15 cm Hg with 80 percent ammonia and 20 percent argon. 
Another set with only ammonia (no argon) was also run. Cathodes 
of evaporated silver, evaporated copper, solid copper, aquadag, 
and nickel were tried. Counters containing 10 cm ammonia only 
operated at around 1200 volts with plateaus of some 100 to 125 
volts, i.e., operating characteristics were comparable to those 
usually found with the conventional argon-alcohol fillings, al- 
though the latter sometimes have longer plateaus. At pressures of 
5 cm of ammonia, the operating voltages are 850 to 900 and the 
plateaus 50 to 75 volts in Jength. Adding argon gives shorter 
plateaus but lower starting potentials. 

These counters exhibited two interesting characteristics. First, 
the counters seem to show an increase in background during a 
long run. This background may be due to a large number of 
spurious counts. In some cases the background increases very 
much. However, if the counter is allowed to “rest” for a while, 
the background returns to normal. This effect has been noted also 
by Simpson.? Of the counters tested, those with aquadag cathodes 
recovered the fastest. 

The second characteristic of these counters was an increase in 
photo-sensitivity. The counter with the aquadag cathode became 
photo-sensitive after some 3X 10* counts, the one with solid cop- 
per cathode after 1.5108 and that with nickel after 10° counts. 
The photo-sensitivity remained after “rest”? periods. In one case, 
to see whether this sensitivity would decrease with time, a counter 
was taken out of the run; it is still photo-sensitive after ten 
months “rest.” This photo-sensitivity extends to yellow and in 
two cases to red light. 

The experiments are being continued and will be reported in 
detail at a later date. 

1S. A. Korff and R. D. Present, Phys. Rev. 65, 274 (1944); W. Spatz, 


Phys. Rev. 64, 236 (1943). 
2J. A. Simpson (private communication). 
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Reproducibility of Photo-Neutron Standards 


L. F. Curtiss AND A. CARSON 
National Bureau of Standards, Washington, D.C. 
September 19, 1949 


HE construction of two nearly identical radium beryllium 
photo-neutron standards has given us an opportunity to 
ascertain the degree of reproducibility which can be expected in 
making standards of this type. These standards were constructed 
following the suggestion of Gammertsfelder and Goldhaber! by 
enclosing a capsule of compressed radium containing approxi- 
mately 1 gram of radium in the center of a beryllium sphere 4.00 
cm in diameter. Each of the two spheres was turned and the two 
halves threaded to have the same dimensions to within +0.0001 
inch. The radium was enclosed in a sealed capsule of platinum- 
iridium having walls 0.2 mm thick. The external dimensions of the 
capsules, which were right cylinders, are 0.84 cm in diameter and 
0.86 cm in height. The capsules were mounted in the geometrical 
center of the sphere in cavities machined just large enough to 
accept them, as shown in Fig. 1. These standards are prepared for 


Fic. 1. Primary photo-neutron standard consisting of a 4-cm diameter 
beryllium sphere with 1-gram capsule of radium (C) at the center. 


the purpose of serving as a national primary standard for measure- 
ment of sources of neutrons. They were made in duplicate so that 
one may be retained at the National Bureau of Standards as a 
reference source and the other loaned for comparison measure- 
ments when this seems desirable. 

Although the radium capsules were made as nearly identical as 
possible it was found that from measurement of the external 
gamma-radiation the amount of radium contained in each after 
completion was not quite the same. In each case the radium salt 
had been compressed to maximum density. The ratio of the radium 
contents for standard I to standard II was found to be 


I,/TI,=0.9897 with std. dev.=0.052 percent. 


After assembly in the beryllium spheres the ratio of the neutron 
intensity emitted by these sources was determined. These meas- 
urements were made by means of a long counter made in ac- 
cordance with the procedure described by Hanson and McKibben? 
The counter tube was filled with B' enriched BF3. For each 
measurement the standard was mounted on a base provided with 
pins which fitted into small holes in the beryllium sphere. This 
base was mounted at a fixed position on the axis of the neutron 
counter at a distance of approximately 21 cm. Therefore, it was 
comparatively easy to interchange the two standards for ob- 
servations and have them at the same distance from the detector. 
The support was arranged so that the sources could be rotated 
about their vertical axes and measurements were repeated for 
each 90° of rotation to correct for any lack of symmetry. The 
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statistics of the counting yielded a standard deviation of 0.073 
percent. The ratio of the neutron intensities determined in this 


way came out 
Iy/Ty =0.9871. 


The variation with rotation amounted to 0.17 percent. 

The number of neutrons emitted from these spheres should 
also be proportional to the mass of beryllium present. Although 
these spheres were machined to be as nearly identical as possible 
a small difference in weight was found. The ratio of masses is 
given by 

Iy/TIu =0.9968. 

We may now correct the observed ratio of neutron intensities 
for the differences in the radium and beryilium in the two sources. 
We obtain 


Ww) - 1 1 

= core = 09871 X 9 9897 *9,9068 ~ 10008. 

This indicates that this type of source is reproducible with an ac- 
curacy depending on the precision with which the radium and 
beryllium in it can be measured. 

Recently, Bretscher, Cook, Morton, and Wilkinson? have pre- 
pared radium beryllium fluoride (RaBeF,) as a reproducible 
source of neutrons suitable as standards. They show that the rate 
of neutron emission from this compound is proportional to the 
radium present within +0.5 percent. The chemical preparation 
of this compound must be carefully controlled to secure uniform 
results. Also, since this compound is an a, m source, there will be a 
growth of neutron activity corresponding to the growth of polo- 
nium in the source, which at equilibrium amounts to approxi- 
mately 9 percent. These authors state that this compound yields 
3.15 X 10° neutrons per sec. per gram of radium in the compound. 
Preliminary measurements show that our standards yield ap- 
proximately 1.110® neutrons per second per gram of radium. 
Therefore, the photo-neutron standards described above have 
about 1/3 the efficiency and roughly 3 times the diameter of a 
comparable RaBeF, standard. These disadvantages are com- 
sated for, to a large extent, by the simplicity of the preparation, 
the accuracy with which they can be reproduced, and the elimina- 
tion of the effect of the growth of polonium. Furthermore, the 
radium can be removed from the photo-neutron sources in its 
original condition if at any time the source is to be discarded. 
A chemical separation is required to remove the radium from the 
RaBeF, sources. 

1G. R. Gomenartetetten « on M. Goldhaber, Phys. Rev. 69, - (1946). 

2A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 


ase re! Cook, Morton, and Wilkinson, Proc. Roy. Soc. 196A, 436 





Reflection and Polarization of Neutrons by 
Magnetized Mirrors 
D. J. HuGHEes* anp M. T. Burcy 


Argonne National Laboratory, Chicago, Illinois 
September 19, 1949 


E have recently been studying the refraction of neutrons 

in magnetic materials by means of critical reflection from 
ferromagnetic mirrors. The original purpose of the experiments was 
to demonstrate the existence of two indices of refraction in iron*~* 
and to investigate the feasibility of production of polarized neu- 
trons by reflection from magnetized iron. Since the work was 
begun, two valuable applications of the method have been sug- 
gested. Halpern‘ has pointed out that the critical angle observed 
with the mirror magnetized in the direction of neutron propaga- 
tion is quite sensitive to the assumed form of the neutron-electron 
magnetic interaction and can be used to decide the correct form. 
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Hamermesh has suggested that completely polarized neutrons 
might be obtained by reflection from magnetized cobalt without 
the necessity of monochromatization because only one spin 
state will reflect regardless of neutron wave-length. Both sug- 
gestions have been followed successfully with results which are 
here reported briefly. 

Neutrons from the thermal column of the Argonne heavy water 
pile were filtered through BeO and collimated by means of 0.1-in. 
slits 10 feet apart. The BeO filter transmits only those neutrons of 
the Maxwell distribution with \>4.4A hence there is a sharp 
drop in the intensity reflected from a mirror when the critical 
angle @, for 4.4A is exceeded. As the mirror angle, 0, increases up 
to 6, all incident wave-lengths are reflected and the intensity in- 
creases linearly with @ (because of the increasing number of 
neutrons intercepted by the mirror). Above @, the intensity drops 
off as 1/@ because of the shape of the Maxwell distribution. 
Thus a single index is expected to give an intensity shown by the 
line marked “Bloch” in Fig. 1 while two indices (each operative 
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Fic. 1. Intensity of neutrons reflected from a ferromagnetic mirror. 


for half the incident neutrons) would give the lower curve. As 
Halpern‘ has suggested, the dipole-dipole interaction used by 
Bloch® leads to the one index curve (with @,= 23.8’), while the 
Dirac interaction used by Schwinger? and by Halpern and John- 
son® leads to the two index curve (@,= 14.2’ and 30.7’). The curves 
of Fig. 1 are those calculated for the two interactions including 
slight corrections for the resolution of the apparatus and the 
finite reflectivity for angles just above critical. The experimental 
intensity points agree well with the two index curve and verify 
the correctness of the Dirac interaction. There is of course the 
possibility of short range forces which would give rise to angular 
distributions other than that of the Dirac interaction; it can only 
be said that their effect in the present experiment is much less 
than the normal magnetic scattering.’ 

The polarization of neutrons reflected from a mirror is measured 
by reflection from a second mirror. Ideally, a polarized beam will 
show complete reflection at a second mirror magnetized in the 
same direction as the first mirror, but zero reflection at a mirror 
magnetized in the reverse direction. This “double reflection” 
effect is completely analogous to the “double transmission” effect 
used to measure the polarization of neutrons produced by trans- 
mission. Actually, as for double transmission, it is extremely 
difficult to prevent depolarization and reorientation of the neutron 
spins in the stray fields between polarizer and analyzer. It is 
much simpler to keep both mirrors magnetized parallel and to 
measure the change in intensity resulting from depolarization of 
the beam between the mirrors. The depolarization is easily pro- 
duced by insertion of a thin piece of unmagnetized iron in the 
beam, and the changes in intensity are just half those expected 
in the double reflection method, complete polarization being 
identified by a drop of one-half in intensity. This depolarization 
method of analysis was used in the production of polarized neu- 
trons with cobalt mirrors. The cobalt mirrors (5 in.X<10 in.) were 
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produced by electroplating under the direction of H. Ross of the 
Argonne Shop. The first attempts resulted only in about 50 per- 
cent polarization but use of longer neutron wave-lengths (to 
reduce the possibility of non-adiabatic transitions) and of higher 
magnetizing currents, made complete polarization (within sta- 
tistical accuracy of about 1 percent) attainable. Two distinct 
advantages of the reflection method of polarization are (1) no 
intensity loss occurs as in the transmission method, and (2) 
polarization of long wave-length neutrons is possible, unlike the 
transmission method which is applicable only for \<4.04A 
(because iron becomes ‘“‘transparent” to neutrons of longer wave- 
length). 

The details of these and other mirror experiments will appear 
in a report now in preparation. Plans for the application of the 
mirror technique to other nuclear properties, such as the coherent 
hydrogen scattering amplitude are now being made. We wish to 
thank Dr. M. Hamermesh for his extremely helpful discussions 
during these experiments. 


Ph as at Brookhaven National Laboratory, Upton, Long Island, New 
ork. 

1 Halpern, Hamermesh, and Johnson, Phys. Rev. 59, 981 (1941). 
( —-, and J. Pomeranchuk, J. Exper. Theor. Phys. USSR 18, 475 
1948). 

3 Hughes, Burgy, Heller, and Wallace, Phys. Rev. 75, 565 (1949). 

40. Halpern, Phys. Rev. 75, 343 (1949). 

5 M. Hamermesh, Phys. Rev. 75, 1766 (1949). 

6 F. Bloch, Phys. Rev. 50, 259 (1936). 

7 J. Schwinger, Phys. Rev. 51, 544 (1937). 

8Q. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 

® A recent paper by H. Ekstein (Phys. Rev. 76, 1328 (1949)) summarizes 
the question of the neutron-electron magnetic interaction and its relation 
to experimental verification. 





New Low Mass Isotopes of Emanation 
(Element 86) 


A. Guiorso, W. W. MEINKE, AND G. T. SEABORG 


Department of Chemistry and Radiation Laboratory, 
University of California, Berkeley, California 
September 12, 1949 


MONG the spallation products obtained from the 350-Mev 
proton bombardment of Th” we have identified two gaseous 
alpha-emitters which apparently do not decay into any presently 
known alpha-decay chains. The half-lives observed for the decay 
of the alpha-activities are 23 minutes and 2.1 hours. These half- 
lives may be principally determined by an unknown amount of 
orbital electron capture. At least one alpha-emitting daughter 
(about 4 hours half-life) has been observed to grow from a gaseous 
parent, but it has not been determined whether it arises from 
alpha-decay or electron-capture. 

Since these gaseous atoms emit alpha-particles it is assumed that 
they are isotopes of element 86 (emanation or radon) rather than 
a lighter rare gas. If they were heavy isotopes such as Em™! or 
Em*, both unknown, they would decay into known alpha-decay 
series, the neptunium and actinium series, respectively, and so 
would grow known short-lived alpha-emitters which would have 
been detected. It thus appears reasonable that they must be 
lighter than the known emanation isotopes. 

The lightest isotope of emanation observed prior to these ex- 
periments was Em", which arises from the U8 alpha-decay series! 
and which should have a half-life of approximately 10 microsec- 
onds as predicted by means of the new alpha-decay systematics.” * 
The reappearance of longer half-lives, such as 23 minutes and 2.1 
hours, with lower mass numbers is apparently due to the stable 
configuration of 126 neutrons. Thus these activities are to be 
assigned to the mass numbers 212 and lower (that is, Em* and 
Em <2), Therefore it appears that the plot of alpha-energy versus 
mass number for the isotopes of emanation goes through the same 
type of maximum and minimum as is observed for bismuth, 
polonium, and astatine.* 
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The method used to measure the emanation alpha-activities 
was very simple but designed to separate the emanation from 
tremendous amounts of other alpha-emitters, from bismuth to 
protactinium. The cyclotron target consisted of thin thorium 
metal strips sandwiched with thin aluminum foils to act as catch- 
ers for the transmuted atoms which were able to recoil out of the 
surface of the thorium. These aluminum foils were then heated at a 
very low temperature in a vacuum system. A slow stream of argon 
“carried” the emanation through two cold traps at —50°C and 
into a final trap at —90°C where the emanation should freeze out. 
From this storage trap it was possible to fill a cylindrical ion 
chamber in which alpha-pulses could be detected. In order to 
prove that a gas was involved it was shown that the activity 
could be quantitatively transferred back and forth many times by 
varying the temperature of the cold trap. After an emanation 
sample had been allowed to decay for some hours the gas was 
thoroughly pumped out of the chamber and the alpha-activity 
left behind (presumably due to the daughters) was followed for 
decay. It was not possible to measure alpha-energies in these first 
experiments and Geiger counter measurements were clouded by 
the probability of xenon and krypton fission product contaminants 
from which no careful separation had been made. 

New equipment is now being built with which it should be 
possible to measure alpha-energies for these emanation isotopes 
and their daughters and to determine the proper mass assignments. 

We wish to thank James Vale and the crew of the 184-inch 
cyclotron for their assistance in carrying out this work. 

This work was performed under the auspices of the U. S. AEC. 

1 Meinke, Ghiorso, and Seaborg, Phys. Rev. 75, 314 (1949). 


2 Perlman, Ghiorso, and Seaborg, Phys. Rev. 74, 1730 (1948). 
3 Perlman, Ghiorso, and Seaborg, Phys. Rev. 75, 1096 (1949). 





Magnetic Moment of La!* * 


W. C. DICKINSON 


Research Laboratory of Electronics, Massachusetts Institute of 
Technology, Cambridge, Massachusetts 


September 12, 1949 


HE ratio of the frequency of the nuclear magnetic resonance 
of La’®® to that of the proton has been measured at 6700 
gauss. Both resonances were observed in a single sample consist- 
ing of an aqueous solution of lanthanum chloride. A double- 
bridge magnetic resonance absorption method, similar to that 
used for the recent measurement of the Be’—H! frequency ratio,! 
was employed so that further detail is not necessary here. How- 
ever in this measurement, although the two frequencies corre- 
spond very closely to a 7:1 ratio as in the Be?— H! measurement, 
advantage was not taken of the increased precision in frequency 
ratio measurement made possible by heterodyning the seventh 
harmonic of the one frequency with the fundamental of the other. 
For Be® the observed line width was ~} gauss and since it was 
possible to determine the center of this line to within 0.1 gauss in a 
field of 7000 gauss, a frequency ratio precision of at least 1 part in 
70,000 could be utilized. However, the observed line width for 
La!*® was ~3 gauss and since the true line center could be de- 
termined only to within } gauss at best, the precision given by a 
Zenith BC-221-T frequency meter was sufficient. 
A total of six determinations was made. From these the follow- 
ing value for the ratio of the resonant frequencies in the same mag- 
netic field was obtained: 


v(La?39) 
»(H!) 
The uncertainty given represents limit of error; all six values 


fall within the above limits. This result is in agreement with that 
of Chambers and Williams.? 


= 0.141251+0.000014. 
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The magnetic moment of La’ in units of the magnetic moment 
of the proton is hence: 


(La!) 
»(H!') 


This expression is uncorrected for the slight diamagnetic field 
at the nucleus of the La!® due to the Larmor precession of its 
atomic electrons in the applied field. The best value for this cor- 
rection can be obtained by using a Hartree atom model calcula- 
tion for Cs and making a short extrapolation. This gives (AH/H)La 
=0.60 percent. 

The broadness of the La"® resonance line may be ascribed to 
a nuclear quadrupole moment Q which, however, has never been 
measured. Similar broad lines have been observed for I!2” and Cs!%3,3 
and also the two Br isotopes,‘ all of which are known to have quad- 
rupole moments. 





=0.988762-0.00010. 


* This work has been supported in part by the Signal Corps, the Air 
Materiel Command, and the ONR. 

1W. C. Dickinson and T. F. Wimett, Phys. Rev. 75, 1769 (1949). 

2 W. H. Chambers and D. Williams, Phys. Rev. 76, 461 (1949). 

3F, Bitter, private communication. 

4R. V. Pound, Phys. Rev. 72, 1273 (1947). 





Nuclear Quadrupole Moments and 
Nuclear Shell Structure 


C. H. Townes 
Brookhaven National Laboratory,* Upton, NewYork 
AND 
H. M. FoLey anp W. Low** 
Physics Department, Columbia University, New York, New York 
September 23, 1949 


ONSIDERABLY before the recent revival of interest in 

nuclear shell structure, Schmidt! had found a systematic 
variation with Z of the deviation of nuclear charge distributions 
from a sphere (which he derived from nuclear quadrupole mo- 
ments) and pointed out minima of the magnitudes of nuclear 
quadrupole moments near the “magic numbers” Z=50 and 82. 
Schmidt’s plot has been extended with more recent data®* and 
quadrupole moments correlated to some extent with nuclear 
shel] structure.*4 

The following simple model, based on nuclear shell considera- 
tions, leads to the proper behavior of known nuclear quadrupole 
moments, although predictions of the magnitudes of some quad- 
rupole moments are seriously in error. 

1. Neutrons and protons fit into single particle levels in a 
scheme similar to those proposed for correlating spins, thus pro- 
ducing what may be called proton and neutron shells. 

2. Proton and neutron shells tend to be oriented or polarized to 
allow maximum overlap between proton and neutron distribu- 
tions. 

This model leads to the conclusions: 

A. For an odd-proton nucleus, the quadrupole moment is 
primarily dependent on the number of protons P and can be 
written Qpoaa=Qp(P), where Q, is always positive immediately 
before, and always negative immediately after a shell is filled. 

B. For an odd-neutron nucleus, the magnitude of the quad- 
rupole moment depends on the number of protons, but its sign 
is determined by the number of neutrons WN, being given by 
[Op(N)1/L|On(N)|]. Qn(V) is the electric quadrupole moment 
which would be produced by the neutrons if they were charged, 
and Q, is very nearly the same function as Q>. 

C. For odd-odd nuclei, estimation of quadrupole moments is 
more complex and depends on the way in which the mechanical 
moments of the odd neutron and odd proton add. If these mo- 
ments are essentially parallel, the quadrupole moment should be 
of the same sign and approximately the same magnitude as for a 
similar odd-proton nucleus, if the neutron and proton mechanical 
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60 
NUMBER OF ODD NUCLEONS 


Fic. 1. Nuclear quadrupole moments divided by the square of the 
nuclear radius (1.5 X107%A!)2, Known moments of odd-proton nuclei and 
odd-proton odd-neutron nuclei (excepting Li® and Cl**) are plotted as 
circles against number of protons, moments of odd-neutron nuclei as crosses 
against number of neutrons. Arrows indicate closing of major nucleon 
shells. Solid curve represents regions where quadrupole moment behavior 
seems established, dashed curve more doubtful regions. 


moments are not essentially parallel, the quadrupole moment 
magnitude should be considerably reduced. 

Known quadrupole moments appear to fit these expectations. 
Figure 1 shows nuclear quadrupole moments® as a function of 
number of nucleons. 

The sign of Q near the closing of major shells is that expected 
in all cases except for Li’. In view of uncertainties in the charge 
distributions in the molecules from which Q for Li’ was derived, 
perhaps present indications that Q is positive should not be re- 
garded as conclusive. The negative quadrupole moment of S®* 
and the reversal of sign to a positive moment for S* is a striking 
illustration of the above rules since S* has 19 neutrons, or one 
less than the filled shell of 20. This model would similarly predict 
that the quadrupole moments of K** and K“ are positive, that of 
Sc“ and Zr negative. 

Se”? seems from microwave measurements to have a quad- 
rupole moment less than 0.001 10-4 cm?, yet atomic spectra 
indicate a spin for this nucleus greater than 3/2. Both experiments 
may be correct, and the Se”? moment very small because of the 
spherical distribution of protons in this nucleus due to completion 
of the 4f sub-shell. Ca® is a similar case which should have a 
complete proton shell and small quadrupole moment. 

The negative quadrupole moment of Ge” with 41 neutrons 
suggests that a completed sub-shell occurs at 40 neutrons (pointed 
out as a possibility by Nordheim) corresponding to filling the 3p 
levels in Nordheim’s and Mayer’s schemes.* If the neutron and 
proton shells fill in the same manner, the Cb® quadrupole mo- 
ment should also be negative and the Zr quadrupole moment 
small. 

The odd-odd nuclei with known quadrupole moments consist 
of Lis, B!, N™, .Cl%, and Lu, Their moments correspond to 
expectations from the model described above, and those cases 
for which the moments of neutron and proton shells are parallel 
(B, N4, Lu!”) are plotted in Fig. 1. 

Gordy’s statement® that completion of a neutron shell tends to 
make quadrupole moments more negative does not follow from 
the above considerations. This is perhaps not serious because the 
evidence for this empirical observation is questionable. A number 
of quadrupole moments plotted by Gordy are values he predicts 
on the basis of an empirical relation between nuclear electric 
quadrupole moments and magnetic dipole moments. The most 
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significant applications of this relation are to cases of nuclei of 
the same spin and differing by two protons. In the only two known 
nuclear pairs of this type (Cu“—Ga®, Ga” — As"), Gordy’s rela- 
tion is in considerable error and in one case it gives the wrong 
sign for the quadrupole moment. Gordy has plotted the Cs'* 
quadrupole moment as +0.3X10-™ cm? and from this value 
derived other moments. However, known information on Cs! 
allows only the conclusion that for this nucleus |Q| <0.3x10-* 
cm*, If the Cs! moment is taken as zero or negative and if the 
predicted quadrupole moments are questioned, then no evidence 
appears to remain that completion of a neutron shell makes 
nuclear quadrupole moments more negative. 

For the nuclei which contain closed proton shells plus or minus 
only one proton, the nuclear shell model gives not only a definite 
prediction of the sign of Q, but also, if the state of the odd proton 
is determined from the nuclear spin and magnetic moment, it 
gives a fairly definite value for the quadrupole moment magnitude. 
In the cases Li’, N“, and Bi®*, the calculated magnitudes are in 
substantial agreement with those observed. This model also gives 
roughly the proper ratios between the quadrupole moments of 
In"™3, In’, Sb!2!, and Sb" (protons differing by one from a closed 
shell of 50). However, in spite of the rather extensive success of 
this model, it appears difficult to reconcile the magnitudes of the 
In", In", and Sb” quadrupole moments with a nuclear shell 
model including a closed shell at 50 nucleons. They are larger by 
a factor of four than can reasonably be produced by a single 
particle. In addition the very large quadrupole moments in the 
vicinity of Z=71 present difficulties to a nuclear shell model. 
To give Lu’” its quadrupole moment of 7X10™ cm*, approxi- 
mately 35 protons in the most favorable orbits must contribute to 
Q. Since the first fifty protons are presumably in a closed shell and 
contribute nothing to Q, only 21 protons are available and even 
all of them could hardly be put in the few orbits which contribute 
most to a positive quadrupole moment. 

Failure of the nuclear shell model to give correct quadrupole 
moments is in contrast to the situation with nuclear magnetic 
moments, which can all be accounted for by a suitable admixture 
of states of a single nucleon. In the shell model approximation, 
these large quadrupole moments must represent a considerable 
contribution from the protons in the closed shells. The polariza- 
tion of this core would presumably require a sharing of angular 
momentum between the protons of the incomplete shell and those 
of the closed shells. The magnitude of the polarization, however, 
and the resulting large asymmetry of the nucleon distribution is 
hardly consistent with the single particle-central field quantization 
which is the basis of the shell structure model. 

* Permanent Address: Columbia University, New York, New York. 

** This author's work supported jointly by the Signal Corps and ONR. 

1T. Schmidt, Naturwiss. 28, 565 (1940). 

2 J. Mattauch and S. Fliigge, Nuclear Physics Tables and An Introduction 
to Nuclear Physics (Interscience Publishers, Inc., New York, 1946). 

8 W. Gordy, Phys. Rev. 76, 139 (1949). 


4E. Feenberg and K. C. Hammack, Phys. Rev. 75, 1877 (1949); R. D. 
Hill, Phys. Rev. 76, 998 (1949). 

5 Data taken from table of nuclear moments by H. L. Poss (Brookhaven 
National Laboratory Report to be published). 

6 Feenberg, Hammack, and Nordheim, Phys. Rev. 75, 1968 (1949). 





The Sm"! Beta-Ray Spectrum* 


B. H. KETELLE AND G. W. PARKER 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
September 6, 1949 


LONG-LIVED samarium beta-emitter was first identified 

in mass spectrographic studies of R. J. Hayden and L. G. 
Lewis.! The half-life has been given recently by M. G. Inghram? 
to be about 200 years and independently by J. A. Marinsky* to be 
1000+350 years. G. W. Parker and P. M. Lantz‘ have prepared 
sources of the activity and characterized its radiation by means of 
aluminum absorption curves. They report that maximum beta- 
energy to be approximately 65 kev. 
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Fic. 1. Distribution of beta-rays of Sm1!, The counting rate per unit 
momentum is plotted against the coil current in amperes. 


The source material used in this study was fission product 
samarium. Its chemical] separation from the other fission products 
has been described elsehwere‘ in detail. The method consists of a 
gross separation of the fission products on an Amberlite IR-1 ion 
exchange column. This column effectively separates the trivalent 
cations from other cationic and anionic fission products and also 
separates the yttrium and cerium quite well from the other rare 
earths. After an intermediate separation of the cerium earths the 
fraction of eluate recognized by its gamma-activity to contain 
europium also contains the samarium and some element 61. Since 
the concentrations of other rare earth activities relative to the 
europium and samarium had been reduced, it was possible to 
achieve good separation of samarium from europium and element 
61 by a final ion exchange column separation using optimum 
conditions for elution. The purified samarium was converted to 
the chloride and the aqueous solution was evaporated on a 50 
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Fic. 2. Kurie plot of Sm15! source which contained Eu impurity. 
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Fic. 3. Kurie plot of Sm'51, 
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ug/cm? laminated Formvar-polystyrene film. The source material 
itself was approximately 1 mg/cm? thick. 

The beta-ray distribution curve shown in Fig. 1 was obtained 
on a thin lens beta-ray spectrometer similar to that described by 
Deutsch e¢ al.5 The counter tube window was 2 mg/cm?-thick 
and no window corrections have been made. The Kurie plot of the 
data is shown in Fig. 2. There appear to be two higher energy 
components which are attributed to a small amount of Eu'® 
activity which was known to be present in the source. Figure 3 
shows the Kurie plot of the samarium activity after the higher 
energy components have been subtracted. The beta-ray end point 
is 79 kev. Several determinations of the distribution give end- 
point energies which agree within three kilivolts of this value. 

Because of the source thickness and the window cut-off an 
analysis of the shape of the spectrum would be meaningless and 
has not been attempted. 

* This document is based on work performed under Contract Number 
W-7405 eng 26 for the AEP at Oak Ridge National Laboratory. 

1R, J. Hayden and L. G. Lewis, Phys. Rev. 70, 111 (1946). 

2M. G. Inghram (private communication). 

3 J. A. Marinsky (private communication). 


4G. W. Parker and P. M. Latz, AECD-2160 
5 Deutsch, Elliott, and Evans, Rev. Sci. Inst. 15, 178 (1944). 





Hyperfine Structure and Nuclear Spin of Kr** and 
Ne?! Investigated with Separated Isotopes 


J@RGEN KocH 


Institute of Theoretical Physics, University of Copenhagen, 
Copenhagen, Denmark 


AND 


EBBE RASMUSSEN 


Department of Physics, Royal Veterinary and Agricultural 
College, Copenhagen, Denmar: 


September 22, 1949 


IGHLY enriched samples of Kr®* and Ne* have been pre- 
pared with a mass spectrograph! by collecting theionsof the 
separated isotopes in aluminum plates as previously described.? 
These plates were mounted as electrodes in Geissler tubes (volume 
~30 cc) filled with helium at a pressure of 5-10 mm in order to 
obtain the most favorable conditions for exciting the small 
amounts of isotopes to be investigated.’ The isotopes were re- 
leased from the electrodes by h.f. induction heating. When cooled 
with liquid air the tubes yielded intense Kr- and Ne-spectra with- 
out any impurities. 

In earlier investigations of the spectrum of normal krypton, the 
nuclear spin of the only odd isotope Kr* (11.53 percent) has been 
determined to be 9/2 with high probability.“ However, due to 
the predominance of the even isotopes, certain h.f.s. components 
were masked, and it therefore seemed desirable to check the spin 
value from the interval rule by means of enriched Kr®, 

By using a tube containing about 2 « moles of Kr® (separated 
in a four-hour run), interferograms were photographed with a 
Fabry-Perot etalon showing the structures of the 1s— 2p combina- 
tions in the infra-red. Measurements of the components of 8059A 
(1ss— 2,4), from which the spin can be most simply deduced be- 
cause of the spherical symmetry of the only splitting upper term 
2p4, at first turned out to be in disagreement with the spin value 
9/2, which should give rise to a h.f.s. pattern as shown in Fig. 1. 
This disagreement was later found to be caused by the presence of 
about one percent Kr®, probably brought into the beam of mass 
83 by the formation of (Kr®H)* ions,* which brings about a slight 
displacement of the component b toward a. 

The intervals x and y can, however, be indirectly determined 
by measuring the total splitting x+y, and by using the fact that 
the center of gravity must be located at a point Z in a distance y 
from a. This fact follows simply from interval and intensity rules. 
The center of gravity Z again coincides with the position of the 
line from the even isotopes, if no isotope shift exists. 
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Fic. 1. Hyperfine structure of the Kr® line 8059A. 














In order to examine this last point, tubes containing very pure 
Kr® and Kr*, respectively, were prepared. By comparing inter- 
ferograms taken alternately on the same plate with these tubes, 
an isotope shift of 0.002 cm was detected for the line in question. 
This value is of the order of magnitude to be expected from Bohr’s 
theory of the Rydberg constant, and consequently, the center of 
gravity Z for Kr® must be situated symmetrically between the 
lines from Kr® and Kr®*, By measuring interferograms taken in 
turn with Kr®, Kr®*, and Kr®, and by taking into account the 
isotope shift, the intervals x and y could be accurately determined. 
The final values were x+y=0.192 cm=!, and x/y=0.106/0.086, 
—" give the spin value 9/2 (theor. val. : x/y=0.1055/ 
, An isotope shift of the same order of magnitude (0.002 to 0.004 
cm™) was further found to exist for all measured 1s— 2p combina- 
tions. In all cases the components of shorter wave-length belong 
to the heavier isotope. Finally, it should be mentioned that the 
intervals of the Kr line 7685A (1s2—2;), for which only the lower 
term 152 splits up, were measured to be 0.138 and 0.108 cm“, which 
confirms the existence of a quadrupole moment of the Kr® 
nucleus.§ 

The procedure here described was also used for investigating the 
h.f.s. of the rare isotope Ne* (0.27 percent), since earlier experi- 
ments using neon, enriched by diffusion, showed no components 
from this isotope.’ Interferograms photographed with a tube con- 
taining about 0.2 u mole of Ne*, collected in a ten-hour run, 
showed narrow h.f.s. structures of all 1s—2~ combinations. Also 
in these experiments certain components were masked by a line 
originating from the lighter isotope (Ne), which in the final 
separation was present in nearly the same amount as Ne*. This 
fact complicates accurate measurements of the structures, of 
which in most cases only one component could be observed, 
situated on the short wave-length side of the Ne” line in distances 
of 0.05-0.07 cm~. However, by comparing intensities of the com- 
ponents of the lines 5852A (1s2—29:), and 6266A (1s3—25), for 
which the structures are caused by the splitting of the lower and 
of the higher term, respectively, the magnetic moment was found 
to be negative and the spin to be 3/2 or possibly greater. The 
investigations with Ne will be continued, and further details for 
Kr® will be published in the Proceedings of the Royal Danish 
Academy of Science. 

We wish to thank Professor Niels Bohr for his continued in- 
terest in the present investigation. We should also like to thank 
Mr. F. Carlsen and Mr. S. Mller Holst for their help with the 


separation of the isotopes. 


P 4" Kaho’ and - Bendt-Nielsen, Kgl. Danske Vid. Sels. Math.-fys. Medd. 
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2 J. Koch, el 161, 566 (1948). 
3 E. Rasmussen, Zeits. f. Physik. 62, 494 (1930); 80, 726 (1933). 
4H. Kopfermann and N. Wieth- Knudsen, Zeits. f. Physik 85, 353 (3319.) 
5H. Korsching, = f. Physik 109, 349 (1938). 
6 Koch, Kofoed-Hansen, O. Kristensen, and Drost-Hansen, Phys. Rev. 
76, 279 (1949). 
7 R. Ritschl and H. Schober, Physik. Zeits. 38, 6 (1937). 
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Wide Angle Sprays of Minimum Ionization 
Particles* 


F, OPPENHEIMER AND E. P. Ney 


University of Minnesota, Minneapolis, Minnesota 
September 20, 1949 


E have observed wide angle sprays of soft minimum ioniza- 

tion particles emerging from lead plates of a cloud 

chamber. The cloud chamber was expanded at regular intervals 

of one per minute, and the pictures were taken during three hours 

at constant altitude of 14 g/cm?. The cloud chamber was in a 

pressurized gondola attached to a General Mills balloon that had 
been launched from Camp Ripley at 55° geomagnetic latitude. 

Figure 1 shows an example of one of the largest of such sprays 
in which it is possible to count about 30 tracks. Stereoscopic view- 
ing shows that most of the tracks remain in the illuminated region 
as they traverse the section between the two }-in. lead plates; 
however, none of the spray particles appear to traverse the lower 
lead plate. Since the observed tracks show minimum ionization 
and have a range less than } in. of Pb, they are probably electrons, 
and, in any event, have a mass not larger than about 20 electron 
masses. There is no indication of any further cascade process 
associated with the spray in Fig. 1. 

In Table I we have tabulated the sprays observed during three 
hours during one of our flights. Although the events have been 
observed on several flights, we have used only this one in the 
tabulation because the condition of the chamber was particularly 
constant during this time. 

The minimum ionization events reported in Table I certainly 
involve more than one type of phenomenon. Some of the events 
exhibit the narrow angle penetrating sprays that have been ob- 
served to emerge from “stars” seen in photographic emulsions. 
However, the fraction of soft wide angle sprays with and without 
associated heavy particles seems to be approximately independ- 
ent of the size of the spray. The fact that the “star” particles are 
seen in only about one-third of the observed cases does not imply 
that the remaining two-thirds events were not accompanied. by a 
star. From observations in photographic emulsions one would 
conclude that the range of most of the nucleons emerging from 
stars is not great enough to penetrate } in. of lead. 


Fic. 1. A minimum ionization spray containing about 30 particles 
obtained at a residual pressure of 1.1 cm of mercury. 
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TABLE I. Minimum ionizotion sprays.* 








Number of particles with be- 3ormore 3—5 6—9 10—15 >15 
tween one and two times 
min. ionization 


Number of events with min. 100 
ionization particles 


Number of cases where spray 34 
is accompanied by heavily 
ionizing particles 


Number of events in which 
one or more spray particles 
penetrate } in. Pb 


Number of events in which 
one or more spray particles 
multiply in } in. Pb 


Number of stars of heavy 
particles and no min. ioniza- 
tion tracks in the same oper- 
ating time 








* Not all sprays included are wide angle. 


In the spray reproduced in Fig. 1, as well as in several other 
large angle sprays, it is impossible to project all the observed 
tracks back to a common center. Instead, several groups seem to 
emerge from a region in the lead plate about } cm in diameter. 
Since the observed sprays thus may be formed in some multiple 
type of event, we have looked for stars or sprays in the lead 
plates above and below the plates in which the sprays themselves 
were observed. The probability that a moderate energy gamma-ray 
will be degraded in only } in. of Pb is not very large, and one 
might therefore expect to find small sprays in several plates. 
Some of the minimum ionization particles observed throughout 
the chamber may be associated with a star in the picture. How- 
ever, there is only one case in the 100 events of Table I where the 
association appears at all plausible. Figure 2 shows an example 
from another flight in which a star may be time-coincident with a 
spray. Because of the difficulty of deciding the average direction 
of momentum transfer to the spray, and because of the large 
number of random tracks in the cloud chamber, it has not been 
possible to determine whether the sprays are initiated by ionizing 
or non-ionizing radiation. 











Fic. 2. A minimum ionization wide angle spray (A) consisting of at least 
45 particles. This spray originates in the }-in. lead plate (B). The space be- 
tween the spray and the lead plate arises because the tracks are post-expan- 
sion and the gas next to the plate has been recompressed. Approximately 
time-coincident with the spray is the star at the top and near the right of 
lead plate (C). The residual pressure of 1.8 cm of mercury is indicated by 
the mercury manometer on the right. 
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It is possible that the observed large angle sprays of electrons 
are due to the tail of large cascade showers whose core is traveling 
more or less parallel to the lead plates. There is little direct evi- 
dence against this explanation of the sprays. However, there are 
three factors which make it appear to be unlikely. (1) The frequent 
appearance of heavy particles associated with sprays. (2) The 
fact that only two large cascade showers, at any angle to the 
plates, have been observed in all the pictures we have obtained 
above 90,000 ft. (3) According to other workers, the appearance 
of such sprays of electrons is a very rare event to mountain and 
B-29 altitudes, even though the relative frequencies of showers as 
compared to stars is much greater at these lower altitudes than in 
out flights.! At 90,000 ft. the wide angle sprays are quite fre- 
quent. The cloud-chamber sensitive time represented in Table I 
is about 3.5 sec. 

We plan to continue to gather statistics of the occurrence of the 
sprays reported here. Although we have now observed five carbon 
interactions, we have not observed any sprays initiated in carbon. 
We hope, in the future, to be able to measure the momentum of 
the spray particles. 

The balloon flights and the development of the cloud-chamber 
equipment of this work has been made possible through the as- 
sistance of the ONR and the AEC. 


* Reported at the Echo Lake Conference of Cosmic Rays, June 22-28, 
1949. 
1 An event which appears to be of the type described here has been seen 
by R. P. Shutt, Phys. Rev. 69, 271 (1946). 





The Determination of the Molecular Structure of 
Bromosilane by Microwave Measurements 


A. H. SHARBAUGH, J. K. Bracc,* T. C. MADISON, AND 
V. G. THomas 
General Electric Research Laboratory, Schenectady, New York 
r September 12, 1949 


HE second and third rotational transitions, J=1—>2 and 

J =2->3 of Si?®H;Br79 and Si?8H;Br®!, have been measured 

and analyzed. The J =2-+3 transition of the rarer isotopic species 

of bromosilane, Si?*H;Br7, Si?7H;Br®!, Si#H;Br7, and Si**H;Br*!, 

were also observed. The nuclear and molecular constants are 
listed in Table I. 


TABLE I. Nuclear and molecular constants of bromosilane. 








Ip X10 
(g-cm?) 


e0(8V /AZ?) 


vo(mc/s) (mc/s) Bo(mc/s) 
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These were evaluated from the J=2—~J=3 transitions of 
Si*H;Br”, Si?*H;Nr*, and Si*H;Br7 and checked against the 
remaining three. The values are listed together with the estimated 
errors in Table IT. 


TABLE II. Structural parameters for bromosilane and chlorosilane. 











Covalent Covalent 
radii and radii and 
. tetrahedral tetrahedral 
SiHsBr angle SiH;CP angle 
Si-Br Distance 2.209 +0.001A 2.31 2.048A 2.16 
Si-H Distance 1.57 +0.03A 1.47 1.50A 1.47 
H-Si-H Distance 111°20’+1° 109°28’ 110°57’ 109°28’ 








As observed with SiH;Cl, there is considerable shortening of the 
Si—Br distance from the sum of the covalent radii, presumably 
due to appreciable double bond character.of this bond. However, 
the difference of the Si— Cl and the Si— Br distances is the same 
as that of the corresponding covalent radii. Although not stated 
explicitly? the number of significant figures available in the 
chlorosilane parameters may be expected to be the same as that 
in bromosilane; hence differences in these parameters listed in 
Table IT are not necessarily real. 

We wish to thank Dr. A. E. Newkirk of this laboratory for the 
preparation of the bromosilane used in these measurements. 


* Present address: Chemistry Department, Cornell University, Ithaca, 
New York. 

1 Gordy, Simmons, and Smith, Phys. Rev. 74, 243 (1948). 

2 Computed from microwave measurements. See Dailey, Mays, and 
imamar Rev. 76, 136 (1949), and A. H. Sharbaugh, Phys. Rev. 74, 





Erratum: The Application of Dyson’s 
Methods to Meson Interactions 
[Phys. Rev. 76, 486 (1949)] 


P. T. MATTHEWS 
Clare College, Cambridge, England 


N Eq. (6) the closures of the brackets in the factors of the form 
P(...) should follow the factor j(x,) in the first two terms 
and the factor (jp(%n-1)%p(%n-1))? in the final term. 
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J=2-3 Si?HsBr79 25930.32 194.13 336 4321.72 
Si?8H3Bré! 25755.89 195.44 278 4292.64 
Si?®H3Br79 25397.80 198.20 4232.96 
Si?*H3 Br! 25222.21 199.58 4203.70 
Si#°H3Br79 24896.33 202.19 4149.39 
Si#°H Br 24720.57 203.63 4120.09 
J=1—2 Si%*H;:Br79 17287.30 194.12 4321.82 
Si?#8H3Br® 17170.45 195.44 _ 4292.61 








The theoretica] hyperfine structure to be expected for a nuclear 
spin of 3/2 for beomine was in excellent agreement with the ob- 
served spectra for all the transitions involving Si?*. Since the sec- 
ond order quadrupole corrections were of the same order as the 
experimental error in frequency measurement (+0.08 mc/s), 
they were neglected. These measurements yield a ratio of 1.209 
for the nuclear quadrupole moment of Br’? to that of Br®! which 
compares favorably with the figure of 1.197 for the corresponding 
methyl] bromides.’ Any possible quadrupole effect due to the Si?® 
or Si®® nuclei was sufficiently small as to be within the limits of 
resolution. 

The experimental determination of six effective moments of 
inertia resulting from the different isotopic species permits the 
evaluation of the three structural parameters of the molecule. 





On the Photoelectron Spectrum of Ta!” 
C. HaROoLD GODDARD AND C. SHARP COOK 
Department of Physics, Washington University, St. Louis, Missouri 
September 16, 1949 


STUDY of the internal conversion electrons produced by 

the gamma-rays from the disintegration of Ta’® has led to a 
report! of some 28 gamma-rays in the energy range below 330 
kev. The investigation herein reported is a study of the photo- 
electron spectrum of this isotope using a 14-cm radius of curva- 
ture uniform field spectrometer.? The only other reported inves- 
tigation® of the photoelectron spectrum of this isotope gives only 
two gamma-rays in the above-mentioned region and two higher 
energy gammas at 1.13 and 1.22 Mev. 

The region for gamma-ray energies below 330 kev was studied 
using both uranium and lead radiators, each of 50 mg/cm? thick- 
ness and the results are indicated in Parts (A) and (B) of Fig. 1, 
respectively. The higher energy region was studied only with the 
uranium radiator and the result is shown in Part (C) of Fig. 1. 
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The criterion for the assignment of gamma-ray energies in the 
low energy region was that the line must appear in both spectra if 
possible. Except for two low intensity lines in the uranium radiator 
spectrum such a matching process could be performed with the 
result that eight gamma-rays seem to be identified in the photo- 
electron spectrum. Further check indicates that each of these ap- 
pear to correspond to a gamma-ray energy as determined by Cork 
et al! from the internal conversion spectrum. The results are indi- 
cated in Table I. 

In addition, there appear to be three higher energy gamma-rays 
at 1.12, 1.19, and 1.23 Mev as indicated in Part (C) of Fig. 1. 
These are designated by the numbers 9, 10, and 11, respectively. 
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Fic. 1. The photoelectron spectrum of Ta!*? (A) in the region below 2000 
gauss-cm using an uranium radiator of 50 mg/cm?; (B) in the region below 
2000 gauss-cm using a lead radiator of 50 mg/cm?; and (C) in the region 

gauss-cm using an uranium radiator of 50 mg/cm?. 
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TABLE I. List of gamma-rays found in photoelectron 
spectrum of Ta!8?2, 











Our Gamma- Cork's 
number energy number 
18 71 5 
2 84 7 
3 103 9 
4 151 16 
5 180 20 
6> 209 22 
7 220 23 
8 261 25 








® These numbers have been arbitrarily assigned and are used as subscripts 
= — the K and L peaks for the individual gamma-rays in the spectra 
of Fig. 1. 

b Only a low intensity K peak is found in the uranium radiator spectrum 
for this gamma-ray. Had it appeared in the lead radiator spectrum, it would 
have fallen on the leading edge of the line indicated as Kz, L4, and because 
of its = intensity would probably be overshadowed by the two more 
intense lines. 


Since completing this investigation, a report of further work on 
this subject by Wilkinson, Beach, and Peacock‘ has come to the 
attention of the authors. The gamma-ray energies as derived from 
the photoelectron spectrum reported therein are not always in 
agreement with the values reported here. However, the criterion 
stated above seems to lead to fairly definite indications that the 
gamma-rays listed in Table I do exist in the photoelectron spec- 
trum of Ta!®, - 

The authors wish to thank Mr. Chang Chia-hua for his assist- 
ance in taking a portion of the data. 

This work has been supported by the joint program of the ONR 
and the AEC. 

1 J. M. Cork, Phys. Rev. 72, 581 (1947); Cork, Keller, Sazynski, Rutledge, 
and Stoddard, Phys. Rev. 75, 1778 (1949). 

2 Ter-Pogossian, Cook, Goddard, and Robinson, Phys. Rev. 76, 909 
OW: Rall and R. G. Wilkinson, Phys. Rev. 71, 321 (1947). 

4Indiana University Third Annual Report on Contract N6ori-48, Task 
Order I (August 1, 1949). 





Photo-Neutrons from Neutron 
Capture Gamma-Rays 
BERNARD HAMERMESH AND ALBERT WATTENBERG 


Argonne National Laboratory, Chicago, Illinois 
September 22, 1949 


ECENT reports! on gamma-rays produced on neutron cap- 

ture indicate that gamma-rays of energies as high as 9.5 Mev 

are produced. Since neutron-binding energies are usually between 

6 and 8 Mev, the capture gamma-rays from some substances 
should be able to photo-disintegrate other substances. 

A neutron beam from the thermal column of the Argonne heavy 
water pile was allowed to impinge upon various materials such as 
Cd, Cl(C2Clg), Au, and Fe. The gamma-rays emitted then struck 
various possible (,) sources placed next to a detector. The 
detector was a BF; pulse ion chamber embedded in paraffin. 
The counter was well shielded from fast neutrons from the pile. 
Cadmium differences were measured with different combinations 
of source and target. 


TABLE I. Cadmium differences in counts/minute. 








gamma-ray 





sources 
eae Ci Cd Au Fe 
D:0 470 1000 270 130 
Pb 110 15 25 
Bi 25 15 15 
Hg 20 10 
Li(LiF) 20 10 35 
Fe 0 0 
Al 0 0 
Cd 0 0 








0! 


ct ct 
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Table I shows the cadmium differences obtained in counts/min- 
ute after correcting for various backgrounds. 

The statistical accuracy is +10 counts per minute. Values other 
than zero are given only where a consistently positive effect was 
found. The efficiency of the detector was such that a one-millibarn 
(y,™) cross section was the lowest that could give a positive 
effect, assuming that one percent of the capture gamma-rays are 
effective. 

As more information is obtained about capture gamma-ray 
spectra, it may be possible to obtain values of photo-disintegra- 
tion thresholds and cross sections for various elements in the 
region 6-10 Mev. With the present available thermal neutron 
beams, the above reactions do not seem to be useful sources of 
fast neutrons. 


1H. Kubitschek and S. A. Dancoff, Phys. Rev. 76, 531 (1949). 





The Nuclear Gyromagnetic Ratio of V*! * 


W. D. Knicut** anp V. W. CoHEN 
Brookhaven National Laboratory U pton, Long Island, New York 
September 15, 1949 


ESONANCES due to V® have been observed in Pb(VOs)2 

and in V20;, both in dry powder form and in acid solutions, 

using an automatic recording r-f spectrometer similar to that de- 
scribed by Pound.! 

The resonance frequency for V*! was compared to that for Na*, 
for fixed magnetic field, in a mixture containing V20;, NaCl, and 
dilute HCl. This procedure eliminated the necessity of exchanging 
samples for comparison, and allowed one to be certain that the 
individual resonances occurred in the same region of the magnetic 
field. The magnetic field was stabilized by an electronic control 
which maintained the current constant to approximately one 
part in 10° over the time required for a series of measurements of 
comparison frequencies. 

The ratio of the uncorrected g-values is given by the observed 
frequency ratio, which is: 


g(V*) /g(Na*) =0.99394+-0.00003. 


Using Bitter’s* value for the frequency ratio Na*/H!, and the 
value of Taub and Kusch? for g(H')=5.5870 nuclear magnetons, 
the frequency ratio V"'/H! and g(V") are, respectively: 


V®"/H! =0.26290, 
g(V*) = 1.4713+0.0003 nuclear magnetons. 


For the latter value, a diamagnetic correction of 0.171 percent has 
been introduced (see discussion in reference 3). 

Kopfermann and Rasmussen‘ have published a probable value 
of 7/2 for the nuclear spin of V*!, although this value is not cer- 
tain. No previous value for g(V*) has been published. Assuming 
the spin to be 7/2, one obtains the following value for the nuclear 
magnetic moment 


u(V*) =5.150 nuclear magnetons. 


As is well known,' a plot of u as a function of J for the odd pro- 
ton nuclei shows two rather distinct groupings of the nuclei. 
The above value for V* falls close to the region containing the 


upper group. 


* Work performed at the Brookhaven National Laboratory under con- 
tract with the AEC. é 

** Permanent address, Department of Physics, Trinity College, Hartford, 
Connecticut. 

1R, V. Pound, Phys. Rev. 72, 527 (1947). 

2F, Bitter, Phys. Rev. 75, 1326 (1949). 

3H. Taub and P. Kusch, Phys. Rev. 75, 1481 (1949). 

4H. Kopfermann and E. Rasmussen, Zeits. f. Physik 98, 624 (1936). 

& See the paper by L. W. Nordheim, Phys. Rev. 75, 1894 (1949) and the 
references cited there. 
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Angular Distribution of Neutrons from Targets 
Bombarded by 18-Mev Deuterons 


P. AMMIRAJU 


Department of Physics, University of California, 
Berkeley, California 


August 30, 1949 


ECENT measurements! on the angular distribution of fast 
neutrons from targets bombarded by deuterons of energy 
less than 20 Mev indicate that the neutrons are mostly emitted 
in the forward direction (i.e., the direction of the original deuteron 
beam). This letter reports a series of measurements on the spatial 
distribution of these neutrons with targets of different elements 
and copper as a threshold detector for all the elements investi- 
gated. In all cases there is a fairly sharp forward peak in the dis- - 
tribution of the emitted neutrons. Similar measurements‘ at 
190-Mev deuteron energy have been carried out and the results 
are in good agreement with the stripping process worked out by 
Serber.5 Although the present day theories are inadequate to 
explain fully the results obtained in this experiment, there is good 
agreement in the case of copper and beryllium targets with the 
stripping theory. 

Deuterons of approximately 18-Mev energy were allowed to 
impinge on different targets and the resulting neutron intensity 
was detected by means of copper threshold detectors enclosed in 
cadmium boxes and placed in an arc of a circle of about 10}-inch 
radius with target as the center. The target materials used were Be, 
Na, Cu, Ta, Pb, and Th, and were thick enough for the deuterons 
to be stopped within the target thickness. Most of the activity in 
copper consisted of the ten-minute period showing thereby that 
the neutrons are emitted with sufficient energy to produce the 
reaction Cu®(n, 2n)Cu® which has a threshold of 11 Mev.* The 
activity of the samples was measured by means of an ionization 
chamber with a F.P. 54 electrometer-tube. 
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Fic. 1. Angular distribution of neutrons from Be and Cu. The 
theoretical curves are calculated from Serber’s theory. 
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TABLE I. Summary of results obtained for the half-width. 








Half-width in degrees 
Experimental Stripping theory 
31° 


46° 
70° 





41° 
45° 
47° 








The distribution curves for Be and Cu, along with the curves 
calculated from Serber’s theory, are reproduced in Fig. 1. In the 
case of Be and Cu there is a small amount of background (3 per- 
cent and 10 percent respectively of the maximum) for which 
correction is made in comparing the experimental curve with that 
obtained on the basis of stripping process. The agreement in 
the case of copper is good, but for beryllium the observed half- 
width (i.e., full width at half-maximum) is somewhat greater than 
that given by stripping theory. This indicates that in the case of 
Be, processes other than stripping might also be responsible for 
the observed distribution. In the case of Pb, there is a larger iso- 
tropic background (about 25 percent of the maximum) and after 
subtraction of the background there is a large discrepancy between 
the observed and calculated distributions in that the experimental 
half-width is considerably smaller than the theoretical half-width. 


THE EDITOR 


Although there seems to be a perceptible increase in the half- 
width with increase in atomic number, the rate of increase is 
definitely not in agreement with stripping theory. Similar results 
on the variation of half-width with atomic number have been 
reported by Falk et al.’ Professor V. F. Weisskopf has pointed out 
that for heavy elements the deuteron loses so much energy in 
climbing the potential barrier that the neutron can obtain suffi- 
cient momentum to cause the Cu(m, 2m) reaction only by adding 
its internal momentum in the deuteron parallel to its external 
momentum. This will cause a sharp forward peak for essentially 
energetic reasons, the stripping neutrons at larger angles being 
of lower energy. Table I gives a summary of the results obtained 
for the half-width. 

It is a great pleasure to thank Professor A. C. Helmholz for 
suggesting the problem and for guidance throughout the course of 
the investigation. I would like to take this opportunity to thank 
Professor R. Serber for valuable suggestions in the interpretation 
of data on the basis of stripping theory. My thanks are also due to 
the 60-inch cyclotron crew. 
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